
SOLID STATE PHYSICS
•]lll AThis book presents a comprehensive study of important

topics of Solid State Physics for the undergraduate
students of pure and applied sciences and engineering
disciplines' in a brief, coherent and lucid manner. The text is
divided into ten chapters incorporating crystal structure, X-
ray diffraction, bonding, lattice vibrations and free electron
theory of metals. It is followed by the physics of
semiconductors based on band theory of solids and
magnetic, dielectric and superconducting properties. The
text acquaints the reader with the fundamental properties of
solids starting from their properties. This book has the
following salient features :
•The coverage of basic topics is developed in terms of

simple physical phenomena supplemented with
theoretical derivations and relevant models which
provides strong grasp of the fundamental principles of
physics in solids in a concise and explanatory manner.•It incorporates interaction of electrons, phonons and
atoms in solids based on classical laws as well as
elements of quantum mechanics.

•A set of solved examples based on S.l. system of units
are given at the end of each chapter.

•A summary is given at the end of each chapter for a
quick review of the various topics.

•A set of questions and unsolved problems are given for
a better comprehension of every topic.
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CONTENTS IPREFACE TO THE FIRST EDITION

PrefaceA number of Indian universities have revised their curricula at the
undergraduate level and have included various topics which earlier formed

- a part of the postgraduate curricula. Ever since the new syllabi were intro¬
duced, there had been a dearth of good books which strictly follow the revised
syllabi. A number of standard texts are available on Solid State Physics but
these are of advanced level. The present book is written specifically to meet
the requirements of the undergraduate students and is in accordance with the
common prescribed syllabi of most of the Indian universities.

The general approach and aim of this book is to provide a compre¬
hensive introduction to the subject of Solid State Physics to the undergraduate
students in a coherent, simple and lucid manner. The coverage of basic topics
is concise, brief and self-explanatory. The topics such as Lasers, Magnetic
Resonances, and the Mossbauer Effect are excluded as their advanced treat¬
ment is generally covered at the postgraduate level. The text is divided into
ten chapters and each chapter is followed by a set of solved examples which
acquaint the students with the application of the various principles and
formulae used in the text and give them a feeling of the magnitude of the
physical quantities involved therein. The SI units are followed throughout the
book and their conversions to other practical units are appropriately intro
duced. Some of the conversion factors are also listed in appendix I. A
summary of each chapter is given for a quick review of the topics. Each
chapter is concluded with a set of questions and unsolved problems to help
the students to comprehend these topics. A.list of useful references is given
for the indepth study of the subject.

We hope that the undergraduate students will find this book useful as
well as concise for the subject of Solid State Physics. The comments and
feedback from the students as well as teachers about this book will be
gratefully appreciated,

We thank our friends qnd families, particularly our spouses, for their
inspiration and encouragement. We also thank the publishers for quality
printing and timely publication of this book.
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CHAPTER - I

CRYSTAL STRUCTURE

1.1 INTRODUCTION
Matter, consisting of one or more elements or their chemical com¬

pounds, exists in nature in the solid, liquid and gaseous states. As the atoms
or molecules in solids are attached to one another with strong forces of
attraction, the solids maintain a definite volume and shape. The solid stale
physics is the branch of physics dealing with physical properties of solids,
particularly crystals, including the behaviour of electrons in these solids. The
solids may be broadly classified as crystalline and non-cryslallinc depending
upon the arrangement of atoms or molecules.

The crystalline state of solids is characterized by regular or periodic
arrangement of atoms or molecules. Most of the solids arc crystalline in
nature. This is due to the reason that the energy released during the formation
of an ordered structure is more than that released during the, formation of
a disordered structure. Thus crystalline state is a low energy state and is,
therefore, preferred by most of the solids. The crystalline solids may be sub¬
divided into single crystals md polycrystalline solids. In single crystals, the
periodicity of atoms extends throughout the material as the case of diamond,
quartz, mica, etc. A polycrystalline material is an aggregate of a number of
small crystallites with random orientations separated by well-defined bound¬
aries. The small crystallites arc known as grains and the boundaries as grain
boundaries. It may be noted that although the periodicity of individual
crystallites is interrupted at grain boundaries, yet the potycrystallinc form
of a material may be more stable compared with its sijigte.crystal form. Most
of the metals and ceramics exhibit polycrystalfine

The non-crystalline Or amorphous solids are characterized by the
completely random arrangement of atoms or molecules. The periodicity, if
at all present, extends up to a distance of a few atomic diameters only.. In
other werds, these solids exhibit short range order. Such type of materials
arc formed when the atoms do not get sufficient time to undergo a periodic
arrangement. Glass is an example of amorphous materials. Most of the
plastics and rubbers are also amorphous.

The science which deals with the study of geometrical forms and .

L



Crystal Structure\Solid State Physics 3
where two sets a,, b, and a2, b2 of translation vectors are drawn; Consideringfirst the translation vectors a, and b,, the point R' can be obtained from Rusing the translation operation given by

2

physical properties of crystalline solids is called crystallography. The study

of crystallography is necessary to understand the strong correlation between

the structure of a material and its physical properties. The present chapter

of the basic concepts of crystallography which arc fun- T = Oa, + lb,
which contains integral coefficients. Thus R' is related to R by the equation

R' = R + T = R + 0a,+ lb,
Such translation vectors which produce a translation operation containingintegral coefficients are called primitive translation vectors. Referring to thesecond set of translation vectors a2 and b2, the point R' can be obtained from

deals with some
damcntal to the study of solid state physics.

1.2 CRYSTAL LATTICE AND TRANSLATION VECTORS

Before describing the arrangement of atoms in a crystal, it is always

convenient to describe the arrangement of imaginary points in space which

has a definite relationship with the atoms of the crystal. This set of imaginary

points formsa framework on which the actual crystal structure is based. Such

gement of infinite number of imaginary points in three-dimensional
ith each point having identical surroundings is known as point lattice

R by using the equation
an arran
space wi
or space lattice.

1 1R’ = R + -2ai+ 2bl ■

‘identical surroundings’ means that the lattice has the
in the lattice as it has when viewed

which contains non-integral coefficients of a2 and b2. Such translationvectors for which the translation operation contains non-integral coefficientsarc called non-primitive translation vectors. Either type of translation vec¬tors may be used toÿlcscribc the structure of a crystal inspitc of the fact thatthe non-primitive translation vectors involving non-integral coefficientsnot- in accordance with the periodicity of the crystal. Usually, a set oforthogonal and the shortest possible translation vectors is preferred fordescribing a lattice.

sameThe term
appearance when viewed from a point r
from any other point r' with respect to some arbitrary origin. This is possible

only if the lattice contains a small group of points, called pattern unit, which
of a translation operation T givenrepeats itself in all directions by means arc

by
(1.1)T = n,a + n2b + n3c

and the vectors a, b and c are called
where n2 and n3 are arbitrary integers

the fundamental translation vectors. Thus, we have

r' = r + T = r + n,a + «2b + n3c
perfect lattice, Eq. (1.2) holds good, i.e., point r' can be obtained

from r by the application of the
operation (1.1). However, in an
imperfect lattice, it is not .possible
to find a, b and c such that an
arbitrary choice of n,, n2 and n,
makes r' identical to r. The trans¬
lation vectors a, b and c are also
called the crystal axes or basis
vectors and shall be described lat-

1.3 UNIT CELL
The parallelograms formed by the translation vectors (Fig, 1.1) maybe regarded as building blocks for constructing the complete lattice and arcknown as unit cells of the lattice. For a three-dimensional lattice, the unit cellsurc of the form of a parallclopiped. An application of the translation operation( 1.1) for some values of «,, n2 and «3 takes the unit cell to another region whichis exactly similar to the initial region. On repeatedly applying the sameoperation with all possible values of n,, n2 and ny one can reproduce thecomplete lattice. Thus a unit cell may be defined as the smallest unit of thelattice which, on continuous repitition, generates the complete lattice. Bothprimitive and non-primitive translation vectors may beused toconstructa unitCell. Accordingly, a unit cell is named asa primitive unit cell or anon-primitiveunit cell. In Fig. 1.2, the parallelogram ABCD represents a two-dimensionalprimitive cell, whereas the parallelograms EFGH and KLMN represent non-primitive cells. Primitive unit cell is the smallest volume cell. All the latticepoints belonging to a primitive ccll lic at its corners. Therefore, the effectivenumber or lattice points in a primitive unit cell is one. A non-primitive cellmay have the lattice points at the corners

(1.2)

In a

C3:
er.

Consider, for simplicity, a
part of a two-dimensional lattice as
shown in Fig 1.1. The translation
vectors a and b can be chosen in a
number of ways. Two such possi¬
bilities are shown in this figure

Fig. 1.1. Primitive (a,, b,) and
primitive (a2, b2) translation

two-dttnensional lattice.

non-
vectors as well as at other locations both,i in a



Crystal Structure

However, sometimes a non-primitive cell is selected as the conventional unit
cell because it possesses higher symmetry than a primitive cell.
1.4 BASIS

The space lattice has been defined as an array of imaginary points
which arc so arranged in space that each point has identical surroundings.
The crystal structure is always described in terms of atoms rather titan points.
Thus in order to obtain a crystal structure, an atom or a group of atoms must
be placed on each lattice point in a regular fashion. Such an atom or a group
of atoms is called the basis and acts as a building unit or a structural unit
for the complete crystal structure. Thus a lattice combined with a basis
generates the crystal structure. Mathematically, it is expressed as

Space lattice + Basis -> Crystal structure
Thus, whereas a lattice is a mathematical concept, the crystal structure is a
physical concept.

The generation of a crystal structure from a two-dimensional lattice
and a basis is illustrated in Fig. 1.4. The basis consists of two atoms,
represented by O and •, having orientation as shown in Fig. 1.4. The crystal
structure is obtained by placing the basis on each lattice point such that the
centre of the basis coincides with the lattice point. .

5
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CD

P

0A
N

NP
LH

NP
K

FE

Fig. 1.2. Primitive(P)and non-primitive (NP)unit cells ofa,two-dimensional lattice.

inside and on the surface of the cell and, therefore, the effective number of

lattice points in a non-primitive cell is greater than one. A primitive cell

also be constructed using the following procedure:

O O O O O
can O O O O O

o o o o oiven lattice point O(i) Connect a gi

to all the nearby lattice points.
+

o o o o c
(ii) Draw normals at the mid¬

points of lines connecting the lattice

points.

o o o o o
1I

( Lattice ) (Basis) ( Crystal structure )
smallest volumeenclosed by

is the required primitive

cell. Such a cell is called Wigner-Seitz
cell and is shown in Fig. 1.3. The vol¬

ume of a primitive cell having a, b ami

c as the fundamental translation vectors

or crystallographic axes is given by

The;
i\ Fig. 1.4. Generation of crystal structure from lattice and basis.the normals

The number of atoms in a basis may vary from one to several thou¬
sands, whereas the number of space lattices possible is only fourteen as
'ÿ scribed in a later section. Thus a large number of crystal structures may
be obtained from just fourteen space lattices simply because of the different
i\pcs of basis available. If the basis consists of a single atom only, a
i.ionoatomic crystal structure is obtained.Copper isan exampleof monoatomic

T
/

*
1

V= la-bxel
Since there exists a number of =ompk« biBes are found,*

convenience. Ideally, the primitive celll ljfi
having the smallest volume should txL , <

as the conventional unit ccllÿHk
■F-

ways
*

Fig. 1.3. Construction of

Wigner-Seitz primitive cell. chosen
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76
Let T be the lattice translation vec-

c' tor and let the lattice have n - fold
1.5 SYMMETRY OPERATIONS B1

A symmetry operation is that which transforms the crystals to itself,

i.c., a crystal remains invariant under a symmetry operation. These oper-
translation, rotation, reflection and inversion. The translation

rotational symmetry with rotation
axes passing through the lattice
points perpendicular to the plane of

C ' D paper. Rotations by an angle 0 =Fig. 1.6. Geometry used to prove that 2nIn about points B and C in theonly 1, 2, 3, 4 and 6 • fold rotation axes clockwise and anticlockwise direc¬
tions respectively yield points B'
and C' which must be identical toB and C. Thus the points B' and C' must also be lattice points and shouldfollow lattice translation symmetry. Hence B' C must be some integral

multiple of BC, i.e.,

I ea'ions arc
operation applies to lattices only while all the remaining operations and their

combinations apply to all objects and arc collectively known as point
symmetry operations. The inversion operatic.i is applicable only to three-
dimensional crystals. These operations arc briefly described below:

A B

are permissible.

(0 Translations
The translation symmetry follows from the orderly arrangement of

a lattice. It means that a lattice point r, under lattice translation vector

operation T, gives another point r' which is exactly identical to r, i.c.,

r' = r + T B'C = m(BC)
2T cos 0 + T = mT
cos 0 = (m - 1) / 2

where m is an integer. Since IcosO |< 1, the allowed values of

or
where T is defined by Eq. (1.1).

(ft) Rotations
A lattice is said to possess the rotation symmetry if its rotation by

angle 0 about an axis (or a point in a two-dimensional lattice) transforms the

lattice to itself. Also, since the lattice always remains invariant by a rotation
of 271, the angle 2n must be an integral multiple of 0, i.c.,

n0 = 2ji

0 = 27t In
The factor n takes integral values and is
known as multiplicity of rotation axis. The
possible values of n which are compatible
with the requirement of translation symme¬
try are 1, 2, 3, 4 and 6 only. Thus, for ex¬
ample, for n equal to 6, 0 is 60° which means
that the lattice repeats itself with a minimum
rotation of 60°. Such a rotation is illustrated
in Fig. 1 .5. Regular hexagon is an example of
such a lattice. A rotation corresponding to
the value of n is, called n-fold rotation. A

! Ig. 1.5. Six-fold rotation about two-dimensional square lattice has 4-fold
the point O in two dimensions. rotafion symmetry. It may be noted that a

rotation axis may or may not pass through a lattice point. The fact that 5-
fold rotation is not compatible with translation symmetry operation and that
only 1, 2, 3, 4 and 6 - fold rotations arc permissible is proved as follows :

Consider a row of lattice points A, B, C and D as shown in Fig. 1.6.

or (1.4)
an

_______
m arc 3, 2,

1, 0 and -1. These correspond to the allowed values of 0 as 0° or 360°, 60°,90°, 120° and 180° respectively. Hence from Eq. (1.3), the permissible valuesof n are 1, 6, 4, 3 and 2. Thus we conclude that 5-fold rotation is not
permissible because it is not compatible with lattice translation symmetry.Similarly, other rotations, such as 7-fold rotation, arc also not permissible.

Figure 1.7 gives a convincing demonstration of non-existence of 5-fold rotation axis. As shown in the figure, the pentagons placed side by sidedo not cover the complete space. This is because no sets of vectors exist

. (13)or

?X which satisfy translation symmetry
operation throughout and hence this ar¬
rangement of pentagons cannot be
regarded as a lattice. The array itself,
however, has a 5-fold symmetry about
the point A.

O 335B-a
/

m60° Line of
/S' reflection

1

Fig. 1.7. Demonstration of non¬
existence of a five-fold rotation axis

in a lattice.
Fig.'1.8. Reflection symmetry of a

notched wheel about a line.

A
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» relative to a lattice point has' an identical point located at -r relative to thesame lattice point. In other words, it means that the lattice possesses a centre

of inversion denoted by 1. ,
It may be noted that, apart from these symmetry operations, a three-dimensional lattice in particular may have*additional symmetry operationsformed by the combinations of the above-mentioned operations. One such

example is rotation-inversion operation. These operations further increasethe number of symmetry elements. These symmetry elements arc furtheremployed to determine the type of lattices possible in two and three-dimen¬sional spaces.
1.6 POINT GROUPS AND SPACE GROUPS

We have seen that there arc mainly four types of symmetry o|>cralions,i.c., translation, rotation, reflection and'inversion. The last three operationsarc point operations and their combinations give certain symmetry elementswhich collectively determine the symmetry of space around a point..Thegroup of such symmetry operations at a point is called a point group.
In two-dimensional space, rotatioh and reflection arc the only pointoperations. As described earlier, their combinations yield 10 different pointgroups designated as 1, I'm, 2, 2mm, 3, 3m, 4, 4mm, 6, and 6mm which arcshown in Fig. 1.9. In three-dimensional space, however, the situation iscomplicated due to the presence of additional point operations such asinversion. There are a total of 32 point groups in a three-dimensional lattice.
The crystals arc classified .on the basis of their symmetry which is

compared with the symmetry of-different point groups. Also, the latticesconsistent with the point groupoperationsare limited. Such latticesare knownas Bravais lattices. These lattices may further be grouped into distinct crystalsystems.

Solid State Physics8

(iii) Reflections
A lattice is said to possess reflection symmetry if there exists a plane

(or a line in two dimensions) in the lattice which divides it into two identical
halves which arc mirror images of each other. Such a plane (or line) is

represented by m. The reflection symmetry of a notched wheel is illustrated

in Fig. 1.8. Considering the combinations of reflections with allowed rota-

that each allowed rotation axis can be associated with twotions, we note
possibilities : one is rotation with reflection and the other rotation without

reflection. Since there are five allowed rotation axes, the possible number

of such combinations is K). These are designated as

1, lm, 2, 2mm, 3, 3m, 4, 4mm, 6, 6mm

where the numerals represent the typfe of rotation axis, the first m represents

a.planc (or line) parallel to the rotation axis and thesecond m refers to another

plane (or line) perpendicular to the rotation axis. These ten groups of

symfnctry operations are shown in Fig. 1.9.

* 2 mm21 m\ "9 \

4 mirT3 m3

The point symmetry of crystal structure as a whole is determined bythe point symmetry of the lattice as well as of the basis. Thus in order todetermine the point symmetry of a crystal structure, it should be

6 mm6

noted that
(0 a unit cell might show point symmetry at more than one loca¬

tions inside it, and
|

(ii) the symmetry elements comprising combined point and
lation operations might be existing at these locations.

The group of all the symmetry elements of a crystal structure is calledspace group. It determines the symmetry of a crystal structure as a whole.There arc 27 and 230 distinct space groups possible in two and three dimen¬sions respectively.

Irans-

Fig. 1.9. Ten two-dimensional point groups consisting of rotation and
reflection symmetry operations illustrated using notched wheels.

(iv) Inversions
Inversion is a point operation which is applicable to three-dimensional

lattices only, litis symmetry element implies that each point located at r

II
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1.7 TYPES OF LATTICES
As described earlier, the number of point groups in two and three

dimensions arc 10 and 32 respectively. These point groups form the basis for
construction of different types of lattices. Only those lattices are permissible
which arc consistent with* the point group operations. Such lattices are called
Bravais lattices. It is beyond the scope of this book to describe the details
of formation of various Bravais lattices from the possible point group oper¬
ations. It can be stated that 10 and 32 point groups in two and three dimensions
produce only 5 and 14 distinct Bravais lattices respectively. These Bravais
lattices further become parts of 4 and 7 distinct crystal systems respectively
and arc separately described below.

|
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Fig. 1.10. Bravais lattices in two dimensions.
(i) Two-Dimensional Lattices

The four crystal systems of two-dimensional space are oblique, rect¬
angular, square and hexagonal.The rectangular crystal system has twoBravais
lattices, namely, rectangular primitive and rectangular centred. In all, there
arc five Bravais lattices which are listed in Table 1.1 along with the corre¬
sponding point groups. These lattices are shown in Fig. 1.10.
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(ii) Three-Dimensional Lattices

All the seven crystal systems of three-dimensional space and the
corresponding Bravais lattices arc listed in Table 1.2 in the decreasing order
of symmetry. The crystallographic axes a, b and c drawn from one of the
lattice points determinc the size and shape of a unit cell. The angles a, P and
y represent the angles between the vectors b and c, c and a, and a and b
respectively. The lengths a, b and c and angles a, P and y arc collectively
known as lattice parameters or lattice constants of a unit cell. These Bravais
lattices arc also shown in Fig. 1.11 in the form of their conventional unit cells.
The symbols P, F and 1 represent simple or primitive, face-centred, and body-
centred cells respectively. A base or end-centred cell is that which has lattice
points at corners and at one of the pairs of opposite faces. It is designated
by the letter A, B or C. The designation A refers to the cell in which the faces
defined by b and c axes contain the lattice points, and so on. The symbol R
is specifically used for rhumbohcdral lattice.

Crystal Structure 13

a , £a
1»

/Va 1X717r

Simple cubic{ P ) Qody-centred cubic ( I ) Faco -centred cubic ( F )

7 7
c c

PZ-Xu a a
.

Simple tetragonal ( P ) Body-centred tetragonal ( I )

71 7CH7I
c cc c

* bb b7 7 7 y •
Simple Body -centred
orthorhombic ( P ) orthorhombic ( I )

Face-centred
orthorhombic ( F )

End -centred
orthorhombic ( C )

»

Ia
Cl

a.
Y

y= 120 °
Simple rhombohedral ( R ) Simple hexagonal ( P )

7
c c Ci

b
a,

Y

Simple monoclinic ( P ) End -centred
monoclinic { P )

Fig.1.11. The Bravais lattices in three dimensions

Simple triclinic ( P )

i
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The hexagonal crystal system has only one Bravais lattice and its unit

cell may be either of cubical or of hexagonal type. The cubical type cell
(outlined by tnick lines) has lattice points only at the corncrs.The hexagonal
cell has lattice points at the corners as well as at the centres of the two
hexagonal faces. One hexagonal cell is formed by joining together three
cubical type cells.

A lattice point lying at the corner of a cell is shared by eight such cells
and the one lying at the face centre position is shared by two cells. Therefore,
the contribution of a lattice point lying at the corner towards a particular cell
is 1/8 and that of a point lying at the face centre is 'AThe following equation
is used to calculate the effective number of lattice points, N, belonging to a
particular cell :

N = Nt + Nff 2 + /V/8

OI •o af
GO Sj __

4° «£-!UZU aH Ou.S <

5* S u
N w O’|°o cx:£g

cu
g
J

(1.5) ‘■o

11 £- where A represents the number of
lattice points present completely

-~7] inside the cell, and A/f and Nc repre-
/ sent the lattice points occupying face

centre and corner positions of the
• cell respectively. Using :his rela¬

tion, tire effective number of lattice
/ points in a simple cubic, body-

* centred cubic and face-centred cu¬
bic lattices comes out to be 1, 2 and
4 respectively.
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lattices placed side by side result in an
end-centred tetragonal lattice shown by gi"en in Table 1.2 appears to be

dotted lines.

■-

-ÿ o 5 o
o. V O.
.§•§ .6
MW. «

■a The list Of Bravais lattices
n1 LO,CQ incomplete. The orthorhombic sys¬

tem contains four Bravais lattices whereas the cubic and tetragonal systems
contain only three and two lattices respectively. It can be shown that the
lattices which are absent in certain crystal systems do not result in new types
Of arrangements and so need not be considered separately. Figure 1.12 shows
two face-centred tetragonal lattices placed side by side. This arrangement of
points, shown by dotted lines, produces body-centred tetragonal lattice which
ulrcady exists in the Bravais list.
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16 family of face diagonals is represented by <110> and that of body diagonals

by <111>. The number of members in the /amities of cube
diagonals and body diagonals is 6, 12 and 8 respectively.

crystallographic directions [hkl] and

1.8 LATTICE DIRECTIONS AND PLANES

The Jircc.ionjiif a line in a lattice isdefined by assigningcertain indices

io this line. If the lint passes through the origin, its indices arc determined

by taking a point on this line and finding out the projections of the vector

drawn front the origin to that point on the crystallographic axes. Let these

projections beu,v and w.Apparently, u,v and iv also represent the coordinates

of that point. These coordina.cs arc then simplified to get a set of the smaller
enclosed in square brackets represent the

cages, faa

The angle 0 between the two
Jt'k'l'] is given by

hli'+kk' + WcosO = (1.6)(h2 + k2 + l2)U2 (A'2 +*'2 ♦/'V2
The scheme to represent the oriehtation of planes in a lattice was firstintroduced by Miller, a British crystallographer. The*indices of planes arc,therefore, known as the Miller indices. The steps involved to determine theMiller indices of a plane are as follows :

(i) Find the intercepts of the plane on the crystallographic
(ii) Take reciprocals of these intercepts.

(iii) Simplify to remove fractions, if any, and enclose the numbersobtained into parentheses.
In step (i), the intercepts are taken in terms of the lengths of funda¬mental vectors choosing one of the lattice points as the origin. If a plane isparallel to a certain axis, its intercept with that axis is taken as infinity. Instep (ii) the reciprocals are taken in order to avoid the occurrence of infinityin the Miller indices.

possible integers which when
indices of the line. As an example, to determine the indices of the direction

OQ in a cubic crystal (Fig. i.13), we may take either a point P (V4, Vi, Vi)

or Q (1, 1, I) or. this line; either of these points yields the indices of the

direction OQas[111]. Thesame arc the indices of any other direction parallel

• to OQ because by shifting the, origin to an appropriate position, the new

direction can be made to p’ass through the points O, P and Q. The origin is

shifted in such a way that the orientation of the axes remains unchanged. If

a direction is perpendicular to a certain axis, its index corresponding to that

axis is zero as it docs not form any projection on the axis. A direction having

projections on the negative sides of the axes possess negative indices which

arc wrilicn by putting bars over the indices.

Consider tire direction AB as shown in Fig. 1.14. The indices of this

axes.

C As an example, consider a plane ABC (Fig. 1.15) having intercepts 1,2 and 1 with the crystallographic axes a,
b and c respectively of a cubic lattice.
The Miller indices of this plane are
determined as follows :

G [1001

B1.1)Q(1,
[1001 £,

C CP ( i. V4, 'A)\ & - [201 ]
(i) Intercepts

(ii) Reciprocals : 1, Vi, 1
(iii) Simplification : 2, 1, 2

Hence the Miller indices of the plane
ABC are (-212) ; the numbers within the
parentheses are written without
mas. The Miller indices of a plane, in
general, are written as (hid). |

It may be noted that another plane C
I DEF which is parallel to the plane ABC

and lies completely inside the lattice,
has intercepts 1/2, 1 and 1/2 with the

: 1. 2, 1B °/[010] H(1,0,V4) E
B ( 0.1.0 )§!

A

Fig. 1.13. Determination of
indices of a direction.

direction can be obtained by shift-

[100) A (1,0.0)O ? I
l 120]

mg the origin to the jwint A. The
projections of AB on the axes then Fig' directions

, , , „ . . . m a cubic lattice.
become -1, 1, and 0 and ncncc the

indices of ihc line AB arc |T10], The indices of a few more directions arc

illustrated in Fig. 1.14. The cube edges arc represented by the indices of the

type [100], [010], [100], etc. These constitute a family of cube edges des¬

ignated as <100> which includes all the directions of this type. Similarly, a

com-
A14

G

Fig. 1.15. Miller indices of parallel
planes and the planes passing

through the origin.
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lattice point of one such plane and draw crystallographic axes a, b and c.
Now consider another similar plane adjacent to this plane. Since the second
plane also has the Miller indices (hkl), the lengths of the intercepts on a,
b and c arc aih,blk and c/Z respectively. If we draw a normal from the origin
to the second plane, the length of the normal represents the inlcrplanar
distance d. From Fig. 1.17, it follows that
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____
and hence carries the same Miller indices as the plane ABC. Thus we

conclude that the parallel planes have the same Miller indices. The plane DEF
is rather more convenient to deal with as it lies completely inside the lattice.

If a plane intercepts an axis on the negative side, a bar is put above

the corresponding number of the Miller indices. The intercepts of a plane

passing through the origin cannot be determined as such. In such a case, we

take another plane parallel to this plane and determine its Miller indices. The

same are the indices of the given plane. Alternatively, we shift the origin from

the plane to some other suitable lattice point without changing the orientation
of the axes and then find the Miller indices. For example, the indices of the

plane OCGA in Fig. 1.15 become (OlO) if the origin is shifted to the point

E. The importance of orientation of the axes can be realized with reference

to Fig. 1.12. The indices of the shaded plane are of the type (100) when

referred to the axes of the face-centred tetragonal cell, whereas these become

of the type (110) when referred to the axes of the simple tetragonal cell

indicated by dotted lines.
A family of planes of a particular type is represented by enclosing the

Miller indices of any one of the planes of thqt family into braces. Thus {100}

represents a family of planes which has the planes (100), (010), (001), (TOO),
(OlO) and (OOl) as its members. These six planes represent the faces of the

cube. Similarly, the families of diagonal planes and close-packed planes arc
represented by {110} and {111}, and contain 6 and 8 members respectively.
Some of these planes arc illustrated in Fig. 1.16.
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axes

b c- cos(3 = — cosy

where a, P and y represent the angles
between the normal and the axes a, b
and c respectively and cos a, cos P and
cosy represent the direction cosines of
the normal to the plane (hkl). The Eq.
(1.7) indicates that the direction cosines
of the normal are proportional to Ida,
klb and Uc.

If n be the unit vector of the
normal to the plane, then a cosa, b cosP

Fig. 1.17. An (hkl) plane at a distance ■«* c cosY may ** wrilten as “•*. «•*>
d from another similar parallel plane and n.c respectively and Eqs. (1.7)passing through the origin.

d = OP = - cosa = (1.7)h

(hkl)

a/h

become

d = n.&lh = n.b/k = nidi
Thus the value of d can be determined if n is known. In an orthogonal lattice,
where a, b and c point along x, y and z directions respectively, the equation
oi the plane (hkl) with intercepts aJh, blk and c/Z on the axes is

fix, y, z) = hxla + ky/b + Izlc = 1
For a surface/ (x, y, z) = constant, V/ represents the vector normal to it.

(1.8)

- _ Yf_ _ (bla)i + (klb)j + (lie)k
M (h2/a2 + k2lb2 + l2/c2)V2w Hence from Eqs. (1.8), we obtain

S.a [(A/u)i + (klb)j + (Z/c)k].(a/A)ii- - (*W + »’/!.’ÿ

(110)(111)(100)

Fig. 1.16. Two parallel planes belonging to each one of the families
{100}, {111} and {110} in a cubic lattice.

1.9 INTERPLANAR SPACING
Consider a set of parallel planes with indices (hkl). Take origin on a

h

1 '

d = (19)0h2la2 + k2lb2 + Z2/c2)V2i
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This equation is valid for orthogonal lattices only. For non-orthogonal lat¬

tices, such an expression may not be obtained easily; one may need to find

n by some other method and then use Eq. (1.8) to determine d. For a cubic
lattice, a,b and c arc equal and we get

(i) Hexagonal Close-Packed
Structure

Consider a layer of similar
atoms with each atom surrounded
by six atoms in one plane as shown
in Fig. 1.18. Another similar layer- '

B can be placed on top of layer A
such that the atoms of layer B oc¬
cupy the alternate valleys formed
by the atoms of layer A. If a third
similar layer is placed on top of the
B-layer in such a way that the at¬
oms of B-layer exactly overlap the
atoms of A-layer and this type of
stacking is repeated successively,
the following layered arrangement
is obtained :

20

Conventional
unit cell'1 I

IA T r- 1
f

*ia (1.10)d = Primitive
(h2+*2+ /2),/2 rMB

VI
I

It may also be noted that for a cubic lattice, the direction [AW] is perpen¬
dicular to the plane {hid).

1.10 SIMPLE CRYSTAL STRUCTURES
Wc shall now describe some of the basic crystal structures which arc

cither monoatomic or contain simple basis. These include close-packed

structures like hexagonal close-packed or face-centred cubic structures and

loose-packed structures like body-centred cubic or simple cubic structures.

Besides these, the structures of diamond, zinc blende and sodium chloride
are also described.
1.10.1. Close-Packed Structures

Close-packed structures arc mostly found in monoatomic crystals

having non-dircctional bonding, such as metallic bonding. In thesestructures,

the coordination number of each atom is 12, i.e„each atom is surrounded by

twelvesimilar and equal sized neighbours.Outof these twelve neighbours, six

lie in one plane, three in an adjacent parallel plane above this plane and three

in a similar plane below if There are two types of close-packed structures :

(i) Hexagonal close-packed {hep) structure

(ii) Face-centred cubic {fee) structure

These structures are described as follows :

Basis7H. I
>A t /

( * 2r )
I'lg. 1.19. Conventional and primitive cells

of hexagonal close-packed structure.
....ABABAB....
This typeof stacking iscalledhep stacking and the structure jÿjown ashexagonal close-packed structure.Hie name corresponds to the shape of the conventional unit cell which is

hexagonal and is shown in Fig. 1.19. There StreHyelve atoms located at thecorners, two at the centres of the basal planes, and three completely inside
the hexagon forming a part of the B-layer. The effective number of atomsIn a unit cell is

12(1/6) + 2 (1/2) + 3 = 6
The interatomic distance for the atoms within a layer is a.The distancehr lween the two adjacent layers is c/2, c being the height of the unit cell. Forun ideal hep structure, c = 1.633a.
It may be noted that although the structure is hep, the space latticeU simple hexagonal with basis consisting of two atoms placed in such a wayllint if one atom lies at the origin, the other atom lies at the point (2/3,

|/l ’/2). The shaded portion in Fig. 1.19 represents the primitive cell of
Q litis structure. It contains 2 atoms instead of one which is due to the presence

til the basis. Also, the volume of the primitive cell'is exactly one-third of
tin* volume of the hexagonal cell.

if A

& ;
The packing fraction,/, is defined as the ratio of the volume occupied

hy the atoms present in a unit cell to the total volume of the unit cell. It is
also referred to as the pecking factor or packing efficiency of the unit cell.I'runi Uic primitive cell, v c find

m
c

Fig. 1.18. Layered arrangement of close-packed structures.
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2(4/3)xr?
a(asin60°)c

where r is the atomic radius. Using
1.633a and a = 2r, we get

/= 0.74

\ Thus, inan idealhepstructure,74%
of the total volume is occupied by
atoms. Metals like Mg, Zn, Cd, Ti,
etc. exhibit this type of structure.

(ii)Face-CentredCubicStructure

A loose-packed structure is that in which the coordination number ofan atom is less than 12 or the packing fraction is less than 0.74. Among thevarious possible loose-packed structures, the most common and the simplestare the body-centred cubic (bcc) and the simple cubic (sc) structured. Thesestructures arc described as follows :
(i) Body-Centred Cubic Structure (bcc)

The conventional unit cell of bcc structure is non-primitive and isshown in Fig. 1.21. It has cubical shape with atoms located at the cornersand tl\e body centre. Thus the effective number of atoms per unit cell is8 (1/8) +1=2.The coordination number of each atom is 8. The atoms touchone another along the body diagonal. Thus a is related to r as
4r = V3 a.

c =

1

i T
l

a
In this structure, the stack-

Y _ing of first two layers A and B is

Q similar to that of hep structure.The
difference arises in the third layer
which, in the present case,does not

Fig. 1.20. Conventional unit cell of overlap the first layer. The atoms
fee structure along with the stacking of the third layer occupy the posi-

.... ABCABC .... tions of thosÿvalleys of the A-
layer which are not occupied by

the B-Iayer atoms. The third layer is designated by the letter C. The fourth

layer exactly overlaps the first layer and the sequence is repeated. Thus fee

structure is represented by the following stacking sequence :

.... ABCABCABC ....

0

The packing fraction is given by

2(4/3)nr3
= 0.68

fhc examples of materials exhibiting free structure are Na, K, Mo, W, etc.

sequence A AT
I

y— y-IF IIFLrl F
The conventional unit cell is face-centred cubic and is shown in Fig.

1.20. It is a non-primitive cell having effective number of atoms equal to

8 (1/8) + 6 (1/2) or 4. The atoms touch one another along the face diagonals.

The length of the cube edge, a, and the atomic radius, r, are related to each

other as

Fig. 1.21. Conventional unit cell
of bcc structure.

Fig. 1.22 Unit cell of
sc structure.

| (U) Simple Cubic Structure (sc)

A The conventional unit cell of sc structure is the same as its primitive
cell and is shown in Fig. 1.22. The atoms are located at the

4f = V2a .
The packing fraction,/, is given by

Thus the packing fraction of fee structure is exactly the same as that

of hep structure which is expected because of the close-packed nature of both
the structures. Also, the coordination number of each atom is 12. Examples

of m?Urials having this type of structure are Cu, Ag, Au, Al, etc.

comers only
and touch one another along the cube edges. Thus in sc structures, we have*•* a = 2 r :

ilie coordination number of each atom is 6. The packing fraction is given
hy

l(4/3)7tr5
= 0.52a3

Only pplonium exhibits this type of structure at room temperature.
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1.13 SODIUM CHLORIDE
(NaCl) STRUCTURE

The unit cell of NaCl struc¬
ture is shown in Fig. 1.25. In NaCl
structure, the radii of Na* and Cl"
ions arc such that each Na* ion is
octahcdrally coordinated to six CI'
ions. The unit cell is fee with four
Cl' ions occupying all the four fee
positions and the four Na* ions.
occupying all the four octahedral
voids. The fee positions and the
octahedral void positions arc, how¬
ever, interchangeable. The NaCl
structure can, therefore, be viewed
as two interpenetrating fee sublattices, one belonging to Na* ions with itsorigin at the point (0, 0, 0) and the other belonging to Cl" ions with its origin
at the point (a/2, 0, 0). In the erminology of lattice and basis, the structurecan lie interpreted as an fee lattice with basis consisting of two ions, oneof Nu* and the other of Cl . One of these ions occupies one of thc/cc positions
mid the other ion occupies the corresponding octahedral void position. A unit
> ell of NaCl comprises four molecules. The position of various ions in the
unit cell arc as follows ;

Na* : 0, 0, 0; 1/2,1/2,0; 1/2,0,1/2; 0,1/2,1/2
Cl' : 1/2,1/2,1/2; 0.0.1/2; 0,1/2,0; 1/2,0,0

1.11 STRUCTUREOFDIAMOND
Diamond exhibits both cubic and hexagonal type structures. The

diamond cubic (dc) structure is more common and is described here. The

space lattice of the diamond cubic structure is fee with basis consisting of two

carbon atoms, one located at the lattice point and the other at a distance of

... quarter of the body diagonal from the lattice point along the body

diagonal. The unit cell of the dc structure is shown in Fig. 1.23. The carbon

_____
placed along the body diagonals, in fact, occupy the alternate tetra¬

hedral void positions in the fee arrangement of carbon atoms. This opens up

the otherwise close-packed fee arrangement which decreases the packing

efficiency considerably. The packing efficiency of the dc structure is only

34% as compared to 74% for the fee structure. The coordination number of
each carbon atom is 4 and the nearest neighbour distance is equal to \3a/4

where a is the lattice parameter.
The dc structure may also be viewed as an interpenetration of two fee

sublattices with their origins at (0, 0, 0) and (1/4, 1/4, 1/4). A plan view of

the positions of all the carbon atoms in the unit cell is shown in Fig. 1.24.

The fractional heights of the carbon atoms relative to the base of the unit cell

arc given in the circles drawn at the atomic positions. Two numbers in the

same circle indicate two carbon atoms at the same position located one above

Other materials exhibiting this type of structure are Si, Gc, SiC,

A
vone tatoms

•Na +

ocr7
Basis

Fig. 1.25. Unit cell of sodium
chloride structure.

the other.
GaAs, gray tin, etc.

©
©

© YtVi
SOLVED EXAMPLES© © Example 1.1. Determine the relationships between the lattice paramet

and the atomic radius r for monoatomic sc, bee and fee
Solution. In sc structure (Fig. 1.26), the atoms touch one another along the
cube edges.

<©O:C atom occupying fee position
©: C atom occupying tetrahedral

site
Fig. 1.23. The unit cell of dc structure.
The lattice is fee with carbon atoms located'

at fee positions and at alternate
tetrahedral sites.

1.12 ZINC BLENDE(ZnS)STRUCTURE
The zinc blende structure is similar to the dc structure except that the

fee lattices in it are occupied by different elements. The structure is

similar to the oneshown inFig. l.23 where the dark circles now represent one

type of atoms, say Zn.andthe light circles represent the other type of atoms.

i.c..S,

0.1 cr a
structures.

Fig. 1.24. Plan view of atomic
positions in dc unit cell. Numbers
in the circles indicate fractional

heights of the carbon atoms. a = 2 r
In bee structure, the atoms touch along the body diagonals.

V3a = 4r
a = 4r/V3

In fee structure, the atoms touch along the face diagonals.
>ha = 4r
a = T.'tlr

or
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(3'
Therefore, the required indices arc [TOl] and [IOT].

Example 1J. A plane makes intercepts of 1, 2 and 0.5A on the crystallo¬
graphic axes of an orthorhombic crystal with a:b:c = 3:2:1. Determine the
Miller indices of this plane.

SolidStatePhysics Crystal Structure26 27

lj7] 'ite \ \i
Solution. Taking the lengths of the axes OA, OB and OC as 3, 2 and lA
respectively, the plane with intercepts of 1, 2 and O.SA on the axes is the
plane DBE as shown in Fig. 1.28. The intercepts of this plane relative to
full lengths of the axes arc

-i :m ✓

~acca

* -%
P* >3

sc
1/3, 2/2 and 0.5/1

or 1/3, 1 and 1/2
Reciprocals : 3, 1 and 2

Therefore, the Miller indices of the
plane DBE are (312).

E
B

Example 1.4. In a cubic unit cell, find the
angle between normals to the planes (111)
and (121).
Solution. Since the crystal is cubic, the
normals to the planes (111) and (121)are the

directions [111] and [121] respectively. Let 6 be the angle between the
normals.

O D a» A

Fig. 1-28. Plane (312) in an
orthorhombic lattice.

(110) V2a-(100)
(111 )

I
Fig. 1.26. Monoatomic sc, bcc and fee structures along with their (100), (110)

and (111) type planes respectively.

Example 1.2. Draw (101) and (111) planes in a cubic unit cell. Determine

the Miller indices of the directions which arc common to both the planes.

Solution. Intercepts of the plane (101) with the axes
kr+khcosO

= 1/1, 1/0 and 1/1

= 1, oo and 1

= 1, 1 and 1

lxl+lx2+ixl~ (l2+12 +12)1ÿ (l2 +22 +12)172
= 0.9428

or ' 0 = 19.47° or 19°28'
Example 1.5. Calculate the packing efficiency and density of sodium
chloride from the following data :

Radius of sodium ion = 0.98 A
Radius of chloride ion = 1.81 A
Atomic mass of sodium = 22.99 amu
Atomic mass of chlorine = 35.45 amu

Intercepts of the plane (111) with the

Taking the point O as origin and the lines OA, OB and OC as the
a, b and c respectively, the plane with

|G intercepts 1,» and 1 is the plane ADGC and that
with intercepts 1, 1 and 1 is plane ABC as shown
in Fig. 1,27. Therefore, the line common to both
the planes is the line AC. It corresponds to two— i directions, i.c., AC and CA.

axes

axes( 101)

Bl Projections of the direction AC on the
(111) axes — —1, 0 and 1_J Solution. The unit cell of NaCl stmeutre is shown in Fig. 1.25. The Na* and

Cl ions touch along the cube edges.
Lattice parameter, a =2 (Radius of Na* + Radius of CL)

= 2 (0.98 + 1.81) = 5.58 A

Projections of the direction GA on the
axes = 1, 0 and -1Fig. 1.27. Planes (101) and

(111) in a cubic lattice. Iji
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6. A crystal remains invariant under the application of various sym¬
metry operations like translation, rotation, reflection, inversion etc. Some
rotational operations, such as 5-fold and 7-fold rotations, arc not permissible
as these arc not compatible with lattice translation symmetry.

7. A point group is the combination of certain symmetry operations
like rotation, reflection and inversion. It determines the symmetry of space
around a point. The number of point groups in three-dimensional space is
32. These point groups produce only 14 Bravais lattices.

8. The set of all the symmetry elements of a crystal structure is called
the space group. The number of distinct space groups possible in three
dimensions is 230.

9. The Miller indices of a crystallographic plane and a direction arc
denoted by (hid) and [hkl] respectively where h, k and / are integers. The
parallel planes and the parallel directions have the same indices.

10. The angje between two directions [hkl] and [AVfc'f] is given by

29_ Volume of ions present in the unit cell
Volume of the unit cell

4(4/3)k/-3; +4(4/ 3)it re¬
packing fraction

a3

16n (0.98)J + (1.81)
(5.58)33

= 0.663 or 66.3%_ Mass of the unit cell
Volume of the unit cell

_ 4(22.99+35.45) x1.66 xlO-27
(5.58 xlO'10)3

“ 2234 kg m-3 or 2.23 g cm-3

Density

kg nr3

hh'+ kk' + ll’
SUMMARY cosO =- (h2 +k2 +12 )t/2 (7?2 +k'2 +l'2 )in

1. The solids may be broadly classified as crystalline and non-
crystalline (or amorphous). The crystalline solids may be further sub-divided
into single crystals and polycrystallinc materials.

11. The interplanar distance for the parallel (hkl) planes for an *

orthorhombic lattice is
d = (h2/a2 + k2lb2 + t2/c2)~m

where a, b and c arc the lengths of the axes.
12. A close-packed structure is that in which each atom has twelve

identical nearest neighbours. A close-packed structure may be cither fee or
hep with the following sequence of layers :

hep :......ABABABAB
fee : ......ABCABCABC

2. Crystallography is the study of formation, structure and properties
of crystals.

3. A crystal structure results from the combination of a space lattice
and a basis. A space lattice is a regular arrangement of infinite number of
imaginary points in three-dimensional space. A basis is a structural unit
comprising a single atom or a group of atoms which is placed ort each lattice
point in a regular fashion to generate the crystal structure.

4. A unit cell is a small group of points which acts as a building block
for the entire lattice. It may be primitive or non-primitive. A primitive cell
is the smallest volume unit cell and contains only one lattice point per cell.
A non-primitive cell contains more than one lattice points per cell. The.
conventional unit cell has the highest possible symmetry and the lowest
possible volume It may be primitive or non-primitive.

5. The effective number of lattice points belonging to a unit cell is
N = N{ + Nfl2 + Ncf&

vvhere V, Nf and V. denote the number of lattice points present inside, at
;hc face centres, and. at ii.c coiners of the cell respectively.

I
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7. Explain the concepts of lattice, basis and crystal structure. How are

they related ?
8. Draw primitive cells corresponding to bcc and fee unit cells.
9. How docs hep structure differ from bcc structure?
10. What is Bravais lattice? What is the maximum number of Bravais

lattices possible? How will you account for the existence of thousands
of structures from these lattices?

1 1. The end-centred orthorhombic is one of the Bravais lattices but the
end-centred tetragonal- is not. Give reasons.

12. The primitive cell of/cc lattice is rhombohedral. Why then is the
rhoinbohedral lattice included separately in the Bravais list?

13. State the points of similarity and difference of the monoalomic, sc,
monoatomic bcc, and CsCl structures?

14. Calculate the volume of the primitive cell and the number of nearest
neighbours for an fee lattice.

15. Obtain an expression for the packing fraction for hep structure.
16. Show that the c/a ratio for an ideal hep lattice is / 3 ■

17. Determine the values of packing fraction for fee, bcc and sc structures.
18. Assuming one of the basis atoms lying at the origin, find the coordi¬

nates of the other atoms for an hep structure.
19. Explain, without calculation, why fee and hep structures have the

same packing factor.

VERY SHORT QUESTIONS

1. Define a single crystal.

2. How docs a crystal differ from a grain?

3. What is short-range order?
4. What arc amorphous materials? Give an example of such a material.

5. What is crystallography?
6. What is a unit cell?
7. How docs a crystal differ from a lattice?

8. What is the maximum number of possible Bravais lattices?

9. What arc Miller indices? What is their importance?

10. Write the indices of all the twelve edges of a cube.

1 1. Write the indices of all the face diagonals of a cube.

12. What is packing efficiency?What are its values for sc, bcc,fee and hep
structures?
Give at least one example each of materials exhibiting sc,bccÿfcc and
hep structures.

14. Calculate the number of carbon atoms per unit cell of diamond.

* SHORT QUESTIONS
1. Define primitive and non-primitive translation vectors. Which type of

translation vectors arc preferred for describing a lattice?

2. Prove that the crystals cannot have five-fold symmetry.

3. Differentiate primitive cell, non-primitive cell and conventional cell
from one another. How is a Weigner-Seitz cell constructed?

4. Describe the scheme to determine the Miller indices of a plane. Show
that the parallel planes have the same Miller indices.

5. What is the relationship between the Miller indices and reciprocal
lattice vectors corresponding to any plane?

<> Find the Miller indices of cube faces and diagonal planes of a unit
rube.

13.

20. Show that for a cubic lattice, the lattice constant, a, is given by
fj, v./s/n (A A4In Ma =

>wwhere the symbols have their usual meanings.
21. What type of lattice and basis do the following structures have :

(i) Sodium chloride (ii) Diamond cubic ?
22. Diamond is the hardest substance known in spite of the fact that the

packing fraction and the coordination number of carbon atom in the
dc structure are quite low. Explain.

23. There are four vacant tetrahedral sites in a unit cell of the dc structure.
Can four additional carbon atoms occupy these sites? Give

24. How many crystal directions constitute the family of body diagonals
of a unit cube ? Draw all such directions.

reasons.

Li
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3332 4. A plane makes intercepts of 1, 2 and 3 A on the crystallographic axesof an orthorhombiccrystal witha:b:c-3:2:1. Determine the Millerindices of this plane.

(931)5. Dclcrminc the number of the nearest neighbours and the closest dis¬tance of approach in terms of lattice parameter for monoatomic sc,becand fee structures. ’(6, a-; 8, aV3/2; 12, al'il)6. Calculate the linear density (number of atofhs por unit length) alongcube edge, face diagonal and body diagonal of an fee unit cell of sidelength a. [1/a, <2!a, \t(a<\)\7. Nickel (fee) has the lattice parameter of 3;52 A. Calculate the atomicplanar density (number of atoms per unit area) on (100), (110) and(111) planes. Is Rpossible topack theatoms moreclosely than in (111jplane ? (1.61x10®, 1.14x10®, 1.86xl019 atoms nr2; No)8. Calculate the angles which [111] direction ofwith [100] and [110] directions. (54°44\ 35°15')9. Show (111) and (222) planes in a cubit; Unit cell of side a. Computethe distances of these planes from a parallel plane passing through theorigin. [oW3, a/(2>/3)]
between the adjacent parallel planes of thetype (100), (110) and (111) in an fee lattice of lattice constanta.Checkthe validity of the statement “The most close-packed planes arc themost widely spaced.’’ [ a/2, aUpfo) and a/(V3)]1 1 Copper (fee) has density of 8960 kg m~3. Calculate the unit celldimension and the radius of Cu atom, given the atomic mass of Cu as63.54 amu. (3.61 A, 1.28 A)

LONG QUESTIONS
;symmetry operations? Describe the principal symmetry op¬

erations applicable to a three-dimensional lattice. Show that the five¬

fold rotational axis is not permissible in case of lattices.

2. What arc point group and space group? Give their number for two-and

three-dimensional lattices. List all the point groups of a two- dimen¬

sional lattice.

What areI.

lK two parallel planes
3 ---gst the various cubic
4. Which is the most densely packed structure

structures? Determine the packing fraction and porosity of this struc¬

ture. Can the porosity be reduced by some means? What type of solids

generally exhibit this type of structure and why?

5. Draw a plan view of sodium chloride structure. In how many wayscan

this structure be interpreted?

6. Draw a plan view of hep unit cell and give coordinates of all the atoms.

Arc all the atoms located at equivalent sites? Discuss implications ol

a cubic lattice makes

l() Calculate the distances
your answer.

7. Draw the following:

(0 [l 1 l].[l 2 lj and (o 1 2] directions in cubic and tetragonal

lattices.

(a) (111), (112) and (2l0) planes in cubic and orthorhombic lat-

PROBLEMS
indices for planes with each of the following sets of

(iii) 5a, - 6b, c;
(vi) at2, b, co

v-»-12. Prove that c/a ratio for an ideal hep structure is 1.633.13. Zinc (hep) has lattice parameters a and cas 2.66 A and 4.95 A respec¬tively. Calculate the packing fraction and density of zinc, given theatomic radius and the atomic mass of Zn as 1.31 A and 65.37respectively. (62%, 7155 kg m-3)

liccs.
Yl '

amu
Find the Miller
intercepts:
(0 3a, 3b, 2c;
(iv) a, b/2, c;
where a, b and c are lattice parameters.

1.
14. Calculate the distance bet

■— di“”°"d(ii) a, 2Jb,.co;.
. (vi) a, b,-c\ (2.17 A)

((223), (210), (65 30), (121), (111), (210))

2. Draw a (1 10) plane in a cubic unit cell. Show all the <111> directions

this plane and give the Miller indices of each direction.

(ÿ[Ill],fill],[TT l]and[ITT])that lie onI

I
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Consider a one-dimensional row of similar atoms having interatomic
spacing equal to a. Let a wave front of x-rays of wavelength X be incident
on the row of atoms such that the wave crests are parallel to the row. The
atoms emit secondary wavelets which travel in all possible directions. As
shown in Fig. 2.1, the reinforcement of secondary wavelets takes place not
only in a direction perpendicular to the row of atoms but also in other
directions. These directions correspond to different orders of x-ray diffrac¬
tion. The zeroth, first and second order diffraction directions arc shown in
Fig. 2.1. It may be noted that reinforcement takes place in some particular
directions only, whereas in other directions the wave fronts interfere destruc¬
tively and the intensity is minimum. Such reinforcements produce Laue's
pattern.

35

CHAPTER - H

X-RAY DIFFRACTION AND
RECIPROCAL LATTICE

2.1 INTRODUCTION
X-rays, being electromagnetic radiations, also undergo the phenom¬

enon of diffraction as observed for visible light. However, unlike visible
light, x-rays cannot be diffracted by ordinary optical grating because of their
very short wavelengths. In 1912, a German physicist Max Von Laue sug¬
gested the use of a single crystal to produce diffraction of x-rays. Since all
the atoms in a single crystal are regularly arranged with interatomic spacing,
of the order of a few angstroms, a crystal can act as a three-dimensional
natural grating for x-rays. Friedrich and Knipping later successfully dem¬
onstrated the diffraction of x-rays from a thin single crystal of zinc blende
(ZnS). The diffraction pattern obtained on a photographic film consisted ol
a scries of dark spots arranged in a definite order. Such a pattern is called
the Laue's pattern and reflects the symmetry of the crystal. Apart from this,

the phenomenon of x-ray diffraction has become an invaluable tool to
determine the structures of single crystals and polycrystalline materials. It
is also extensively used to determine the wavelength of x-rays.

2.2 X-RAY DIFFRACTION
When an atomic electron is irradiated by a beam of monochromatic

x-rays, it starts vibrating with a frequency equal to that of the incident beam
Since an accelerating charge emits radiations, the vibrating electrons present
inside a crystal become sources of secondary radiations having the same
frequency as the incident x-rays. These secondary x-rays spread out in all
possible directions. The phenomenon may also be regarded as scattering of
x-rays by atomic electrons. If the wavelength of incident radiations is quite
large compared with the atomic dimensions, all the radiations emitted by
electrons shall be in phase with one another. The incident x-rays, however,
have the same order of wavelength as that of the atomie dimensions; hence
the radiations emitted by electrons are, in general, ouft. phase with one
another. These radiations may, therefore, undergo constructive or destruc
tive interference producing maxima or minima in certain directions.

Second
order

Zeroth
order

First
order

/

it«— a — »

X Incident wave

Fig. 2.1. Reinforcement of scattered waves resulting in
diffracted beams of different orders.

In actual crystals, the problem is more complicated because of the
presence of three-dimensional arrangement of atoms. The conditions for
u crystal to diffract x-rays can be determined by using either Bragg's
treatment or Von Laue's treatment.
2.2.1 The Bragg's Treatment : Bragg's Lair

In 1912, W.H. Bragg and W.L. Bragg put forward a model which
generates the conditions for diffraction in a very simple way. They pointed
that a crystal may be divided into various sets of parallel planes. The
directions of diffraction lines can then be accounted for if x-rays are
Considered to be reflected by such a set of parallel atomic planes followed
by the constructive interference of the resulting reflected rays. Thus ti e
problem of diffraction of x-rays by the atoms was converted into the problen
of reflection of x-rays by the parallel atomic planes. Hence the words
'diffraction' and 'reflection' are mutually interchangeable in Bragg’s treat¬
ment. Based on these considerations, Braggs derived a simple mathematical
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relationship which serves as a condition for the Bragg reflection tooccur.This

condition is known as the Bragg's law.

36 on. The intensity of the reflected lines decreases with increase in the value
of n or 0. The highest possible order is determined by the condition that
sin 0 cannot exceed unity. Also, since sin0 ≤ 1, X must be ≤ d for Bragg
reflection to occur. Taking d « 10~10 m, we obtain X ≤ 10~10 m or lA.
X-rays having wavelength in this range arc, therefore, preferred for analysis* of crystal structures.
1X2 The Von Lauc Treatment : Lauc’s Equations

Von Lauc treated the phenomenon of diffraction ina more general way
by considering the scattering of x-rays from individual atoms in the crystal
followed by their recombination to obtain the directions of diffraction
ima. It will be shown below that diffraction maxima appear in some specific
directions which obey certain conditions known as the Laue’s equations. It
also proves the validity of Bragg's treatment and the Bragg’s law can be
derived from the Laue’s equations.

2
2

P e
I
d

max-
« 0

lM

Q

*
Fig. 2.2. Bragg's reflection of x-rays from the atomic planes.

To obtain the Bragg's law, consider a set of parallel atomic planes with

intcrplanar spacing d and having Miller indices (hkl). Let a parallel beam of

x-raysof wavelength X beincident on these parallel planesataglancing angle

0 such that the rays lie in the plane of the paper. Consider two such rays I
and 2 which strike the first two planes and get partially reflected at the same
angle Q in accordance with the Bragg's treatment as shown in Fig. 2.2. The

diffraction is the consequence of constructive interference of these reflected
rays. Let PL and PM be the perpendiculars drawn from the point P on the

incident and reflected portions of ray 2 respectively. The path difference
between rays 1 and 2 is, therefore, given by (LQ + QM). Since LQ = QM

= d sinG, we get

«iS M Aÿ-f28
\
\

Incident
beam r* \

1 L

B

Fig. 2.3. Scattering of x-rays from two identical scattering centres
separated by a distance r.

Consider the scattering of an incident beam from two identical scat¬
tering centres A and B placed at a distance r from each other in a crystal as
shown in Fig. 23.Let n, and n2 be the unit vectors in the directions of the
incident and scattered beams respectively and let the angle between n, and
h2 be 20. Draw BM and AL perpendiculars to the directions of the incidentand scattered beams respectively. Then the path difference between the rays
scattered from A and B is given by

Path difference = AM - BL*r.n, - r.n, = r. (n, - n,) = nN
where N = n,-n,. As will beseen later, the vector N happens tobea normal
to the reflecting plane. It is a plane which may be assumed to be reflecting
the incident ray into the direction of the scattered ray following the ordinary
laws of reflection. This is one of the planes which forms the basis of Bragg's
treatment. From Fig. 2.4, we find

Path difference = 2d sinG

For constructive interference of rays 1 and 2, the path difference must

be an integral multiple of wavelength X, i.e.,

2d sinQ = nX
where n isan integer. Thisequation is called the Bragg's law.Thediffraction
takes place for those values of d, 0, X and n which satisfy the Bragg's

condition. In Eq. (2.1), n represents the order of reflection. For n = 0, we
get the zeroth order reflection which occurs for 0 equal to zero, i.e., in the

direction of the incident beam and hence it cannot be observed experimen¬
tally. For the given values of d and X, the higher order reflections appear
for larger values of 0. The diffraction lines -appearing for n = 1, 2 and 3
are called first, second and third order diffraction lines respectively and so

(2.1)

I
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a.N = 2a sin© cos a = h'X nhX
b.N = 2b sin© cos p = k'X = nkX

c.N = 2c sinO cos y = I'X = nlX
Equations (2.4) arc known as Lane's equations and represent the conditions
for diffraction to occur. In an orthogonal coordinate system, a, P and y also
satisfy the condition

INI = 2 sin©
(2.4)

n,"i
0 0

T N = n, - n2
Reflecting

plane "1

Fig. 2.4. Geometrical relationship of incident beam,
scattered beam, reflecting plane and the normal.

The phase difference between the rays scattered from A and B is

cos2a + cos2P + cos2/ = 1
where cos a, cos P and cos y represent the direction cosines of the scattering
normal. The Eqs. (2.4) and (2.5) yield the values of a, p, y and 0 for which
diffraction takes place provided h, k, l and n are known.Thus, for a given
reflecting plane, Eqs. (2.4) serve to determine unique values of 0 and N which
define a scattering direction.

From Eqs. (2.4), we also find that, for fixed 0, the direction cosines
cos a, cos P and cos y of the scattering normal are proportional to hla,
kJb and lie. Also, as described in Sec. 1.9, the direction cosines of the normal
to any arbitrary plane (hid) are proportional to hla, klb and He. This leads
to the conclusion that the scattering normal N is the same as the normal
to the plane (hkl) and hence the arbitrary plane (hkl) happens to be the
reflecting plane.

To obtain the Bragg's law, consider the expressions for interplanar
spacing for the (hkl) planes as given by Eq. (1.7), i.e.,

(2.5)

2a (2.2)*=Y (nN)

The radiations scattered by atoms A and B will interfereconstructively
only if the phase difference becomes an integral multiple of 2n. Due to

periodicity of the crystal, the other atoms placed in the same direction would
also scatter the radiations exactly in phase with those scattered from A and
B. In a three-dimensional crystal, r may coincide with any of the three
crystallographic axes a, b and c. Thus for the occurrence of a diffraction
maximum, the following three conditions must be satisfied simultaneously :

2n— (a.N) = 2nh' = 2nnh
Ar 4

~ (b.N) = 2nk' = 2nnk
b c— cos p = — cos yd = - cos a =h(2.3)

In combination with Eqs. (2.4), these yield
2d sin 0 = nX

which is the Bragg's law. Here n represents the order of reflection and, as
described above, is the greatest common factor among the integers h',k' and
1' in Eqs. (2,4). Thus one may have the planes (hkl) and consider different
orders of reflection from these; alternatively, one may have the planes (nl
nk nl) or (h'k'l') and always consider the first order reflection. The latter
practice is normally adopted during the process of structure determination by
x-ray diffraction. It is obvious that the nth order reflection from the planes
(hkl) would overlap with the first order reflection from the planes (nil nk nl
or (h'k'l'). Thus, putting « equal to 1, one can get rid of the factor n in the
Bragg's equation provided the reflections from all the planes, real or imag¬
inary, having Miller indices with dr without a common factor be considered.

Y (c.N) = 2tc1' = 2nnl

where h'. Id and 1' represent any three integers. While obtaining Eqs. (2.3),
- it is assumed that atoms A and B arc the nearest neighbours and, so, .the

magnitudes a,b and c represent the interatomic distances along their respec¬
tive crystallographic directions. The integers h', k' and 1' and h, k, l differ
only by a common factor n which may be equal to or greater than unity.1710$

the integers h, k and l cannot have a common factor other than unity and
resemble the Miller indices of a plane which happens to be the reflecting

piane. Lei a, © and y be the angles between the scattering normal N and the

crystallographic axes a, b and c respectively. Then,

a.N = aN cosa = 2 q sin© cosa, and so on.

Therefore, Eqs. (2.3) become
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and is rotated about an axis, i.e., & is fixed while 0 varies.
Different sets of parallel atomic planes arc exposed to incident
radiations for different values of 0 and reflections take place
from those atomic planes for which d and 0 satisfy the Bragg’s
law. This method is known as the rotating crystal method.

(iii) The sample in the powdered form is placed in the path of
monochromatic x-rays, i.e., X is fixed while both 0 and d vary.
Thus a number of small crystallites with different orientations
arc exposed to x-rays.The reflections take place for those values
of d,0 and X which satisfy the Bragg's law.This method iscalled
the powder method.

2.3.1 The Laue's Method
An experimental arrangement used to produce Laue's patterns is

shown in Fig. 2.5. It consistsof a flat piatc camera which contains a collimator
with a fine hole to obtain a very fine beam of x-rays. The sample is placed
on a goniometer which can be rotated to change the orientation of the single
crystal. Two flat photographic films arc used, one for receiving the transmit¬
ted diffracted beam and the other for receiving the reflected diffracted beam
for back reflection experiments. Such experiments arc performed particularly
when there is excessive absorption of x-rays in the crystal.

Film tor back
redaction
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2.3 X-RAY DIFFRACTION METHODS
The phenomenon of x-ray diffraction is employed to determine the

structure of solids as well as for the study of x-ray spectroscopy. The
underlying principle in both the cases is the Bragg's law as given by Eq. (2.1).

Considering only the first order reflections from all the possible atomic
planes, real or fictitious, the Bragg's law may be written as

2d sin 9 = X (2.6)

The reflections take place for those values of d,0 and X which satisfy
the above equation. For structural analysis, x-rays of known wavelength are
employed and the angles for which reflections take place are determined
experimentally. The d values corresponding to these reflections arc then
obtained fi6m Eq. (2.6). Using this information, one can proceed to deter¬
mine the size or the unit cell and the distribution of atoms within the unit
cell. In the x-ray spectroscopy, x-rays are incident on a particular cleavage

surface of a single crystal so that the interplanar spacing d is known, The
angle for which reflections take place are determined experimentally. The

nt x-rays is th**n obtained from Eq. (2.6).wavelength X of the i

It may be notecfttol the x-rays used for diffraction purposes should
have wavelength which is the most appropriate for producing diffraction
effects. Since sin© should be less than unity, Eq. (2.6) yields Film tor toward

reflectionX < 2d

Normally, blttfiid- 3 A
X < 6 A

Longer wavelength x-rays arc unable to resolve the details of the structure
on the atomic scale whertNBshorter wavelength x-rays are diffracted through
angles which are too small to be measured experimentally.

In x-ray diffraction studies, the probability that the atomic planes with

right orientations are exposed to x-rays is increased by adopting one of the

following methods:
(i) A single crystal is held stationary and a beam of white radiations

is inclined on it at a fixed glancing angle 0, i.e., 0 is fixed while
X varies. Different wavelengths present in the white radiations
select the appropriate reflecting planes oat of the numerous
present in the crystal such that the Bragg's condition is satisfied.
This technique is called the Laue's technique.

(ii) A single crystal is held in the path of monochromatic radiations

.X-ray
beam

Collimator with
a pinhole *.

\
Single crystal

speciman
Goniometer

Fig. 2.5. A flat plate camera used in Laue’s diffraction method.
Initially, a single crystal specimen having dimensions of the order of

linm x 1mm x 1mm is held stationary in the path of white x-rays having
wavelengths ranging from 0.2 to 2 A. Since the crystal contains a number
of sets of parallel atomic planes with different interplanar spacings, diffrac¬
tion is possible for certain values of X and d which satisfy the Bragg's
condition. Thus diffraction spots arc produced on the photographic films as
shown in Fig. 2.5. The crystal can he rotated with the help of goniometer to
change its orientation with respect to the incident beam. By dor- ; >•/.. the

u
I



X-Ray Diffraction&Recipmcal Lattice

The diffraction takes place from those planes which satisfy the Bragg's
law for a particular angle of rotation.The planes parallel to the axisof rotation
diffract the incident rays in a horizontal plane. However, reflections cannot
be observed for those planes which always contain the incident beam. The
planes inclined to the rotation axis produce reflections above or below the
horizontal plane depending upon, the angleof inclination. The horizontal lines
produced by diffractipn spots on the photographic film are called layer lines.
If the crystal is positioned such thaÿ its c-axis coincides with the axis of
rotation, all the planes with Miller indices of the type (hkO) will produce the
central layer line. Likewise, the planes having Miller indices of the type (hkl)
and (hk\) will produce the layer lines above and below*the central line
respectively, and so on. These layer lines are shown in Fig. 2.6c. The vertical
spacing between the layer lines depends oO the distance between the lattice
points along the c-axis. Hence the distance c can be measured from the
photographic film. Similarly, one can determine the translation vectors a and
b on Counting the crys&l along a and b axes respectively. Thus the dimen¬
sions of the unit cell can be easily determined.
2.3.3 Powder Method

This is the most widely used diffraction method to determine the
structure of crystalline solids. The sample used is in the form of a fine powder
containing a large number of tiny crystallites with.random orientations. It is
prepared by crushing the commonly available polycrystalline material, thus
eliminating the tedious process of growing the single crystals.

The experimental arrangement used to produce diffraction is shown
in Fig. 2.7. It consists of a cylindrical camera, called the Debye-Scherrer
camera, whose length is small as compared to the diameter. The finely
powdered sample is filled in a thin capillary tube or is simply pasted on a
wire by means of a binder and mounted at the centre of the camera. The
capillary tube or wire and the binder should be of a non-diffracting material.
A collimated beam of monochromatic x-rays is produced by passing the
x-rays through a filter and a collimator. The x-rays enter the camera through
the collimator and strike the powdered sample. Since the specimen contains
a large number of small crystallites (-1012 in 1mm3 of powder sample) with
random orientations, almost all the possible8 and d values are available. The
diffraction takes place for those values of d and 0 which satisfy the Bragg's
condition, i.e., 2d sinG = nX, X being a constant in this case. Also, since for
a particular value of the angle of incidence 0, numerous orientations of a
particular set of planes are possible, the diffracted rays corresponding to fixed
values of 0 and d lie on the surface of a cone with its apex at the sample and
the semivertical angle equal to 20. Different cones are observeJor different
sets of d and 0 for a particular valuet>f n,and also for different combinations
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diffraction condition may besatisfied for a new set of atomic planes and hence
a different type of pattern may be obtained on the photographic film. The
symmetry of the crystal is, however, reflected in each pattern.

The Laue's method is mostly used to determine the crystal symmetry
For example, if a crystal having four-fold axial symmetry is oriented so that
its axis is parallel to the beam, the resulting Laue's pattern also exhibits the
four-fold symmetry.The symmetry of the pattern helps todetermine theshape
of the unit cell. It is, however, not practicable to determine the structure of
the crystal by this method. It is because a number of wavelengths may be
reflected from a single plane in different orders and may superpose at a single
point resulting in the loss of a number of reflections. The symmetry of the
Laue's pattern alsohelps to orient thecrystals for varioussolid state experiments.
Another application of the Laue's method is the determination of imperfec¬
tions or strains in the crystal. An imperfect or strained crystal has atomic
planes which are not exactly plane but are slightly curved. Thus instead of
sharp diffraction spots one gets streaks in the Laue’s pattern. This type of
streaking on Laue's photographs is called asterism.
2.3.2 Rotating Crystal Method

i

PhotographicCollimator = 1film

= 0mX - rays-»
Undeviated

x - rays = -1
(b)

= 1

Single
crystal = 0

Rotator = -1
(a) (c)

Fig. 2.6. (a) Apparatus for rotating crystal method
(b) Cones of scattered x-rays corresponding to reflections from (hkl) planes

(c) Layer lines produced after flattening the photographic film.

In this method, a monochromatic beam of x-rays is incident on a single
crystal mounted on a rotating spindle such that one of its crystallographic axes
coincides with the axis of rotation which is kept perpendicular to the direction
of the incident beam. The single crystal having dimensions of the order o'

1mm is positioned at the centre of a cylindrical holder concentric with the
rotating spindle as shown in Fig. 2.6. A photographic fi’*n is attached at the
inner circularÿ .c of the cylinder.

A
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of 6 and n for a particular value of d. The transmitted x-rays move out of
the camera through an exit hole located diametrically opposite totheentrance
hole. A photographic film is attached to the inner side of the curved surface
of the camera. Each cone of the reflected beam leaves two impressions on
the film which arc in the form of arcs on either $ide of the exit hole with their
centrescoinciding with the hole.Similarly, cones produced by back-reflected
x-rays produce arcs on either side of the entrance hole. If the sample consists
of coarse grains rather than fine partjclcs, a spotty diffraction pattern nay be
obtained. This is because a sufficient number of crystallites with all possible
orientations may not be available in a coarse-grained sample. In such a case,
the sample has to be rotated to obtain almost continuous diffraction arcs. The
film is exposed for a long time (- a few hours) in order to obtain reflected
lines of sufficiently high intensity. It is then removed from the camera and
developed.The arcs produced by reflected rays appear dark on the developed
film. The angle6 corresponding to a particular pair of arcs is related to the
distance S between the arcs as

Transmitted
26 beam

it \% H s

X-ray
source Filter Collimator PhotographicSpecimen film

(a)
Reflected
x-ray

26' Incident
x-ray"

6 Se 40 (radians) = SIR
where R is the radius of the camera. If 6 is measured in degrees, the above
equation is modified as

(2.7)

Similar reflecting
planes oriented
differently

57.296540 (degrees) = (2.8)
R

(b)
The calculations can be made simpler by taking the radius of the camera in
multiples of 57.296. For example, taking R- 57.296 mm, we get

0 (degrees) = S (mm)/4

Thusone-fourth of thedistance between thecorresponding arcsof a particular
pair in mm is a measure of the angle 0 in degrees. Knowing all the possible
0'sand considering only the firstorder reflections from all the possible planes,
Eq. (2.6) is used to calculate the interplanar spacing for varioussetsof parallel
planes which contribute to these reflections. Thus, we have

■ „d = X / (2 sin0)

These d values are used to determine the space lattice of the crystal structure.
In modem x-ray diffractometers, the photographic film is replaced by

a radiation detector, such as ionization chamber or scintillation detector,
which records the positions and relative intensities of the various reflected
lines as a function of the angle 20. The detector is mounted on a goniometer
and is capable of rotation about the sample at different speeds. The whole
system iscomputerised.The availability of a lot of software makes the system
versatile.

Entrance hole Exit hole
* (2.9)

d3 dg \d, d, d2 d3

OO

90° 45* e3 o2 e, o* e, 02 e3
4i- s

itr

(c>
Fig. 2.7. (a) Front view of the Debye-Scherrer Camera.

(b) A cone produced by reflection of x-rays from identical
planes having different orientations.

(c) Flattened photographic film after developing and indexing of diffraction lines.
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planes (hOl) and their lengthsare taken to be 1Idÿ wheredmis the iitterplanar
spacing for the planes (hOt). For example, since the planes (200) have half
the intcrplanar spacing as compared to the plane (100), the reciprocal lattice
point (200) is twice as far away as point (100) from the origin. If normals
to all the (hkl) planes are drawn, a three-dimensional reciprocal lattice is
obtained.
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2.4 RECIPROCAL LATTICE
As described earlier, the diffraction of x-rays occurs from various sets

of parallel planes having different orientations (slopes) and intcrplanar spac-
ings. In certain situations involving the presence of a number of sets of parallel
planes with different orientations, it becomes difficult to visualize all such
planes because of their two-dimensional nature. The problem was simplified
by P.P. Ewald by developing a new type of lattice known as the reciprocal
lattice. The idea underlying the development was that each set of parallel
planes could be represented by a normal to these planes having length equal
to the reciprocal of the intcrplanar spacing.Thus the direction of each normal
represents the orientation of the corresponding set of parallel planes and its
length is proportional to the reciprocal of the intcrplanar spacing.

The normals are drawn with reference to an arbitrary origin and points
marked at their ends. These points form a regular arrangement which is

called a reciprocal lattice. Obviously, each point in a reciprocal lattice is a
representative point of a particular parallel set of planes and it becomes easier
to deal with such points than with sets of planes.

A reciprocal lattice to a direct lattice is constructed using the following

I
■

,-f 202

s'?103
T300 I

I
I

■ ir.j

s'*102
s'* 003

?200 I
i

,+ 002101
A

procedure :
(a) Take origin at some arbitrary point and draw normals to every

set of parallel planes of the direct lattice.

(b) Take length of each normal equal to the reciprocal of the
interplanar spacing for the corresponding set of planes. The
terminal points of these normals form the reciprocal lattice.

Consider, for example, a unit cell of monoclinic crystal in which a*
b*c,a= y = 90° and f) > 90° as shown in Fig. 2.8. For simplicity, we orient
the unit cell in such a way that the b-axis is perpendicular to the plane of the
paper; hence a and c-axes lie in the plane of the paper as shown in Fig. 2.9.

Consider planes of the type
(hOt) which arc parallel to b-axis,
i.e., perpendicular to the plane of
the paper. Hence normal to these
planes lie in the plane of the paper.
The planes (HOI), being perpendic¬
ular to the plane of the paper, are
represented by lines. Thus the line
(101) in fact means the plane (101),
and so on. Taking the point of in¬
tersection of the three axes as the

Fig. 2.8. Unit cell of a monoclinic crystal. origint normals are drawn to the

001

%
■

E? (10°) f
Fig. 2.9. Two-dimensional reciprocal lattice to a monoclinic lattice.

The b-axis is perpendicular to' me plane of the paper.
2.4.1 Reciprocal Lattice Vectors

A reciprocal lattice vector, a_ is defined as a vector having mag¬
nitude equal to the reciprocal of the interplanar spacing dm and direction
coinciding with normal to the (hkl) planes. Thus, we have

hkl’

(100)

1
CThki = T~ “ (2.10)dhU

where n is the unit vector normal to the (hkl) planes. In fact, a vector drawn
from the origin to any point in the reciprocal lattice is a reciprocal lattice
vector.

c

Like a direct lattice, a reciprocal lattice also has a unit cell which is
of the form of a parallclopipcd. The unit cell is formed by the shortest
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In vector notation, it means
a*.b = 0
b*.c = 0
c*oi = 0
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normals along the three directions, i.e., along the normals to the planes (100),
(010) and (001). These normals produce rcciproÿm.iuicc vectors designated
as am. a010 and oWi which represent the futuMmental reciprocal lattice
vectors.

48

]a*.c = 0
b*.a = 0
c*.b = 0

(2.15)

Let a, b and c be the primitive translation vectors of the direct lattice
as shown in Fig. 2.8. The base of the unit cell is formed by the vectors b and
c and its height is equal to dtQQ. The volume of the cell is

V = (area) d100

Taking scalar product of a*, b* and c* with a, b and c respectively
and using Eqs. (2.13), we find

a*.a = 1, b*.b = 1, c*.c = 1
It appears from Eqs. (2.16) that a*, b* and c* are parallel to a, b and

c respectively. However, this is not always true. In non-cubic crystal systems,
such as monociinic crystal system, as shown in Fig. 2.8, a* and a point in
different directions, i.e., along OA', and OA respectively. Thus all that is
meant by Eqs. (2.16) is that the length of a* is the reciprocal of a cosG, where

.0 is the angle between a* and a.
In some texts on Solid State Physics, the primitive translation vectors

a, b and c of a direct lattice are related to the primitive translation vectors
a*, b* and c* of the reciprocal lattice as

a*.a = b*.b = c*.c = 2ji

with Eqs. (2.15) still being valid.These equationscan besatisfied by choosing
the reciprocal lattice vectors as

(2.16)

area _ |b x c|1
or dim V V

In vector form, it is written as

1 . bxc

where A is the unit vector normal to (100) planes.
From Eq. (2.10), we get

(2.11)V

(2.17)

1

Denoting the fundamental reciprocal vectors CT100, CTOIO and om by a*,
b* and c* respectively, Eqs. (2.11) and (2.12) yield

(2.12)

bxc
a* = 2ti

a.bxc

bxc exa
b* = 2aa* = CT100 = (2.18)

a.bxca.bxc
Similarly, ax b

c* = In
a.bxc _

It is now obvious that every crystal structure is associated with two
important lattices — the direct lattice and the reciprocal lattice. The two
lattices are related to each other by Eqs. (2.13). The fundamental translation
vectors of the crystal lattice and the reciprocal lattice have dimensions of
[length] and [length]-1 respectively. This is why the latter is called the
reciprocal lattice. Also, the volume of the unit cell of a reciprocal lattice is
inversely proportional to the volume of the unit cell of its direct lattice.

A crystal lattice is a lattice iri real or ordinary space, i.c., the space
defined by the coordinates, whereas a reciprocal lattice is a lattice in the
reciprocal space, associated k-space or Fourier space. A wave vector k is-
always drawn in the k-spacc. The points of the crystal lattice are given by

exa
b* = CToid = (2.13)a.bxc

and

ax b
c* - aooi = a.bxc _

where a.bxc = b.cxa - c.axb is the volume of the direct cell. Thus the
reciprocal translation vectors bear a simple relationship to the crystal trans¬
lation vectors as

a* is normal to b and c
b* is normal to c and a
c* is normal to a and b_

(2.14)
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T = ma + nb + pc (2.19)

where m, n and p are integers. Similarly, the reciprocal lattice points or
recipfockl lattice vectors may be defined as

. cubic but with lattice constant equal to 2a/a.
2.4.3 Reciprocal Lattice to BCC Lattice

The primitive translation vectors
of a body-centred cubic lattice, as shown
in Fig. 2.10, are

G = ha* + kb* + Ic* (2.20)
where h,k and l are integers. Every point in the Fourier space has a meaning,
but the reciprocal lattice points defined by Eq. (2.20) carry a special impor¬
tance. In order to find the significance of G's, we take the dot product of G
and T :

z
t

■i O'

.ÿ = I (Uj-i)

‘ÿÿfP-.W)
where*a is the length of the cube edge

and i , j and k are the orthogonal unit
vectors along the cube edges. The volume of the primitive cell is given by

G.T = {ha* + kb* + -c*) . (mu+nb+pc) r"*y
X

(2.22)= 2a (hm+kn+\p) = 2a (an integer)
exp (iG.T) = 1

whe c we have used Eq. /2.171. Thus it is clear from E> . (2.20) that h,k and
/ define the coordinates of the points of r**ipr cal lattice space. In other
words, it means that a point (hjc.l) in the re»ipi > al spac- corresponds to the
sefdf parallel planeshaving the Miller indit es{hkt ).The < oncept of reciprocal
lattice is useful for redefining the Bt.gt's condition md introducing the
conicp of Brillouin zones.
2.4.2 Reciprocal Lattice to SC Lattice

The primitive translation vectors of a simple cubic lattice may be

or
a

Fig. 2.10. Primitive translation
vectors of a bcc lattice.

a2 (-i+j+k)x(i-j+k)= §(i+3-k).V = a'.b'xc'
written as

ai, b = aj, c = ak
Volume of the simple cubic unit cell = a.bxc -iP*l-*)- TN

a =

= a3 (i.jxk) = a3
Using Ei-s. (2.18), the reciprocal lattice vectors to the sc lattice arc obtained

= a3/2
Using Eqs. (2.18), the reciprocal lattice vectors are obtained asas

24.V2)bxc b'xc'
a'. b'xc' “ (Uj) =≥ (i+i)•* = 2a a* =2a a3/2a.bxc a

Similarly, Similarly,
txa _ 2a j

a.bxc a *
c'xa' ■TM
■f.M

As will be seen later, these are the primitive translation vectors of an fee
lattice. Thus the reciprocal lattice to a bcc lattice is fee lattice.

b* = 2a (2.21) b* = 2a (2.23)a', b'xc'
and and

ax b _ 2« -
a.bxc a

a'xb'c* = 2a c* = 2a
a', b'xc'

The Eqs. (2.21) indicate that all the three reciprocal lattice vectors are equal
in magr itude which means that the reciprocal lattice to sc lattice is also simple

I
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2.5 PROPERTIES OF RECIPROCAL LATTICE
1. Each point in a reciprocal lattice corresponds to particular set

of parallel planes of the direct lattice.
2. The distance of a reciprocal lattice point from an arbitrarily

fixed origin is inversely proportional to the interplanar spacing
of the corresponding parallel planes of the direct lattice.

3. The volume of a unit cell of the reciprocal lattice is inversely
proportional to the volume of the corresponding unit cell of the
direct lattice.

4. The unitcellof the reciprocal lattice need not bea parallelopiped.
It is customary to deal with Wigner-Seitz cell of the reciprocal
lattice which constitutes the Brillouin zone.

5. The direct lattice is the reciprocal lattice to its own reciprocal
lattice. Simple cubic lattice is self-reciprocal whereas bcc and
fee lattices are reciprocal to each other.

2.6. BRAGG'S LAW IN RECIPROCAL LATTICE
The Bragg's diffraction condition obtained earlier by considering re¬

flection from parallel lattice planes can be used to express geometrical
relationship between the vectors in the reciprocal lattice. Consider a recip¬
rocal lattice as shown in Fig. 2.12. Starting from the point A (not necessarily
a reciprocal lattice point), draw a vector AO of length 1/X in the direction
of the incident x-ray beam which terminates at the origin O of the reciprocal
lattice. Taking A as the centre, draw a sphere of radius AO which may
intersect some point B of the reciprocal lattice.

Let the coordinates of point B be (h',k', l') which may have a highest
common factor n, i.e., the coordinates are of the type (nh, nk, n[), where h,

Solid State Physics
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2.4.4 Reciprocal Lattice to FCC Lattice
The primitve translation vectors

of an fee lattice, as shown in Fig. 2.11,z

! are

I §R
b' = f (H

a' =
a

(2.24)

■iH JX c'y

Volume of the primitive cell is
Fig. 2.11. Primitive translation

vectors of an fee lattice. given by

V = a' .b' x c'

-IM-TKWM]
a2=§N)- V(M-fc)

= a3/4

Using Eqs. (2.18), the primitive translation vectors of the reciprocal lattice

are obtained as
k and l do not have a common factor other than unity. Apparently, vector OB
is the reciprocal vector. It must, therefore, be normal to the plane (h'kT) or
(/»*/) and should have length equal to Vdh.t,r or nldÿ Thus,

(a2 /4) (i+ j-k) = 2n

a3 /4 * V '
c'x»' = 25. (_!+]+k)

b'xc' = 2na* = 2n a', b'xc'
jokl = «/<*«, (2.26)

It follows from the geometry of Fig. 2.12. that one such plane is the plane
AE. If ZEAO = 0 is the angle between the incident ray and the normal, then
from AAOB, we have

Similarly,

(2.25)b* = 2n a', b'xc'
and OB = 2 OE = 2 OA sin0 = (2 sin0)/X

From Eqs. (2.26) and (2.27), we get
(2.27)

■TP-Ha'xb'
c = 2n a', b'xc'

Comparing Eqs. (2.25) with Eqs. (2.22), we find that these are the primitive

translation vectors of a bcc lattice having length of the cube edge as 2ida.

Thus the reciprocal lattice to an fee lattice is a bcc lattice.

(2 sinQ)/X = n!dm

I
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2(1ÿsin0 = hX

which is the Bragg's law, n being the order of reflection. Thus we notice that
if the coordinates of a reciprocal point, (nh, nk, nl), contain a common factor
n, then it represents nth order reflection from the planes(hkl). It is alsoevident
from the above geometrical construction that t/ie Bragg's condition will be
satisfied for a given wavelength X provided the surface of radius 1A. drawn
abodt the point A intersects a point of the reciprocal lattice. Such a construc¬
tion is called Ewald construction.

or This is the vector form of Bragg's Taw and is used in the construction of the
Brillouin zones.

The vector AH' represents the direction of reflected or scattered beam.
Denoting it by lt\ we get

kr = k + G
which gives

k'2 = k2 (2.29)
and

k' - k = Ak = G (2.30)
This indicates that the scattering does not change the magnitude of

wave vector It; only its direction is changed. Also, the scattered wave differs
from the incident wave by a reciprocal lattice vector G.
2.7 BRILLOUIN ZONES

B1

,A *Uk1A UT0ÿ 3•fir B •
(h',k',r)

A1

k* It has been indicated in the Ewald construction that all the k-values
for which the reciprocal lattice points intersect the Ewald sphere are Bragg
reflected. A Brillouin zone is the locus of all those k-values in the reciprocal
lattice which are Bragg reflected. We construct the Brillouin zones for a
simple square lattice of side a.The primitive translation vectors of this lattice

o \E*
\«_ Reflecting. Piane. S'

Fig. 2.13. Magnified Ewald construction
relating reciprocal lattice vector to the

wave vectors of the incident and
reflected radiation.

The Bragg's law itself takes a different form in the reciprocal lattice.

To obtain the modified form of the Bragg's law, we redraw the vectors AO,

OB and AB such that each is magnified by a constant factor of 2n. Let the

new vectors be A'O', O'B' and A'B’ respectively as shown in Fig. 2.13. Since
A'O' = 2n (AO) = IvTX,

wc can represent the wave vector k by the vector A'O'. The vector O'B' is
the reciprocal vector and is written as G. Thus according to vector algebra,
A'B' must be equal to (k + G). For diffraction to occur, the point B' must be
on the sphere, i.e.,

Fig. 2.12. Ewald construction
in the reciprocal lattice.

are

a = ai; b = aj
The corresponding translation vectors of the reciprocal lattice are

a* = (2n/a) i ; b* = (2nJa)\ _
Therefore, the reciprocal lattice vector is written as

G = (2iUa) (hi + *j)
where h and k are integers. The wave vector k can be expressed as

k *M + V
From the Bragg's condition (2.28), we have

2k.G + G2 = 0

“ K*J + kyh • (hi + *j)] + (A2 + A2) = 0

hkx + kky = ~{n/a) (h2 + it2)
The k-values which are Bragg reflected are obtained by considering

all possible combinations of h and k.
For h = ±1 and k — 0, kx = ±n/a and ky is arbitrary;
Also, for h si 0 k - i!. kf ~ ±tt!c and r x is avtiLx;;

or
|A'B'| = |X'0'|

or (2.31)
(k + G)2 = A2

k2 + 2k.G + G2 = k2
2k.G + G2 = 0

or
or . :

(2.28)or

I
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The Brillouin zones for a three-dimensional cubical lattice
structed using the generalized equation '

\hkx +kky+lkt = -(ida) (h2 + it2 + P)
where a is the length of the cube edge. It is clear from Eq. (2.32) that the
first zone is a cube having side equal to 2ida. The second zone is formed by
adding pyramids to each face of the cube (first zone) as triangles are added
to the square in two dimensions, and so on.

There is another simple method to determine Brillouin zones. We note
from Fig. 2.14 that the reciprocal lattice vector G which satisfies Eq. (2.28)
is a perpendicular bisector of the zone boundary and all the k-vcctors lyingon this boundary have the same G for reflection. Thus it is sufficient to
consider only the allowed G-values apd their normal bisectors to construct
the Brillouin zones. The first Brillouin zone is the region bounded by the
normal bisectors of the shortest possible G-vectors, the second zone is the
region bounded by the normal bisectors of the next larger G-vcctors, and soon. This method will be used to determine the Brillouin zones of the bcc andfee lattices as given below.
2.7.1 Brillouin Zone of BCC Lattice

The primitive translation vectors of a bcc lattice
a = (all) (i+j-k)
b = (a/2) (-i+j+k)
c = (a/2) (i-j+k)

The primitive translation vectors of its reciprocal lattice are (Sec. 2.4.3)
a* = (2JI/a) (i+j)
b* = (2ida) (j+k)
c* = (2ida) (k+i)
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are con-These foqr lines, i.e., kx=±ida and ky = ±tda, arc plotted in Fig. 2.14.

Taking origin as shown, all the k-vectors originating from it and terminating
on these lines will produce Bragg reflection. The square bounded by these

four lines is called the first Brillouin zone. Thus the first zone of a square
lattice of side a is a square of side 2ida. In addition to this set of lines,

other sets of lines are also possible which satisfy (2.31). For example, for
h = ±1 and k = ±1, the condition (2.31) gives the following set of four lines.

±kz±ky = ltda

(2.32)

some

ts

S-T
arc— > k*

kv = lT

+4 h First zone

<?N Second zone

Fig. 2.14. Brillouin zones of a square lattice in its reciprocal lattice. The vectors

k,, kj, and k, are Bragg reflected whereas k4 is not. The vectors k, and k2 have

the same reciprocal lattice vector Gt, while G2 is the reciprocal vectors of k,.

These lines are also plotted in Fig. 2.14. The additional area bounded by these

four lines is the second Brillouin zone. Similarly the other zones can be

constructed. The boundaries of the Brillouin zones represent the loci of k-

valucs that are Bragg reflected and hence may be considered as the reflecting

planes. The boundaries of the first zone represent the reflecting planes for

the first order reflection, those of the second zone represent the reflecting

planes for the second order reflection, and so on.
boundary cannot produce Bragg reflection. Thus the

be employed to determine the x-ray diffraction
versa.

A k-vector that does not

terminate at a zone
Brillouin zone pattern can
pattern of a crystal and vice

Fig- 2.15. First Brillouin
zone of a bcc lattice.

Fig. 2.16. First Brillouin
zone of an fee lattice.r

■
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points arc always occupied by atoms which may contain a number of dec
Irons. Also, since the wavelength of x-rays used for diffraction purposes is
of the order of atomic dimensions, the x-rays scattered from different portions
of an atom arc, in general, not in phase. Thus the amplitude of radiation
scattered by a single atom is not necessarily equal to the product of the
amplitude of radiation scattered by a single electron and the number of
electrons (atomic number, Z) present in the atom. It isgenerally less than this
value. The atomic scattering factor or form factor, f, describes the scattering
power of a single atom in relation to the scattering power of a single electron
and is given by

59
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The G-typc reciprocal lattice vector is
G = Aa* + kb* + 1c*

= (2n/a) [(A + /) i + (A + *) j + (* + 0 k]

The shortest non-zero Cs are the following twelve vectors

(2n/a) (±i ± }); (2n/a) (±j ± k); (2it/aX±k ± i)

The first Brillouin zone is the region enclosed by the normal bisector
planes to these twelve vectors. This zone has the shape of a regular twelve-
faced solid as shown in Fig. 2.15 and is called rhombic dodecahedron.
2.7.2 Brillouin Zone of FCC Lattice

The primitive translation vectors of an fee lattice are
a = (o/2)(i + j)

b = (a/2) (j + k)

c = (o/2)(k + i)
The primitive translation vectors of its reciprocal lattice are (Sec. 2.4.4)

a* = (2n/a) (?+j-k)
b* = (2n/a) (-1+j+k)
c* = (2TCId) (i-j+k)

(2.33)

i

amplitude of radiation scattered from an atom/= amplitude of radiation scattered from an electron

In general, /< Z. It approaches Z in the limiting case.
Another type of scattering centres in the atoms may be nuclei, but due

to their weak interaction with x-rays, the scattering due to nuclei is neglected
compared with that due to electrons.

To calculate /, consider an atom
containing electronsarranged in a spher¬
ically symmetric configuration around
its centre which is taken as origin. Let r
be the radius of the atom and p(r) the
charge density at a point r. Considering
asmall volume elementdvat r, thecharge
located at r is p(r)rfv. We first consider
the scattering from the charge p(r) dv
and an electron located at the origin. If

"1

n2m
The G-type vector is

G = ha* + kb* + Ic*

= (2n/a) [(A - k + l) i + (A +*-/)] + (-A + k + l) k] (2.34)
The shortest non-zero Cs are the following eight vectors

(2n/a) (±i ± j ± k)

The boundaries of the first Brillouin zone are determined mostly by the
normal bisector planes to the above eight vectors. However, the comers of
the octahedron obtained in this manner arc truncated by the planes which arc
normal bisectors to the following six reciprocal lattice vectors

(2n/a) (±21); (2n/a) (±2j); (2nla) (±2k)

The first Brillouin zone has the shape of the truncated octahedron as
shown in Fig. 2.16.This is also one of the primitive unit cells of a bcc lattice.
2.8 ATOMIC SCATTERING FACTOR

The diffraction conditions given by Bragg and Laue are concerned
with scattering of x-rays from point scattering centres arranged on a space
lattice. Since an electron is the smallest scattering centre, the diffraction
conditions would ideally be applicable to a lattice in which every lattice point
is occupied by an electron. This is, however, not a realistic situation. Lattice

Scattering
plane

O

e

Fig. 2.17. Geometry of x-ray
scattering for the calculation of the n, and n2 represent the directions of the

atomic scattering factor. incident and scattered beam respectively
as shown in Fig. 2.17, the phase differ¬

ence between the wave scattered from the charge p(r) dv and that scattered
from the electron, in accordance with Eq. (2.2), is given by

4>r = (2nfk) r.N
where N is the scattering normal. Let the scattering amplitude from the point
electron in the direction n2 be written as Ae*kI~m‘) where x is the distance
covered along n2 and A is the wave number. Then the scattering amplitude
from the charge p(r )dv in the same direction will be proportional to the
magnitude of the charge and will contain the phase factor e1♦f, i.e., it is of
the form

(2.35)

Aei(tx-a>t)+i*■ ;p(r)dv
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Therefore, the ratio of the amplitude of the radiation scattered by the charge

element to that scattered by a point electron at the origin is

Aci(kx-*tM p(r)dv
Aei(kxÿt)

- p(r)dv

Thus the ratio of the amplitude from the whole atom to that from an electron

(2.36)
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these models are fairly accurate and match with the experimental values of
x-ray intensities. For example, the variation of/with (sin0)A. for magnesium
(Z = 12) is shown in Fig.2.18. It is clear that /-> Z as 0-»0. The same
result can also be obtained from Eq. (2.40), since for 0->O, ft-*0 and
(sin fif)!ftr ->1, and we get

df =

14xcr2p(r) dr
0

/ =is

/= JKP(F) e‘b dv

where V is the volume of the atom. Since electrons in the atom have spher¬

ically symmetric charge distribution, p(r) is a function of r only. Using

spherical polar coordinates, we obtain
dv = In r2 sin<(> d* dr

The integrand represents the charge inside
a spherical shell of radius r and thickness dr.
Hence theintegral gives the totalelectronic charge
stored inside the atom, i.e., Z.
2.9 GEOMETRICAL STRUCTURE
FACTOR

■■ 12

10

t8(2.37)

I 6Also, from See. 2.2.2, we have
*4 The intensity of an x-ray beam diffracted

from a crystal not only depends upon the atomic
scattering factors of the various atoms involved
but also on the contents of the unit cell, i.e., on
the number, type and distribution of atoms within
the cell. The x-rays scattered from different at-

Fig. 2.18. Atomic scattering oms of the unit cell may or may not be in phase
with each other. It is, therefore, important to
know the effect of various atoms present in the
unit cell on the total scattering amplitude in a
given direction. The total scattering amplitude
F(h'k't) for the reflection (/r'Jt'T) is defined as the

ratio of the amplitude of radiatipn scattered by the entire unit cell to the
amplitude of radiation scattered by a single point electron placed at origin
for the same wavelength. It is given by

|N| = 2 sin0
2

Therefore, the Eq. (2.35) becomes

*r = (2idX) rN cos* = (4n/X) r sin0 cos* = fir cos* (2.38)
O 0.2 0.4 0.6 0.8

sin 6 / X (A )where (2.39)
ft = (4nfK) sin0

From Eqs. (2.36), (2.37) and (2.38), we get

/ÿ= I Jp(r) el>u-cos* 2tc r2sin*d*dr
J r=0 4=0

jc,)u'cos+sin*d* =
0 Fr

f.WP(r)=ÿ*
0

is the general expression for atomic scattering factor. A further

about the charge distribution. This type of

information may be obtained from a Hartee approximation, or from the

statistical model of Thomas and Fermi if atoms contain a large number of

electrons (beyond rubidium). These models, however, arestrictly applicable

ly. Nevertheless, the results obtained by the application of
I -

, . sin9 ,factor versus — — for
x(A)

magnesium.

2(sinpr)

(2.40)
F{h'm = zfj*J

i

<2*/X)MThis
J

where f. is the atomic scattering factor for -the yth atom, *7- is the phase
difference between the radiation scattered from the yth atom of the unit cell
and that scattered from the electron placed at the origin. The expression for
*;. follows from Eq. (2.2), tj is the position ofyth atom and N is the scattering
normal. Also, the summation in Fig. (2.41) extends over all the atoms present

(2.41)
evaluation needs information

to free atoms on
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the coordinates of /th atom, we can

(2.42)

(i) Simple Cubic Crystals
The effective number of atoms in a unit cell of simple cubic structure

is one. Assuming that it lies at the origin, the structure factor given by Eq.
(2.45) comes out to be unity. The diffraction amplitude, from Eq. (2.44),
becomes

62

in the unit cell. If (ÿvÿ) represent

write
Tj = Uj a + v;.b + wjc

- h'X, etc.

rj.N = X (u/i’ + vyfc' + wJF)

f

F (h'k'F) =/
From Eqs. (2.3), a N

Thus all the diffraction lines predicted by the Bragg's law would appear in
thediffraction pattern provided the valueof/is large enough to produce peaks
of observable intensity.
(ii) Body-Centred Cubic Crystals

Th? effective number of atoms' in a bcc unit cell is two; one occupies
a come* position and the other occupies the centre of the cube. If the
coordinates of coi ner atom be arbitrarily taken as (0,0,0), then the coordinates
of the otiK r atom become (V4,V4,Vi). Since both the atoms are identical, Eq.
(2.44) givcs the value of F as

and Eq. (2.41) becomes
ilx (ujh’+Vjk'+wf) (2.43)

F yeer) = £/,«
J

the same value/.Therefore, Eq. (2.43)

(2.44)
For identical atoms, all the/j’s h

takes a simple form

avc

F {h'k'l') =/S
2Tu(ujh'+Vjk'+Wjl')where

F(h'kT) = fZe(2.45)
s = X

=/ [1 + g** (*' + *" + 0] (2.47)
The expression within the square brackets represents the structure

factor for bcc crystal. Here it has been assumed that only one of the eight
comers of the cube is occupied and has the coordinates (0,0,0). The validity
of this assumption can be verified by considering all the comer positions and
using the fact that the contribution Of each comer atom is 1/8. This yields
the same structure factor as included in Eq. (2.47).

We also find from Eq. (2.47) that the structure factor becomes zero
for odd values of (h' + k? +f), since e**" equals-1 if n is odd. For even values
of (h' + Id + f), F(h'k?r)equals 2/and, from Eq. (2.46), the intensity becomes
proportional to 4 f1.Thus in a bcc structure, reflections like(100), (111), (210),
etc. arc missing, whereas the diffraction lines corresponding to (110), (200),
(222),etc. reflections are present It is to be noted that the presence or absence
of a reflection is considered only in terms of the first order reflection. This
is because the Miller indices of the planes (A'Jff) used in Eq. (2.43) may have
a common factor n; thus we determine reflections from the planes (nh nk nl).
As described earlier, the appropriate Bragg's law applicable to such a case

is called the geometrical structure factor as itdepends upon the geometrical

arrangement of atoms within the unit cell. Equation (2.44) defines the'struc-

turc factor as the ratioof thetotal scatteringamplitude to theatomic scattering

factor. For dissimilar atoms, Eq. (2.43) should be used instead of Eq. (2.44).

Now since the intensity of a radiation is proportional to the square of

its amplitude, the intensity of diffracted beam may be written, by using Eq.

(2.43), as

/ = |F|2 = F*F

+jx/jSi“2n(«/+v)*'W')] (2.46)J\Zfjco*2n{ujh' +Vjk' +Wjl'ÿ

where F* is the complex conjugate of F. It to be noted that, whereas the

lattice of a crystal structure may be lie lined from the position of

diffraction pattern, the determination of basis

theknowledgeof intensity of various
factorcarries a special impor-

factorsfor some
orders of

space
diffraction lines in the x-ray

is much morecomplicated and requires

lines.Thus the concept of structure
determination.Thestructure

and the intensity of various
is discussed.

is
2dm sin0 = X (2.48)

j
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h'k't) planes have a path difference of X or the phase difference of In.Tim

considering reflections from (100) planes as shown in Kg. 2.19a, we find
that the waves reflected from the top and bottom surfaces of the cube differ
in phase by In. Since in bcc crystals, there exists a central plane which is
exactly identical to the (100) planes, a wave reflected from this plane must
have a phase difference of n relative to its neighbouring (100) planes. Thus
the diffracted beams from a regular (100) plane and a body centre plane
interfere destructively in pairs causing absence of (100) reflection. Similarly,
by using Eq. (2.48), if can be shown that the first order reflections from any
two neighbouring (200) planes must differ in phase by 2n radians and hence
undergo constructive interference causing the occurrence of these reflections
in bcc crystals. The presence of second order reflections from (100) planes
can be shown by using Eq. (21) The second order reflection from two
neighbouring (100) planes has a phase difference of An radians, which means
that the reflection from the middle plane would differ from the reflections
from top and bottom planes by a phase difference of 2n. The situation is
exactly identical to that shown in Pig. 2.19b, thus indicating that die second
order reflection from (100) planes is present. As described earlier, it overlaps
with the first order reflection from (200) planes.
(iii) Face-Centred Cubic Crystal

An fee unit cell has four indentical atoms. One of these atoms is
contributed by corners and may arbitrarily be assigned coordinates (0,0,0),
whereas the other three are contributed by face centres and have the coor¬
dinates (‘/2,0,Vi), (Vi.Vi.O) and (0,Vi,Vi). From Eq. (2.39), the diffraction
amplitude becomes

6y
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*= 0

Jl

2n
/

/

(a)
•stal- The

4> = 0

2n

4 1

F (hrl') =/ [1 + eK*h'+r> V'i<*'+*'> + C*<t’+f>]
where the expression within the square brackets is the structure factor for fee
crystals. It is obvious that the structure factor is non-zero only if h, k and l
are all even or all odd and has a value equal to 4. Thus the diffraction
amplitude becomes 4f and the intensity becomes proportional to 16/. The
structure factor vanishes for all other odd-even combinations of h, k and l.
Hence reflections of the type (111), (200), (220), etc. are present, whereas
those of the type (100), (110), (211), etc. are absent for an fee crystal.

The conclusions drawn above regarding allowed reflections for sc,bcc
and fee crystals ar* summarized in Table 2.1 and are called extinction rules
The extinction rules for dc structure arc also included.

i

(b)

Fig. 2.19. (b) Second order reflections from (100) planes or .first order reflections

from(200) planes(shaded).The path difference between the rays reflected from any

two neighbouring planes is X which means constructive superposition of waves.

We have noted that the first order reflection from (100) planes in a

bcc crystal is absent, whereas a similar reflection from (200) planes is

present. It is also easy to find that the second order reflection from (100)

planes is present and it is this reflection which appears at the position of the

first order reflection from (200) planes. This can be understood from Fig.

The Eq. (2.48) indicates that the reflections from two neighbouring

■

-
1 2.19a.
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TABLE 2.1 Extinction rules for cubic crystals. a = 6.29 x 10*10 m
The interplanar spacing for (200) planes is

o»

Reflections allowed forCrystal

6.29xl0~10all possible values of h, k and /
even values of (h + A: + 0
all odd or all even values of h, k and l

all odd h, k and /, or all even h, k and l with
(h + k + [) divisible by 4

aSC d200 ~ = 3.145AV4 = 2(4+0+0)
. From Bragg's law, we have

BCC
FCC
DC 2d sinO = nX<

For second order reflection, n = 2

The ratios of (h2+ k2+ P) values for allowed reflections from cubic
crystals as obtained from the extinction rules are given as follows :

SC 1 : 2 :.3 : 4 : 5 : 6 : 8 .
BCC 2 : 4 : 6 : 8 : 10 : 12 : 14

or 1 : 2:3:4:5:6:7: ..
3 : 4 : 8 : 11 : 12 : 16 : 19
3:8: 11 : 16 : 19

A comparison of these ratios with the observed ratios of sin20 values is made
to identify the cubic crystal structures.

sinO = X/d = 0.71/3.145 = 0.4610
6 = 27.5°

, Example 2.2. A powder camera of radius 57.3 mm is used to obtain diffrac¬tion pattern of gold (fee) having a lattice parameter of 4.08A. The monochro¬
matic Mo-/fa radiation of wavelength 0.71A is used. Determine the first four
S-values.
Solution. We have,

or

FCC :
R = 57.3 mm
X = 0.71 A
a = 4.08 A

The(h2+k2+12) values for the first four reflections from an feecrystal
are 3, 4, 8 and 11.

The Bragg's law for first order reflection is
2d sinO = X

DC

SOLVED EXAMPLES
Example 2.1. An x-ray beam of wavelength 0.71A is diffracted by a cubic
KC1 crystal of density 1.99xl03 kgm-3. Calculate the interplanar spacing for
(200) planes and the glancing angle for the second order reflection from these

planes. The molecular weight of KC1 is 74.6 amu and the Avogadro's number
is 6.023X1026 kg"1 mole"1.
Solution. For cubic crystals, we have

(2.49)
Also, for cubic crystals, we have

a '

dhkl = (2.50)
(h2+k2+l2f

«3=ÿ
Np From Eqs. (2.49) and (2.50), we obtain

where a is the lattice constant, n' is the number of molecules in a unit cell,

M is the molecular weight, N is the Avogadro's number and p is the density.

KCt has the same structure as NaCl
n' = 4

X2sin2Q = A-(h2 + k2 + P) (2-51)4a2
For h2 + k2 + l2 = 3, it gives

x 74.6 = 0.249 x 10"27 m3 - 3(°-71)2
4(4.08)

a3 =
6.023 x lOÿx 1.99 xlO3 sin2©] = 0.02272
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or G, = 8.67°
Similarly, for h2 + k2 + l2 = 4, 8 and 11, the angles 02, 03 and 04

10.026, 14.25° and 16.78° respectively.

Since radius of the camera is 57.3 mm, Eq. (2.9) gives

S (mm) = 40 (degrees)

S, = 40, = 34.68°

Likewise, S2 = 40.08°, S3 = 57.0° and S4 = 67.12°

Example 2.3. In a powder diffraction experiment using Cu-Ka radiation of

wavelength 1.54A, the first five lines are observed from a monoatomic cubic

crystal when the angle 20 is 38.0, 44.2, 64.4, 77.2 and 81.4 degrees. Deter¬

mine the crystal structure and the lattice parameter.

Solution. From Eq. (2.51), we have

A
kare . Er*obtained as N XX

K
Direct
lattice\

\

a> \ A
► /

X X X

\2sin2© = — r- (h2+ k2 + l2)
4

or sin2© « (A2 + k2 + l2)

The sin20 values calculated from the given data are tabulated below :

sin20

Fig. 2.20. Two-dimensional direct and reciprocal lattices.
Example 2.4. The primitive translation vectors of a two-dimensional latticeRatio

(approx.)
020Line arc
(degrees)(degrees)

2i+j,b = 2j

Determine the primitive translation vectors of its reciprocal lattice.
Solution. We assume that the third translation vector c of the given lattice
lies along the z-axis and is of unit magnitude, i.e.,

c = k
From Eqs. (2.18), the reciprocal lattice vectors are given by

30.1060

0.1415

0.2840

0.3892

0.4252

Since, within experimental errors, sin2© values for the first five lines are in

the ratio 3 : 4 : 8 : 11 : 12, the structure is fee.

From Eq. (2.51), we have

a =19.038.0• 1
422.144.22
832.264.43

1138.677.24
1240.781.45

bxc exaa* = 2ji , b* = 2n a.bxc

It is obvious that vectors a* and b* lie in the plane of a and b.

a.(bxc) = (2i + j) . (2j x k)

= 2(21 +j). k

= 2(2 + 0) = 4 .

= (2n/4) (2j *k) = ni

a.bxc

k2a2 — — ~~n (h2 + k2 + l2)
4sin20

For sin2© = 0.1060, ht+P+l2 = 3

3(1-54)2 1 = 4.10 A4(0.1060)2a =

<

t
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8. The Bragg's law is also expressed .a«
2k. G + G* = 0; Ak = G

A Brillouin zone is the locus of all loose K-valucs in the rcc!orocal
lattice which arc Bragg reflected.

10. The atomic scattering factor gives the scattering power of an atom
relative to a single electron and is given,by

71

= (2JI/4) [k x (2i + ])]

= (a/2) [-i + 2j]
a* and b* arc the required reciprocal vectors and are shown in Fig. 2.20.

b*

/= J4rtr2p(r) -n dr

where p = (4nA) sint \°
1 1. The total scattering amplitude for a particular direction is the ratio of

llic amplitude of radiation scattered by the entire unit cell to dial
scattered by a single electron. It is expressed as

2xil[ujh+Vjk+Wjl)

12. The geometrical structure7 factor is given by

SUMMARY

1. A crystal acts as a three-dimensional grating for x-rays of wavelength
of the order of atomic diameter.

2. Bragg considered x-ray diffraction as the phenomenon of reflection
from parallel atomic planes followed by constructive interference of
reflected radiation. The conditions under which reflection occurs is
given by the Bragg's law, i.e., Id sin0 = nk

3. The Bragg's law can be derived from the Laue's equations given as
a.N = nhk, b.N = nkk, c.N = nlk

4. X-ray diffraction is utilized to determine the structure of solids and for
the study of x-ray spectroscopy. The position of diffraction lines
determines the space lattice and their intensity determines the basis.

S. Every direct lattice in real space is associated with a reciprocal lattice
in k-space or Fourier space. A reciprocal lattice point corresponds to
a particular set of parallel planes of the direct lattice. The distance of
a reciprocal lattice point from an arbitrary origin is inversely propor¬
tional to the interplanar spacing of the corresponding parallel planes
of the normal lattice.

6. The fundamental translation vectors a, b, and c of direct lattice and
a*, b* and c* of reciprocal lattice are mutually related as

F(hkl)= X/;e

S = e2*'("/*+ + wjt)
>H indicates the presence or absence of a particular reflection in flic

diffraction pattern.

VERY SHORT QUESTIONS
I What are x-rays ?
2. What is Bragg’s law ?

Why zeorth order diffraction is not considered in x-ray diffraction 7
I Write the Laue’s equations for x-ray diffraction.
5. Define a reciprocal lattice.
(>. Give the dimensions of translation vectors of a direct lattice and its

reciprocal lattice.
Write the Bragg’s law in vector form and give flic meaning of each
term.

8. What is Brillouin zone?
‘1 Define atomic form factor.
10. Define the geometrical structure factor.
1 1 What types of diffraction patterns are obtained for crystalline :uid

amorphous solids? *
12. Give extinction rules for allowed reflections for bcc crystals.
13. For some crystals the Bragg’s diffraction condition is satisfied but x-

ray diffraction line is not observed. Explain. *
14. Give Jhe first four values of (h2 + k2 + fi) for which reflections are

allowed for fee crystals. , ’

3.

7.bxc a x bexa
a* = b* = c* =a.bxc’ a.bxc’ a.bxc

bxc ax bexa
or a* = 2ji b* = 2n c* = 2na.b x c’

7. A reciprocal lattice vector is expressed as
G = ha* + kb* + Ic*

where h, k and / are integers or zero. A reciprocal lattice point (nA,
nk, nt) for which Bragg reflection occurs corresponds to nth order
reflection from (hkl) planes.

a.bxc’ a.bxc
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.'ll Wlial arc Brillouin zones? Discuss the construction of the first three
Brillouin zones for a square lattice.

21, . Obtain the structure factor for fee crystal.
21. Derive an expression for the scattering amplitude in terms of geoinclri -

cal structure factor for fee crystals. Find the values ol’ //, k and / for
allowed reflections.

2:1. Calculate die geometrical structure factor for the bee structure and
explain the fact that die (100) reflection line vanishes for metallic
sodium but not for CsCl, bodi having the bee structure.

.'ÿI Calculate die geometrical structure factor lor NaCl structure. Will you
get the same diffraction pattern for KC1? Explain.

'25 . The first order rcflccdons from (100) planes forabee crystal tire absent
while reflections of die same order from (200) planes arc present.
Explain.
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15. What is die structure factor lor simple cubic crystal?
16. For what values of h, k and l reflections arc allowed in simple cubic
, ,MV, crystals?

SHORT QUESTIONS
1. Why cannot ordinary optical grating diffract x-rays?
2. What is die opdinum order of x-ray wavelength used to observe die

d|ffraclion effects? What happens if the wavelength deviates loo much
from diis value?

3. Why arc imaginary planes also taken into account while using Bragg’s
law for determination of crystal structure?

4. Prove dial the mtii order reflection from (MO planes overlap widi die
first order reflection from (nh hk nt) planes.

5. ■ Obtain the Bragg’s law from die Lauc’s equations.
6. Why only first '»"lcr diffraction is usually considered while applying

die Bragg ., law for die crystal structure determinauon.
7. What arc die basic principles of the Lauc’s method, the rotating crystal

mediod tuid die powder method of x-ray diflracdon?
8. How can die Lauc’s method be employed to determine die symmetry

of a Cfyslal? ; , r ;

9 Describe dierotating crystal mediod to observex-ray diffraction of ;uiy

material. What additional information do you get as compared to the
Laue mediod/

10. What are layer lines? How arc they produced in die rotadng crystal
method?

1 1 . Describe die procedure for finding the d-values of refleedng planes in
a powder diffraction mediod.

12. State die properties of a reciprocal lattice. How is a reciprocal latdcc
constructed from a direct lattice?

1 3. Distinguish between reciprocal latdcc and direct latdce. How can you
observe reciprocal latdcc of a crystal experimentally?

14. Prove that fee lattice is reciprocal to bee latdce.
15. Show that a simple cubic latdce is self-reciprocal but with different

cell dimensions.
16. Find die reciprocal latdcc to a fee latdcc.
17. Obtain the vector form of Bragg’s law using the concept of reciprocal

lattice,
18. Discuss how the concept of reciprocal latdce helps in the Ewold

construction and determination of crystal structure.
19. What is Ewald construction? How does 4 help to interpret x-iay

diffraction photographs7

LONG QUESTIONS
Obtain Lauc’s equations for x-ray diffraction by crystals. Show dial
diese arc consistent with die Bragg’s law.
Describe the principle of Lauc’s diffraction mcdio'd. Explain the origin
of Laue’s spots. What is the utility of Laue’s diffraction pattern?
Describe the rotating crystal mediod for diffraction of x-rays. How do
layer lines form?
Describe the powder mediod for x-ray fraction. Discuss die forma¬
tion of diffraction pattern on the photographic film.
What is the reciprocal lattice and why is it named so? Derive die
relationships for the primitive translation vectors of die reciprocal
lattice in terms of those of the direct lattice.
What are Brillouin zones? Determine die reciprocal lattice vectors,
which define the Brillouin zones of bee and fee lattices.
What is atomic scattering factor? Derive the general expression for the
atomic scattering factor using spherical polar coordinates.
Define die geometrical structure factor. How is it related to die atomic
scattering factor? Write the structure factor for bee crystal and account
for die -missing reflections for tiiis crystal.
Define a Brillouin zone. If the ratio of the length and die widdi of a
two dimensional rcchuigular lattice is 3, what kind of first Brillouin
zone will you expect? Explain your answer widi die help of diag

PROBLEMS

I.

2

1,

I

V

(l

7.

K

9,

I. ■The Bragg's angle for ''2207 relict lion from nivkcl(/cr) is 38.2° when
x-rays of wavelength 1.5-1A .c ■ employed in a diffraction experiment. '

Detertnine die kiltie*- jta&it-x'.tepof nickel.
1

,Q:52 A.)

1I ■
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2. In an x-ray diffraction experiment using Cii-Aÿ radiation of wave¬
length 1.54 A, the first reflection from an fee crystal is observed when

20 is 84°. Determine the indices of this reflection and the correspond¬
ing intcrplanar spacing. Show that only one more reflection is possible.
Determine theindices of that reflection and thecorresponding intcrplanar

spacing. ({Ill), 1.15A; {200), 0.996 A)
3. A crystal reflects monochromatic x-rays strongly when the Bragg's

glancing angle for 4 first order reflection is 15°. What arc the glancing-
angles for the second and third order reflections of the same type ?

(31.2°, 50.9°)

4. Copper (fee) has a lattice parameter of 3.61 A. The first order Bragg

reflection from (111) planes appears at an angle of 21.7°. Determine
the wavelength of x-rays used. (1.54 A)

5. Show that the error in determining lattice parameters decreases with

increase in diffraction angle.
6. A powder pattern is obtained from an fee crystal having lattice param¬

eter of 3.52 A using x-raysof wavelength 1.79 A. Determine the lowest

and the highest reflections possible. ({111} and {222})

7. The powdcr'paltcrn of a cubic crystal gives the first three S-valucs as
56.8, 94.4 and 112.0 mm. The radius of.thc camera is 57.3 mm and

the wavelength of monochromatic radiation used is 1.54 A. Determine

the crystal structure and the lattice parameter of the material.
(DC, 5.44A)

8. The primitive translation vectors of a hexagonal space lattice may be
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CHAPTER - HI

BONDING IN SOLIDS

3.1 INTRODUCTION
This chapter deals with the general nature of the forces which bindthe atoms together in a crystal. These forces are classified on the basis ofthe nature of electrostatic interaction between the neighbouring aloms.The

crystals arc categorised depending on the types of forces existing amongst
the atoms. The description of the classical theory of cohesive energy of ionic
crystals and inert gases is also given.
3.2 INTERATOMIC FORCES AND TYPES OF BONDING

The interatomic forces exist amongst the atoms of a crystal and arc
tcsponsiblc for Kblding the atoms together to form solid strucutres. The very
existence of solids makes us to draw the following conclusions :

(a) Some attractive forces must be present between the atoms and
molecules of a solid which hold them together.

(b) Some repulsive forces must also be present between the atoms
or molecules since a large external pressure is needed
press a solid to any appreciable extent.

to corn-taken as

(a/2)i ’+ (V3a/2)j, b = (-a/2)? + (V3a/2)j and c = ck

Determine the primitive translation vectors of the-reciprocal lattice.

Show that the lattice is its own reciprocal but with a rotation of axes.

a = In order to understand the nature of these forces, we consider a pairof atoms which is capable of forming a stable chemical bond in the solid
Male When separated by a large distance from each other, each atom of the
pair may be considered to be free from the influence of the other atoms andhence the potential energy, t/, of the system may be arbitrarily tak
As the distance between the atoms is decreased, they start interacting with
each other resulting in a change of potential energy of the system. The atoms
exert the following two types of forces on one another :

(i) The

cn as zero.

9. Find out reciprocal lattice vectors for a space lattice defined by the
vectors :following primitive translation

5? + 5j - 5k,h.=-5? + 5j + 5k , c=5? - 5j + 5k

vherc i, j and k are the unit vectors along x, y and z axes. Also find
out the volume of the primitive cell,

((«ÿ' 5)(i + i)>(*/5),(*ÿ / 5)( j + £)[, (tr / 5)(k + ?))

a = attractive forces arising from the interaction of the neg¬
ative electron cloud of one atom with the positive nuclear
charge on the other. Its magnitude is proportional
power of the interatomic distance r.

to some

tO Two dimensional lattice has the basis vectors
2x,b = x + 2y

(ii) The repulsive forces which come into existence when the dis¬
tance between the atoms is decreased to such an extent that theira =

(?r(x - y/2),ÿy)Find ihc reciprocal lattice vectors.I
I
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electronic clouds start overlapping, thus violating the Pauli's
exclusion principle. Therepulsion between the positively charged
nuclei also contributes to the repulsive forces. Tire magnitude
of the total repulsive force is also proportional to some power
of r.

Since the attractive forces decrease the potential energy of the system
and the repulsive forces increase it, the net energy of the system is equal to
the algebraic sum of these two energies and is written as

<J =Vall+Urep
= -Ah™ + Bid1

where A, B, m and n arc constants which depend upon the nature of the
participating atoms; A and B arc known as attraction and repulsion constants
respectively. Equation (3. 1 ) indicates that the magnitudes of both attractive
and repulsive energies increase with decrease in interatomic distance. Gen¬
erally, n> m which indicates that the increase in repulsive energy is faster
than the increase ipf*attractive energy particularly for very small values of
interatomic distance. The repulsive forces arc, therefore, known as short
range forces. This means that the repulsive interaction between the nuclei
becomes appreciable only for very small distances.

The variations of the attractive energy, repulsive energy and total
energy versus interatomic distance are shown in Fig. 3.1a.The total energy
first decreases gradually as the atoms constituting the pair approach each
other, attains a maximum value for the interatomic distance r equal to r0, and
then increases rapidly as the value of r is decreased further. The interatomic
distance rQ at which the energy of the system becomes minimum is known
as the equilibrium distance and signifies the formation of a stable chemical
bond. At this distance, the system is in the most stable state and energy is
required to displace the atoms in either direction.

Differentiating Eq. (3.1) with respect to r, we get,

F = -dU/dr = -mAhm+1 + nB/r*+'
This gives the total force between the two atoms placed at a distance

r from each other. The first term on the right hand side represents the attractive
force and the second one represents the repulsive force. The variations of the
ittracpvc force, repulsive force and total force with interatomic distance are

sho<vn in Fig; 3.1b. At equilibrium distance rn, the attractive force must be
equal and opposite to the repulsive force and hence the total force F is zero.
The potential energy of the system corresponding to this distance is, there¬
fore, minimum. Thus from Eq. (32). for r - rQ, we get
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investigate their origins in detail. It further requires the knowledge of charge
•lmtributions particularly of the valence electrons of the atoms. In certain
< i y sluls, the valence electrons arc transferred from one atom to the other•luring bond formation. In some crystals, the sharing of electrons takes place
among the neighbouring atoms while in some others the valence electronsbehave as free electrons and move from one part of the crystal to another.There may still be other types of electronic interactions present in crystals.
I he nature of crystals formed depends upon the nature of these interactions.I hesc interactions or bondsmay be broadly classified into the following fiveniAin categories :

B = A(mJn)ron+ilr0m+i = A(m/n) r0n m (3.3)or
r0n m = (BIA) (nJm)

From Eq. (3.1), the energy at the equilibrium distance r0 becomes
(3.4)

or

Ua = -Air™ + B/r0n = (-Air™ ) (1 - min)

Since m* n, U0* 0, it follows that, although the attractive force is equal

to the repulsive force at equilibrium distance, the attractive energy is not

equal to the repulsive energy.
For n »m, Ua - -AJr0m,

i.e., the total energy is essentially the energy of attraction. Also, if the total
energy U has to be minimum at r - ra, then

(I) Ionic bonds, as in NaCl (transfer of valence electrons)
(II) Covulcnt bonds, as in diamond (sharing of valence electrons)
(III)d*ll\ Metallic bonds, as in Ag, Cu (free nature of valence electrons)

Van dcr Waals forces, as in solid nitrogen (electrons remain associated
with original molecules)

> 0 (IV)
dr2

'r~ro

Hydrogen bonds, as in ice.in(m+l)A n(n+l)B
rr2 + rr2

Using Eq. (3.3), we find that this condition is satisfied only for n >
m. It indicates that the repulsive forces should be of shorter range than the

attractive forces. This information can also be obtained from Fig. 3.1a which

shows that a minimum in the energy curve is possible only for n > m.

The representation of energy by a power function of the type of Eq.
(3.1) is, in general, not quite accurate. It is, however, useful to draw some
important qualitative conclusions about the bonding of atoms in solids.

The energy Ua at the equilibrium distance rQ is called the binding

energy, the energy of cohesion or dissociation energy of the molecule. This
much energy is required to separate the atoms of a diatomic molecule to an
infinite distance apart. This is generally of the order of a few electron volts.

The cohesive energy may also be defined as the energy released when two

brought close to each other at an equilibrium distance r0. Larger

the energy released, more stable the bond formed and hence more stable is

the crystal structure. In a crystal, an atom is surrounded by more than one
atoms which may arrange themselves to form different structures. The most

stable structure is that for which the maximum amount of energy is released.

Thus an acceptable theory of cohesion can predict the most probable struc¬

tural arrangement the atoms may assume.
In crystals every atom is surrounded by a number of other atoms and

the simple expression for attractive and repulsive energies given by Eq.(3.I)

. is not applicable. To know the exact form of these energy terms, one must

'Itic first three types of bonds are called primary bonds and the lasttwo types of bonds are called secondary bonds. The classification of crystalsliiiH'd on these bonds is rather arbitraryJMany of the crystals exhibit mixed•......ling. For example, ZnS crystal is believed to be partly ionic and partly
Likewise, graphite has intrachairivcovalent bonding and interchain
dcr Waals type of bending. The following sections describe the

types Qf bonding and the solids resulting from these bonds.
t ! I Ionic Bonds

i.e.,

i nvnlont.
wi’nk van
dll Icicnt

An ionic bond is formed by the actual transfer of electrons from one
the other so that each atom acquires a stable electronic configuration

liiillw to the nearest inert gas atoms. The atom which loses an electron
electropositive and the one which gains an eleetron becomes elec-

tt • •••< native. The ions arrange themselves in such a way that the Coulomb's
alii HI live forces among the oppositely charged ions dominate over the Cou¬
lomb's repulsive forces among the ions of the same sign. Thus the source ofutihoitivc energy which binds the ions together is mainly the Coulomb'selectrostatic interaction. The crystals resulting from this type of bonding are• Mill'd ionic crystals. Since after" the transfer of electrons, the ions attainelectronic configurations similar to inert gas atoms, the charge distribution
mi the ions is spherically symmetric. Hence an ion of one type tries to have
Mi many neighbours of the opposite type as possible. The coordinator
ttuiiilicr of a cation is limited by the radius (atio of cation to anion wi.iiellint ol an anion is limited by the condition that the charge neutrality of the• iV'inl must be maintained. The cohesive energy of the ionic crystals is,therefore, quite large; it is of the order of 5 to 10 eV.

In , tunes

atoms arc
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start overlapping, the original atomic charge distributions of thedistorted and each atom transfers its unpaired electron to the common spacebetween theatoms.Thus the common space containsa pair of electrons whichbelongs equally to both the atoms and serves to complete the outermost shellof each atom. This is what is meant by 'sharing of electrons'. The sharing iseffective if the shared electrons have opposite spins. In such a case the atomsattract each other and a covalent bond is formed. Since the participating atomshave the same valence state, this bond is also called the valence bond. Theformation of a covalent bond between two chlorine
molecule is illustrated as follows :

80
81

A good example of ionic crystals is the crystal of NaCl. The electronic
are as follows : atoms lirelfigurations of Na and Cl atoms

Nr: 1s2 2s2 2p° 3r'
Cl?Is2 2s2 2p6 3s2 3p5
After the transfer of an electron from 3s orbital of Na to 3p orbital of

Cl, the configurations become

con

(same as Nc)

(same as Ar)
Na+ : \s2 2s2 2p6
Cl” : 1s2 2s2 2pb 3s2 3p6
As permitted by radius ratio rule, each Na+ ion is surrounded by six

Cl- ions and, in turn, each Cl- ion is surrounded by six Na+ ions to maintain

the charge neutrality. Thus the coordination number of each ion is six. The

binding energy per molecule of NaCl is 7.8 eV. The structure of NaCl has

been described earlier in Sec. 1.13 and the unit cell is shown in Figs. 1.25

and 3.7. The position of ions on any cube face is as shown in Fig. 3.2. Some

other examples of ionic crystals are LiF, KC1, CsCl, AI2O3, etc.— -v. Since ionic crystals have large
\ binding energy, these are, in general,

Cl~ ) hard and exhibit high melting and boil-

J ing points. At normal temperatures, these
arc poorconductorsof electricity but the
conductivity increases with increase in
temperature owing to the increased
mobility of ions. These Crystals are gen¬
erally transparent to visible light but
exhibit characteristic absorption peaks
in infrared region.Thesearealsosoluble
in polar solvents such as water.

atoms to produce Ci2
: Cl + . Cl : -> : Cl : Cl :XI Tunpaired
* electrons

shared pair
of electrons

Similarly, a water molecule is produced because of the formation ofcovalent bonds between an oxygen atom and two hydrogen atoms.
2H- + O- -ÿ H:0:H

If each participating atom has a deficiency of two electrons, the atomsmay combine to form a double covalent bond. The formation of an oxygenmolecule is an example of double covalent bond. In this

cr Na+

case, each atomcontributes two electrons to the common space. Similarly, a triple covalentbond may be formed as in case of a nitrogen molecule. The nimber ofcovalent bonds an atom can form is determined by 8-A rule, where N is thenumber of the column of the periodic table to which the atom belongs. Sinceoxygen belongs to VI group, it can form (8-6) = 2 covalent bonds.

Na+crNa+

crcr Na+

For the formation of stable covalent bond, there should be a netdecrease in the potential energy of the system as a result of mutual sharingof electrons. This happens when the participating orbitals overlap effectivelyand also when the vacant electronic states arc available in the outermostorbital of each atom. The overlap is
orbitals arc

Fig. 3.2. Ionic arrangement on a face
of fee unit cell of NaCl. The complete 3.2.2. Covalent Bonds

A covalent bond is formed by an

equal sharing of electrons between two neighbouring atoms each having

incomplete outermost shell. The atoms do so in order to acquire a stable

electronic configuration inaccordance with the octet rule. Unlike ionic bond,

the atoms participating in the covalent bond have such electronic configu¬

rations that they cannot complete their octets by the actual transfer of elec¬

trons from one atom to the other. Hence there is no charge associated with

any atdtn of the crystal.
A covalent bond is formed between similar or dissimilar atoms each

having a deficiency of an equal number of electrons. When two atoms, each

having a deficiency of oneelectron, come so close that their electronic shells

unit cell is shown in Fig. 1.25.

effective when the participating
directionally oriented rather than having spherical symmetry.Hence a covalent bond is always directional in charactc:. Since p-orbitalsarc directional in nature, they readily participate in the formation of covaientbonds.

more

The structure of diamond is a good manifestation of the directionalproperties of covalent bonds. The carbon atom in the ground state has theconfiguration Is2 2s2 2p2, i.e., it has two unpaired electrons in the outermostorbital. Since the energy difference between 2s and 2p states is small andthe carbon atom is known to form four covalent bonds, it is proposed dial 1\
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is transferred from 2s state to 2p state. This

lUntiling in Stdids

... i, u A» uliriuly mentioned, this sharing is not localized. The free nature of
> It t nun gM imikes the bonding electrons resonate between different atoms...... .....*ei|iirnlly the metallic sharing changes with time.

< 'oiikider the case of sodium which is an alkali metal. Each sodium
HIMIII Inn mi electronic configuration of Is2 2s2 2p6 3s1, i.e., it contains one
*•1 • d 1 1edion in the 3s orbital. This electron is loosely held in sodium and
Winy l>« i nlled valence or conduction electron. When two sodium atoms
H|i|Mi.in h each other, their 3s orbitals begin to overlap and one electron-pair.......I It bn mod provided the electrons have opposite spins. Now the 3s orbital
In HIK lull, II a third sodium atom approaches the pair, the valence electron
ul du- ilium muy occupy the 3p state without violating the Pauli's exclusion
|ulm i|ilo Tins is favoured by the fact that the energy difference between 3s
rtlltl V uibltuls is very small. Thus the third sodium atom can also form an
I’li'tiitm |ml i bond with cither of the two sodium atoms. But since each
miillinn nii mi has only one unpaired electron, it cannot form two electron-pair
Imiiiln wlili the other two atoms simultaneously. It may, therefore, be assumed

mi the average, one sodium atom forms one half of an electron-pair bond
lilt I'm li uf the other two sodium atoms. The actual structure of sodium metal

If, l.o . each sodium atom forms cne-eighth 0< an electron-pair bond with
fill'll ul Its neighbours. It is possible only if the electron-pair resonates
«lliiiii|"il the eight pairs of sodium atoms. Hence such bonds are incomplete
HI it 1 1 *..tl in uled covalent bonds. The valence electrons are thus delocalized and
feohuve as if they are free to move about in a crystal.

Due to delocalized nature of valence electrons, the metallic bond is
much less directional than covalent bond. Hence metals prefer to form close-
Jim keil structures, i.e., either fee or hep structures. However, there exist
i ei Inin exceptional cases too. For example, alkali metals like Na and Kiorm
|C( structure which is attributed to their low melting points. The atoms have
IUrge vibrational amplitudes near the melting point and hence prefer to have
li mse- packed structures. The bcc structure of some transition metals like iron
near room temperature is because of their partial covalent character. In these
lltclals, the electrons present in J-orbitals participate in the formation cf
metallic bonds. Since d-orbitals form directional bonds, life tendency of these
metals to form close-packed structures is inhibited.

The metallic bond is weaker than ionic or covalent bond. The binding
energy ranges from 1 to 5 eV per bond. The melting and boiling points of
metallic solids are lower than ionic or covalent solids. Also, these solids have
high ductility and malleability, high electrical and thermal conductivities, and
high optical reflection and absorption coefficients.

83
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one of the electrons of carbon
modifies the electronic configuration of carbon as

Is2 2 2pJ 2py' 2Pl'
Thus in the excited state, the C atom has four unpaired electrons and hence

is able to make four covalent bonds with four neighbouring C atoms as in

of diamond. Also, all the four covalent bonds formed by each C atom

) have equal strength with C-C-C bond angle equal to

109° 28‘. To explain this, it is proposed that each C atom in diamond is sp3

hybridized and has four identical sp3 hybrid orbitals which are oriented in

space along the corners of a regular tetrahedron as shown in Fig. 3.3. Each

tetrahedron is covalently bonded to four similar tetrahedrons to produce a

three-dimensional regular network type

structure. The structure of diamond has
been described in detail in Sec. 1.11 and
its unit cell as well as plan view have

109 28 been shown in Figs. 1.23 and 1.24 re¬
spectively. The other examples of cova-
lcn' crystals are Si, Ge, a-Sn, etc.

ease
are known to

SP3

/
\/

/ C \L
sp3 Ik hThe covalent bond is a strong

bond. This is apparent from the binding
energy of carbon in diamond which is

7.4 eV. Thus the crystals having purely

Fig. 3.3. Four sp* hybrid orbitals of a
bonding aregenerally very hard

carbon atom oriented along the comers and bflUle'71x050 have h,gh meiting and

of a regular tetrahedron in diamond. bolllng points. These exhibit low con¬
ductivity at ordinary temperatures which

Certain covalent crystals with

Sp3
Sp3

increases slightly with increase in temperature.

moderate binding forces behave as semiconductors, e.g., Si and Ge.

3.2.3 Metallic Bonds
Metallic bond is formed by the partial sharing of valence electrons by

the neighbouring atoms. Unlike the case of covalent bond, the sharing in

metallic bond is not localized. Hence metallic bond may also be considered

as delocalized or unsaturated covalent bond. As proposed by Drudc, theatoms

in metals contribute their valence electrons to form a common pool of

electrons which has freedom to move anywhere in the frame-work of positive

ion cores. This common pool of electrons is also known as the free electron

cloud or gas and acts like a mobile glue to bind all the ion cores together

through electrostatic attraction. The bond so formed is called the metallic

bond. In this type of bonding, the atoms can share the required number of

electrons with their neighbours through the common pool to complete their
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energy released during the formation of van der Waals’ bonds is of the order
of 0.1 eV per bond only. Hence molecular solids are characterized by very
low melting and boiling points, low mechanical strength and easy
deformability. These solids arc also poor conductors of heat and electricity.
3.2.5 Hydrogen Bonds

85
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3.2.4 Van der Waals' Bonds

This type of bonding exists in atoms or molecules which have their
outermostshellscompletely filled and hence have no tendency togain, lose or
share valenceelectrons with other atomsor molecules in thesolid.Thecrystals
resultingfrocn this typeofbondingarccallcdmokc.ia/-cryital,Th£examples When,cota.bond isformed between,hydrogen atom trnd a highly
of such solids are crystalline states of inert gases, such as He, Ne, Ar, etc., ami Srtectronegative atom, such as an atom of oxygen fluorine chlorine !I

,momentaÿ pnlarirntion in the molecule by disturbing the symmetry of the TV...............burned is said to be potato*tmd behave, ifca permanfni
electronicdistnbution. A similar type of disturbance in electronic clouds also
takes place in inert gas atoms which otherwise have spherically symmetric
electronicdistribution.Due todisturbance in theelectroncloud of anatom, the
centresof the positiveand negativecharge distributions no morecoincide and
an electronic dipole with a non-zero dipole moment is generated as shown in
Fig.3.4.Thisdipole is, however, not a permanent dipoleand keepsoscillating

with the movement of electron cloud around the nucleus. The electric field
originating from this imbalance of charge induces a dipole moment in a
neighbouring atom in such a way that the.atom gets attracted to it Similarly,
the electric field of the second dipole produces another dipole by inducing
dipolemoment inaneighbouringatom,and soon.This typeof dipole induced
dipole interaction is called Van der Waals' bond or dispersion bond. It is non-
directional in character. The presence of this interaction is manifested by the

fact that the inert gases can be

•li|Mili A number of such dipoles get attracted to one another due to the
< uiiliiiiiltit force of attraction. This type of interaction between the oppositely
i luugi dt'iidH of permanently polarized moleculeseachcontaininga hydrogen........i'. < .died the hydrogen bond. In case the hydrogen atom does not

ipuir in bond formation, the bond is called the dipole bond. A special
mu r is attached to hydrogen atom because it can be regarded simply

IM •» pinion fued to one end of a covalent bond, the positive charge of which
i uol ihlHdrd by the surrounding electrons. This is not the case with other
alum* pnillt ipnting in a covalent bond ; their positive charges are shielded
b* ill. .min electrons which weaken the attraction of the positive nuclear*' 5+ 8+ charge with the negative ends of other

polarized molecules.Therefore, the pos¬
itively charged hydrogen atom can in¬
teract more strongly with the negative
ends of other molecules as compared to
any other positively charged atom.Thus
hydrogen bonds are stronger than di¬
pole bonds. Materials exhibiting hydro¬
gen bonding possess high melting and
boiling pointscompared with molecular
solids.

op © Gj H

1 ° O

liquified at very low
temperatures.

/ 5-
\

H)«+,'---i The van der Waal*'
forces are very weak forces. Al
room temperature, the thermal
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energy released during the formation of van der Waals’ bonds is of the order
of 0.1 eV per bond only. Hence molecular solids are characterized by very
low melting and boiling points, low mechanical strength and easy
deformability. These solids arc also poor conductors of heat and electricity.
3.2.5 Hydrogen Bonds
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3.2.4 Van der Waals' Bonds

This type of bonding exists in atoms or molecules which have their
outermostshellscompletely filled and hence have no tendency togain, lose or
share valenceelectrons with other atomsor molecules in thesolid.Thecrystals
resultingfrocn this typeofbondingarccallcdmokc.ia/-cryital,Th£examples When,cota.bond isformed between,hydrogen atom trnd a highly
of such solids are crystalline states of inert gases, such as He, Ne, Ar, etc., ami Srtectronegative atom, such as an atom of oxygen fluorine chlorine !I

,momentaÿ pnlarirntion in the molecule by disturbing the symmetry of the TV...............burned is said to be potato*tmd behave, ifca permanfni
electronicdistnbution. A similar type of disturbance in electronic clouds also
takes place in inert gas atoms which otherwise have spherically symmetric
electronicdistribution.Due todisturbance in theelectroncloud of anatom, the
centresof the positiveand negativecharge distributions no morecoincide and
an electronic dipole with a non-zero dipole moment is generated as shown in
Fig.3.4.Thisdipole is, however, not a permanent dipoleand keepsoscillating

with the movement of electron cloud around the nucleus. The electric field
originating from this imbalance of charge induces a dipole moment in a
neighbouring atom in such a way that the.atom gets attracted to it Similarly,
the electric field of the second dipole produces another dipole by inducing
dipolemoment inaneighbouringatom,and soon.This typeof dipole induced
dipole interaction is called Van der Waals' bond or dispersion bond. It is non-
directional in character. The presence of this interaction is manifested by the

fact that the inert gases can be

•li|Mili A number of such dipoles get attracted to one another due to the
< uiiliiiiiltit force of attraction. This type of interaction between the oppositely
i luugi dt'iidH of permanently polarized moleculeseachcontaininga hydrogen........i'. < .died the hydrogen bond. In case the hydrogen atom does not

ipuir in bond formation, the bond is called the dipole bond. A special
mu r is attached to hydrogen atom because it can be regarded simply

IM •» pinion fued to one end of a covalent bond, the positive charge of which
i uol ihlHdrd by the surrounding electrons. This is not the case with other
alum* pnillt ipnting in a covalent bond ; their positive charges are shielded
b* ill. .min electrons which weaken the attraction of the positive nuclear*' 5+ 8+ charge with the negative ends of other

polarized molecules.Therefore, the pos¬
itively charged hydrogen atom can in¬
teract more strongly with the negative
ends of other molecules as compared to
any other positively charged atom.Thus
hydrogen bonds are stronger than di¬
pole bonds. Materials exhibiting hydro¬
gen bonding possess high melting and
boiling pointscompared with molecular
solids.
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The primed summation in Eq. (3.5) indicates that the summation

includes all the ions except those with j = i. This is because the interaction
energy of an ith ion with itself carries no meaning. The constants p and X
can be empirically determined from the observed values of lattice constant
and compressibility. As already mentioned, the positive sign in Eq. (3.6) is
used for interaction between like charges and the negativesign for interaction
between opposite charges. However, in an ionic crystal like NaCl, the value
of Ui does not depend on the type of the reference ion i particularly when
it is not present near the surface of the crystal. The surface effects are ignored

.here.
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3.3 BINDING ENERGY OF IONIC CRYSTALS

The calculation of binding energy of crystals is one of the major
problems of the theory of solids and requires the knowledge of constituting
particles. These calculations arc relatively simple for ionic crystals and arc
described below for the case of NaCl crystal. The binding energy of ionic
crystals was first calculated by Born and Madelung in 1910 and was later
modified by Born and Mayer.

The theory developed by Born and Madelung is based on the assump¬
tion that the ioniccrystals arc built up of positive and negative ionseach having
a spherically symmetricchargedistribution as in raregasatoms.Thus the force
between any two ions depends only on the distance between the ions and is
independent of the direction of approach. The force between the ions is
assumed to be mainly electrostatic. Thus the main contribution to the binding

arises from electrostatic interaction and is called the Madelung

If the crystal contains N molecules, i.e., N positive ions and N negative
ions, the total latticeenergy or the total binding energy of the lattice becoi

U,o, = Mi
Here we have used N rather than 2N because each pair of ij interactions must
be considered only once while determinig the total binding energy. For
convenience, we introduce a dimensionless quantity p- such that

rij = PijR
where R is the nearest neighbour separation in the crystal. The factor ptJ thus
defines the distance between any two ions in terms of the nearest neighbour
distance. If ions i and j are the nearest neighbours, then

ll s

(3 7)energy
energy.The ions tend to acquire such an arrangement in a crystal structure
which results in the maximum attractive interaction amongst themselves.

There exist two types of interactions in ionic crystals, one is long
range Coulomb’selectrostatic interaction which may be attractive or repulsive
in nature, and the other is short range repulsive interaction which comes into
play when the interionic distance becomes so small that the electronic clouds
of ions start overlapping. The Coulomb's electrostatic interaction energy
between two ions with charges ±q is given by ±q2/r, where the positive sign
stands for electrostatic repulsive energy, i.e., the energy of ions with like
charges, and the negative sign stands for attractive energy. The short range
repulsive energy as given by Eq. (3.1) is usually taken as p/r", where p and
n are constants. The earlier calculations of Born and Madelung were based
on this expression for repulsive energy. Later, Born and Mayer, based on the
quantum mechanical calculations of forces between the ions, replaced this
expression by another one of the form \e~r/P, where X. represents the strength
and p the range of repulsive interaction. In the present treatment, we shall

the latter expression for the repulsive energy which is also known as the

central field repulsive potential.

(3.8)

rij = R

Pij = 1
From Eqs. (3.6) and (3.8), we get

Ujj = X exp i-PijR/p) ± 72/(pi;/R)

or

The Eq. (3.5) becomes

= X'pcexp (-pÿp) ± q2/ÿ)]
Assuming that the repulsive interaction (first term) is effective for the nearest
neighbours only and there are z nearest neighbours of the ith ion, the expres¬
sion (3.9) for the cohesive energy of the ith ion takes the form

Ut = zX exp (-RJp) ± Z q2/(PijR)
= zX exp (-/?/p) - aq2IR

From Eq. (3.7), the lattice energy becomes

Vwt = NUy= NÿXc-UP- aq2/R)
Here a is a constant called the Madelung constant and is given by

(3.9)
use

Since each ion in an ionic crystal is surrounded by a large number of
ions of the similar or opposite type, the total interaction energy or cohesive
jnergy of an ith ion is given by 0

(3.5)vt =
/

Uÿ is the interaction energy between the ith and jth ions and may be
(3.10)

where
written as

(3.11)Uij - X exp (-r,yp) i qllri; (3-6)
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3.3.1 Evaluation of the Madelung Constant
Considering the simplest case of a one-dimensional crystal consisting

of alternate positive and negative ions with intcrionic distance R as shown
in Fig. 3.6. The Madelung constant, a, given by Eq. (3.12) can be expressed

Solid State Physics 8988

a = I' + 1lPij (3.12)
;

The choice of sign depends upon the type of the reference ion. If the reference
ion is negative, the positive sign is used for a positive ion and the negative
sign for a negative ion. Thus the value of the Madelung constant depends on
the lattice structure. It is basically a correction factor that determines the
magnitude of the error introduced by considering only the nearest neighbour
interaction.

as

a = l' +1/Pij = 2[1 - 1/2 + 1/3 - 1/4 +....] (3.16)

e©o©(55)0©oAt the nearest neighbour equilibrium distance, Rg, we have

dUJdR = 0
Therefore, from Eq. (3.11), we get t

e-Vp +
Na(i2

- Q
P ■ . Ro2

Reference ionN&-
dR Fig. 3.6. One-dimensional ionic crystal consisting of alternate

positive and negative ions.
This expression is written taking a negative ion as the reference ion.

The factor of 2 appears because similar ions are present on both sides of the
reference ion. Using the series expansion

In (1+x) = X~X2/2 + X*B-X*/ 4 +.....

R=Ra
r

e-Ro/p= PS4 (3.13)or

The Eq. (3.11) can now be written as

pcq2 W
zkR„2 R0

= ~{Naq2/R0) [1 - p//y

and putting x = 1 in it, we getUtot=" z\.
In 2 = 1 - 1/2 + 1/3 - 1/4 +

Therefore, Eq. (3.16) gives(3.14)

The first term within parentheses resembles the second term of Eq. (3.11).
It, therefore, represents the electrostatic interaction energy or the Madeljgig
energy The term within square brackets then represents the contribution of
the short range repulsive interaction.

The similar expression for cohesive energy of the ith ion is
0 UJN = - (aq2/R0) [1 - p/*ol

a = 2 In 2 = 1.38 (3.17)
For the actual three-dimensional crystals, theevaluation of theMadelung

constant is not so simple. It is very difficult to write the successive tenns by
a casual inspection and the series converges quite slowly. Consider, for
example, the unit cell of NaCl structure as shown in Fig. 3.7. Each Cl~ ion
has 6 nearest neighbour Na+ ions, 12 second-nearest neighbour Cl- ions, 8
third-ncarest neighbour Na+ ions, and so on. Since the distance of the first,
second, third, fourth, etc. nearest neighbours from the central Cl- ion is 1,
V2, V3, V4 etc. respectively, the Madelung constant becomes

a = 6/Vi - 12/V2 + 8/V3 - 6/V4 + 24/V5- ....
= 6.000 - 8.485 + 4.619 - 3.000 + 10.733- .....

Clearly, the convergence of the scries is poor. In fact, the scries may
never converge quickly unless the termsarc so arranged that thecontributions
from the successive positive and negative terms nearly cancel.

The convergence of the scries can be improved further if we work

(3.15)

For the range p-0.1RQ,Ui isdominated by the Madelungcontribution.
It increases rapidly for low values of pIR0 which indicates that the repulsive
interaction has a very short range.

From Eqs. (3.14) and (3.15), it follows that the lattice energy of a
crystal and the cohesive energy of an ion in the crystal can be determined
if the values of Ra, a and p are known. The equilibrium distance RQ is, in
general, determined empirically, the range p is determined from the knowl¬
edge of the bulk modulus of the crystal, and the Madelung constant is
determined theoretically from the geometry of the crystal structure.

V
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91Solid State Physics90 The discrepancy is explained on the basis of the magnitude of repulsiveenergy which is more in case of CsCl than in case of NaCl because of largernumber of nearest neighbours in the former. Thus, although the Madelungenergy of CsCl is more than that of NaCl, the larger value of repulsive energyfor CsCl outweighs the Madelung energy difference and acts to decrease thestability of CsCl structure slightly.
3.3.2 Determination of Range

The range of repulsive interaction, p, can be expressed in terms of thebulk modulusÿ B, of the crystal which is defined as

ji
dV/V

with neutral groups, i.c., groups of ions which arc more or less neutral. The
physical reason of working
with neutral groups is that the
potential due to a neutral group
decreases faster with distance
than the potential due to
charged ions. One such cubi¬
cal neutral group is shown in
Fig. 3.7. It has Na+ ions at the
corners and face centres and
Cl" ions at the edge centres
and body centre. Considering
the actual contribution of each
ion to the cube, the effective
charge carried by this group of
ions is
-l+(l/2)6-(l/4) 12+(l/8)8 = 0

0 Nation with contribution +1/8

@ Nation with contribution +1/2

Cl- iono
-»

-’/4

r-% (3.18)L0 © where dp is the small change in pressure required to produce volumetricstraindVJV. Considering adiabatic compression, i.c., assuming that no heat isexchanged with the surroundings, and applying the first law of thermodynam¬ics, the change in energy associated with the decrease in volume dV is givenby

(-*
-*

L-*

dU = - pdV
dU/dV =Fig. 3.7. The cubic arrangement of Na* and Taking Cl ion present at the

CP ions around the central CP ion constituting body-centred position as the

the first neutral group developed by Evjen reference ion, the contribution
for calculating the Madelang constant. 0f this neutral group to a is

6/2 _ 12/4 8/8

VT 7T

or -P

or
dV dV2

= 1.46 Therefore, from Eq. (3.18), we get

The first term corresponds to the contribution of 6 nearest neighbour

Na+ ions occupying the face centres, the second term corresponds to the

contribution of 12 next nearest neighbour Cl" ions, and so on. Similarly,

taking into account the ions of the next larger cube surrounding the first cube,

the value of a calculated from the first two cubes comes out to be 1.75 which

is close to the accurate value as given below. The values of the Madelung

for CsCl and ZnS structures arc also given.

NaCl
CsCl
ZnS (Zinc blende)

In general, the higher values of the Madelung constant indicate the

stronger Madelung contribution to the cohesive energy and hence greater

stability of the structure. This is particularly applicable when the stability of

the structure like NaCl or CsCl is compared with that of ZnS. This becomes

inapplicable when NaCl structure is compared with CsCl structure where we
know that, bcsjÿcs its low value of a, the former is more stable than the latter.

B = (3.19)dV 2

Now

dU =dU_ dR_
dV dR ' dV

and
constant d2U d2U jj] /2 n

~2 = 2 (dRJdV)2 +dV dR dR dV 2
1.747565

(3.20)
1.762675
1.6381

Since at equilibrium distance Rc,
dU— =0
dR

the second te«n in Eq. (3.20) vanishes and

d2U d2U
dV2 = M2 {dRJdV)L {°rR = Ro

we get
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The equation can be employed to determine p using the observed
values of RQ and B. The cohesive as well as lattice energies can then be
determined using Eqs, (3.7) and (3.14).
3.4 BINDING ENERGY OF CRYSTALS OF INERT GASES

As described in Sec. 3.2.4, the molecular crystals of the inert gases
have low melting points and arc transparent insulators. The atoms of these
crystals have their outermost shells completely filled and thus have very little
tendency to gain, lose or even share the valence electrons with neighbouring
atoms. Due to completely filled shells, these atoms have spherically sym¬
metric electronic charge distribution. Hence these gases, except He3 and He4,
usually form fee crystals in the solid state.

Consider a molecular crystal consisting of N atoms. If (/- represents
the interaction energy between the atoms i and j of the crystal, then the
cohesive energy of the ith atom is given by

92

Hence Eq. (3.19) becomes

d2U (3.21)v\dÿ\ {dRldV)1 for R = R°B =

In NaCl structure with lattice parameter a = 2R, the volume of the unit

cell containing 4 molecules of NaCl is 8R3. Therefore, the volume occupied

by N molecules of NaCl is

which gives

(3.22)V = 2NR?

= 6NR2
dR

Substituting these in Eq. (3.21) , we get

B = 2M?03
(/,.=!'Utj (3.25)

d2U1 (3.23) and the lattice energy of the crystal isB = \%NR0 J dR2
ljwtor

uÿvkNuÿnNy.Uq (3.26)

From Eq. (3.11), we obtain
Here the factor Nl2 is used instead of N to represent the number of

distinct ij atomic pairs which contribute to the interaction energy. The primed
summation in Eqs. (3.25) and (3.26) indicates that the summation includes
all the atomsexcept those withy=i.As in caseof ioniccrystals, the interaction
energy, U-, of molecular crystals is due to the following two types of
interactions:
(a) Van dcr Waals or London interaction, and
(b) Repulsive interaction
(a) Van der Waals Interaction

The origin of van der Waals interactions has already been discussed
in Sec. 3 2.4. It is a dipole induced dipole interaction which exists in two
neighbouring atomsso as to produce weak attractive force between the atoms.
These interactions are also known as dispersion bonds.

Let P' be the instantaneous dipole moment of the ith atom caused by
some fluctuations in the charge distribution on the yth atom. This dipole
moment produces an electrostatic dipole field E at the centre of theyth atom
whose magnitude in CGS units is

.Stdlllo, = R2PdR
which, on differentiation, gives

“ utoi
_ Ni\ e-Rl{>

_
dR1 p2

Substituting it in Eq. (3.23), we get

d2U

(mi} v, “sailLI P1 J V J
1

B = 18NR,

Using Eq. (3.13), it becomes

1
B = 18SR

"-5 (3.24)
or

I
it
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E = 2p/rl

This field further produces an instantaneous dipole moment pj at the jlh atom
of magnitude

(3.27)
or, in another form, it is expressed as
U,j = 4e[(a/ry.)12-(a/r/]
Here c and o are the parameters relatedto B and C as

(3.32)
Pj ~ aeE ~ 2<*eP/rif

where ac is the electronic polarizability. These two diploes interact with each
other in such a way as to produce a net attractive force as shown in Fig. 3.8.
The potential energy associated with the attraction of two dipoles is given

(3.28)

G 4ea6 = B, and 4eo12 = c.
The values of e andas empiricallydetermined. The Eq. (3.32) represents apotential known as Lennard- JonesPotential and is plotted in Fig. 3.9.

From Eq. (3.26), the expressionfor lattice energy or the total bindingenergy of the crystal becomes

o arc
uan ” ~ 2Pf>jrij = " 4“*Fi2/ri/6

From Eq. (3.28), it follows that ae has dimensions of [length]3.
Therefore, aep? has dimensions of
[length]5 x [charge]2. Hence, in Eq.
(3.29), ae pf may be written as e2r05
where ra is the atomic radius. The Eq.

(T)- 5+ (3.29) then becomes

-1/ Van-- * -10-58/r/ ergs
~ = -B/rf 1 (3.30)

where we have used rg ® 10~8 cm and
B « 10~58 erg cm6. For example, for
Krypton, r(y = 4A and Ualt ~ 2xlCT14 erg
which corresponds to a temperature of
about 100 K. The same is the order of

(3.29) Ui4
4r

2
-ÿ P\

5+

05 Ulol = VW(46)S'[(C/ÿ)12 -(o/r,/]
16

(3.33)
It may be noted thatEq.(3.33)hasbeen written without considering the ki¬netic energy of the atoms of the crystal.Using Eq. (3.8) in (3.33), we obtain

- 1
0 0.4 0.8 1.2

R / a►■4
j th atom

Fig. 3.8. An instantaneous dipole
moment p( of the ith atom induces
dipole moment p j on the jth atom-.

ith atom Fig. 3.9. A plot nf Lennard - Jones
potential versus R/<s. The minimoccurs for R/a = 1.122

magnitude of the melting point of inert gases.
Since Uatt varies as r--6, it follows that the van dcr Waals interaction

is a short range interaction which increases rapidly with decrease in rfy.
(b) Repulsive Interaction

,6
u,ot = *N(4e)£'

j PijRj
a

(3.34)Pij*
For fee structures, we have

As described in case of ionic crystals, the repulsive interaction comes
E Pij - 12.131 and 1L' Pjf*into play for very short distances between the atoms when the electron clouds

of the atoms begin to overlap and the Pauli's exclusion principle is disobeyed.
The energy due to this interaction may be expressed as the power law of the
type Urep = constant / r(y" or by the expression Urep = ke-ri/p. where X and
p represent the strength and range of repulsive interaction respectively. In the
present case, we shall express Urep by an empirical relation of the type.

(3.31)

= 14.454 (3.35)
12 nearest neighbours of an atom in fee structure, themajorcontribution to the interaction energy arises from thenearest neighbours.The equilibrium distance Rg is obtained from the condition that at R =tlUlg/dR = 0. Therefore, from Eq. (3.34), we get

-2Ne[12 x 12.131 (a12/fl013)-6 x 14.454 (CT6/ÿ7)] = 0which gives

Since there are

U = Or,,12rep i]

where C is a positive constant
From Eqs. (3.30) and (3.31), the total interaction energy, Uÿ, between

the atoms i and j of the crystal can be written as VCT = 109 (3.36)
PPfl!
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At equilibrium distance ra, F - 0. Therefore, Eq. (3.40) gives
A = 5B/r08

= 521/(2.8 x 1(T10)8
= 1.32 x 1077fi

Solid State Physics

The factors of 12 and 6 correspond to the number of first and second
nearest neighbours of an atom in an fee structure respectively. This value of
RJo matches closely with the independently determined values for molecular
crystals of inert gases as given below :

96 97

(3-41)

(3.42)The dissociation energy or bond energy, Ua, is the energy releasedduring bond formation. It is obtained from Eq.(3.39) by putting r = rQ, i.c.,

Ne Ar Kr Xe
1.14 1.11 1.10 1.09RJo

The slight variation from the theoretical value of 1.09 can be explained
from the quantum effects. It can, therefore, be concluded that the Lcnnard-
Joncs potential given by Eq. (3.32) is the correct potential existing between
the atoms of the inert gas which binds them together.

The final expression for binding energy of inert gas crystals at absolute
zero temperature and zero pressure is obtained by using Eqs. (3.35) and (3.36)
in Eq. (3.34), i.e.,

Ua = -Air2+ B/r'° =-4 1 -ro { Ar0*
Using Eq. (3.41), we get

Uo = ~ Wr2) (1- 1/5) = - (4/5) (Air2)
Ua = - 8.0 eV = -8.0 x 1.6 x 10"l9J

where the negative sign signifies the release of

Now

energy... A = (5/4) (2.8 x 10"10)2 (8.0 x 1.6 x 1(T19) = 1.256 x 10“37 Jm2Therefore, from Eq. (3.42), we obtain

Utot <-Ro> = *N(4e) [12.131(o//y‘2 - 14.454 (a//?Q)6]
= -2.15 (4Afe)

It may be noted that this value of binding energy is obtained by
neglecting the kinetic energy of atoms. The expression is valid for crystals
of all the inert gases. A more correct expression can be obtained by consid¬
ering the kinetic energy effect and applying the quantum mechanical correc¬
tions. Based on these considerations, Bernardcs obtained correction factors
which reduce the binding energy to 28, 10, 6 and 4 per cent of the value given
by Eq. (3.38) for Nc, Ar, Kr and Xc respectively.

(3.37)
(3.38)

B = 9.52 x 10-"5 Jm10
Referring to Fig. 3.1, it is apparent that the magnitude of the forcebecomes maximum at a certain critical interatomic distance rQ = OA whichis greater that rQ. This gives the force needed to dissociate the molecule.distance rc is calculated from the condition that

The

L-°dF
drSOLVED EXAMPLES

or, from Eq. (2.41),
Example 3.1. The potential energy of a system of two atoms is given by the
expression : 6Air*- UQBJrcl2 = 0

It gives
U = -Alt2+ fl/r10

rc = (HOfl/64)178A stable molecule is formed with release of 8.0 eV of energy when the
interatomic distance is 2.8 A. Calculate A and B. Determine the force needed
to dissociate this molecule into atoms and the interatomic distance at which
the dissociation occurs.
Solution. The potential energy of the system is

U = -Alt2 + B/r10
The force between the atoms at an interatomic distance r is

F = -dll!dr =- 2Ah3 + 10Blr11

(3.43)

110x9.52xl0~n5>|1/8
6xL256xl0-37 J

= 3.30 x. KT10 m
Putting r = rc in Eq.(3.40), the force required todissociate the molecule

(3.39)
1»

F = ~ (2/rc3) (A - 5B/r*)(3.40)
Using Eq. (3.43), it becomes

Uie aiuuia * J
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From Eq. (3.44) we have

F = - (2/rc3) \A-5B (6A/UOB)]

= -(2/r3) (8A/11) d2U 2Naq2 n(n+l)NB
4

+ Run+28xl.256xl0'372

(3.3X10-*0)3
= - 5.08 x 10*9 N

11 _ 2V-
47tE„R„3

Hence from Eq. (3.46), we obtain

18jg(4«e„)

(«-D [Using Eq. (3.45)]

is the force of
The negative sign means that the force existing at r = rc
attraction. Thus force needed to dissociate the molecule is 5.08 x 10-9 N.

gy of KC1 crystal containing N molecules of n = 1 +
Kaq2Example 3.2. The lattice ener

KC1 is given by
U = -Niacf/R - BJR")

Determine the repulsive exponent n using the following data:

Nearest neighbour equilibrium distance, Ra= 3.147A

Compressibility of KC1, K = 5.747 x lQr"nt2/N

The Madelung constant, a = 1.748

Solution. The expression for energy in SI units is

18 x xlO-10)4= 1 + = 1+7.63 = 8.63
10 11 x 1.748 x(l.6*10-,9)2x9xl095.747 x

SUMMARY
1. There are two types of forces existing amongst the atoms of acrystal : the long range Coulombic forces which are attractive in nature andthe short range repulsive forces.
2. The total potential energy of a system of atoms is expressed as

U = -Alt'" + Bit*
where r is the interatomic distance and A, B,m and n are constants. Generally,n > m. The first term represents the energy of attraction and the second onerepresents the energy of repulsion.

f a?2 B]
/?" JU = -N

Differentiating, we get

dU _ Naq2 _ nNBÿ
dR

~ 4ns.*2 RT+l
For R = R0, dUldR = 0, which gives

D
_ atÿ' D /1-1'’I*/

The structure of KC1 is identical to that of NaCl. Therefore, the expression

(3.23) is also valid for thecaseof KC1. Since the compressibility is reciprocal

to the bulk modulus, Eq.(3.23) becomes

(3.44)

3. A stable chemical bond is formed at an equilibrium interatomicdistance rQ where the forces of attraction balance the forces of repulsion andthe total energy U becomes the minimum. This minimum energy is calledllie binding energy, bond energy, energy of cohesion or dissociation energyof a molecule and is given by

(3.45)

U0 = (-Alr0m) (1-m/n)
4. Ionic, covalent and metallic bonds are strong bonds with bondenergies ranging from 1 to 10 eV/bond. These are called primary bonds. TheIxinds like hydrogen bond and van dcr Waals forcesare weak bonds with bondenergies ranging from 0.01 to 0.5 eV/bond only. These are called secondarybonds.

1 J .1
K {l8NR0j dR2

(3.46)

J
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What arc molecular crystals? Give two examples.
8. What is Van dcr Wads’ interaction? Is it present in all types of solids?
9. What is dispersion bond?
1-0. What is the origin of the repulsive interaction in inert gas crystals?
11. Give properties of molecular solids.
12. How docs hydrogen bond differ from dipole bond?
13. What is Madclung energy?
14. What is Madclung constant? How is it expressed mathematically?
15. What is the significance of the Madclung constant?

SHORT QUESTIONS
primary and secondary bonds? Give examples.

2. What limits (lie coordination of a cation and an anion in an ioniccrystal?
3. Why are closed-packed structures experienced mostly in

not in ionic and covalent solids?
4, Why do covalent crystals usually have lower packing efficiency thanthe ionic crystals?

Why do alkali metals exhibit bee structure? Why docs iron at roomtemperature exhibit bee Structure?
6. What is hydrogen bond? How is it different from**! dipole bond?Describe the role of hydrogen bond during formation of ice.
7. Why do inert gases get liquefied and solidifed at very low tempera¬tures?
8. Evaluate the Madclung constant for ah infinitely long one-dimen¬sional ionic crystal consisting of singly charged alternate positiveandnegative ions. Take a negative ion in the crystal as the reference ion.
9. Tnc madclung constant of CsCl is greater than that of NaCl but stillthe NaCl structure is more stable than the CsCl structure. Explain.
10. Calculate the cohesive energy of crystalline NaCl.

101
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5. An ionic bond between two atoms is formed by the transfer of

to the other. It is non-dircctional.electrons from one atom

6. A covalent or valence bond results from the localized sharing of

an equal number of valence electrons of the neighbouring atoms. It is a

directional bond.
7. In metallic bond, the sharing of electrons is partial and delocalized.

ay of positive ions which arc held
A metal may be considered
together in a free electron cloud. Hence the metallic bond is non-dircctional.

8.The van der Waals forces or dispersion bonds result from the dipole

induced dipole interactions amongst the neighbouring inert gas atoms or the

molecules of some other gases. These arc non-directional. The crystals

having these types of forces arc called molecular crystals.

9. Hydrogen bond is an electrostatic attraction between the

neighbouring molecular dipoles each containing a hydrogen atom. In case

the molecules do not contain hydrogen atoms, the bond is termed dipole

bond. These are directional bonds.

as an arr

1. What arc

metals and

the total binding energy of an ionic crystal
10. The lattice energy or

is given by 5.
Utot = NUi = - (Naq2/R0) [1 - p/R0]

where Ui is the cohesive energy of the ith ion, N is the number of ionic

molecules, r0 is the nearest neighbour equilibrium distance, q is the elec¬

tronic charge, p is the range of repulsive interaction and a is the Madelung

constant. The term within the parentheses represents the Madelung energy.

be determined from the bulk modulus B of ionic11. The range p can
crystal. For NaCl, the two are related as

aq2

VERY SHORT QUESTIONS LONG QUESTIONS
What is cohesive energy?

example each of primary and secondary bonds.
1. Describe the nature and origin of various forces existing between theatoms of a crystal. Explain the formation of a stable bond using thepotential enrgy versus interatomic distance
2. Derive an

1.
2. Give one
3. What are short-range forces? curve.

expression for binding energy for an ionic crystal andobtain the expression for the Madelung constant. Evaluate theMadclung constant for a linear ionic crystal.

4. What are ionic crystals?
covalent crystals? Give an example.

6. What is the maximum number of covalent bonds an atom of the nth

group can form?

5. What are

J
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What type of interaction is responsible for binding among atoms of
the inert gas crystals? Explain the origin of both attractive and repul¬
sive parts of the interaction.
Define cohesive energy and determine its value for crystals of inert
gases.
Give the physical characteristics of inert gas crystals. Discuss the
form of the potential energy between two inert gas atoms.
Consider a line of alternate positive and negative ions each carrying
a charge <j. The repulsive potential energy between the nearest
neighbours is given by A/r". Show that, for a total of 2N ions, the
equilibrium potential energy of the system is

, t/0ÿ-[2W92/«(2/r0)] (1-1/*)

PROBLEMS
The potential.energy of a system of two atoms is given by

U = -o/r4 + p/r12
Calculate the amount of energy released when the atoms form a stable
bond. Determine the bond length.
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CHAPTER- IV

LATTICE VIBRATIONS4.

5.

4.1 INTRODUCTION
A lattice may be regarded as a regular arrangement of atoms which

arc joined together by clas¬
tic springsasshown in Fig.
4.1 for a two-dimensional
case. The motion of any
single atom is, therefore,
shared by all the atoms,
i.e., the motion of the atom
iscoupled.The lattice may
vibrate freely in its nor¬
mal modes due to its inter¬
nal energy or may experi¬
ence forced vibrations
under theeffect of dynam¬
ical external forces which
may be mechanical or
electromagnetic in nature.
The vibrations of the
former type yield infor¬

mation about the thermal properties of solids, such as specific heat and
thermal conductivity and are described in this chapter. The latter type of
vibrations are associated with acoustical and some optical properties of
solids and are beyond the scope of this book. The characteristics of elastic
vibrational motion of a crystal lattice can be easily investigated by consid¬
ering a one-dimensional lattice, i.e., a lattice consisting of linear chains or
lines of atoms, and the results are generalized for two and three-dimensional
lattices without giving quantitative details.
4.2 VIBRATIONS OF ONE-DIMENSIONAL MONOATOMIC

LATTICE
Consider a one-dimensional chain of ... .;creeach atom has mass

m and is attached to other atoms by massless springs. Such a discrete

6.

1.
S ,i

.[(4a3/27p7/2, (3p/a)1/8]
The interaction energy of a system of two atoms is given by

U = -A/r6 + Blrn
2.

The atoms form a stable bond with bond lengthof 3A and bond energy
of 1.8 eV. Calculate A and B. Compute the forces required to break
the molecule aind the critical interatomic distance for which it occurs.
Also, calculate the force required to reduce the interatomic distance
by 5 per cent of the value at equilibrium.

(4.l9xlO-76Jm6, 1.53xKr133Jm12, 2.56xlO"9N,
3.33xl(r10m, 5.97x10"9N)

Fig. 4.1. Two-dimensional model of a lattice compris¬
ing atoms attached to one another by elastic springs.

The. cohesive energy and the nearest neighbour distance for a LiF
molecule are 1.68X10“18J and 2.014A respectively. The structure of
LiF is the same as that of NaCl. Calculate the bulk modulus of LiF
using the following expression for the potential energy :

U =- aq2IR + BIRn
The value of a may be taken as 1.75.

3.

(7.15 x 10,0Nm-2)
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arrangement of atoms constitutes a non-homogencous medium which is
distinguished from a homogeneous medium wherein the line of atoms is
continuous without any breaks in between. Consider the equilibrium state of
the atoms when these arc situated at equally spaced sites represented by...n-1,
n, n+1,.. as shown in Fig. 4.2. If the atoms are placed on the x-axis with
interatomic spacing a, the of the corresponding atoms are given
by...(n-\)a, na, (n+\)a,.. In the state of vibratory motion along the x-axis,
the atoms will execute periodic motion about their equilibrium positions and
become sources of elastic waves which propagate through the medium. Let,
at any instant of time, the displacements of nth, (n-l)th, (n-2)th,... atoms
from their mean positions be un, un_j, un_2.... respectively. Assuming the
springs to be ideally clastic, the force between any two atoms will be linear,
i.c., the force required to produce an atomic displacement is proportional
to the displacement itself. Let the force experienced by an atom be mainly
due to the nearest neighbours. If u is the displacement of a spring with spring
constant p, the force exerted by a spring on an atom is given by

un = uoexP 1 (w/ - Knd) (4-3)where na represents the x-coordinatc of the nth atom in the equilibrium state,K = 2n/X is the wave vector or propagation vector and co is the angularfrequency of the wave. Similarly, for (n+l)th and (n-l)th atoms, the corre¬sponding expressions are

un+l = “oexP M®*" K(n + 0*1)
un-l - “oexP - K(n - l)a}]

From Eqs. (4.2), (4.3) and (4.4), we obtain
- mat2 = P(elA'a - 2 +

= c~*Kal2)2

(4.4)

(4.5)

Since sin x = 2/

sin2* = -i (c“ _ c-«)2orF= p«
Since the nth atom is attached to (n - l)th and (n + l)th atoms by two springs,
it experiences two opposite forces each one of which is proportional to the
net displacement of. the corresponding spring. The net force on the nth atom

the Eq. (4.5) becomes

-mm2 = - 4Psin2 f —is
2F = P(“»+t - - PK - K„-l)

= P(“n+1 + Un-\ - 2ur) (4.1) or co =n-2 n-1 n n+ 1 n + 2 (4.6)2m
If c and p denote the longitudinal stiffn
the line respectively, then

and the mass per unit length ofState of J equilibrium cssI
a

i i xi PVc =and p — mlaIt may be noted here that a line of length a contains a massless spring andan atom of mass m. Therefore, Eq. (4.6) becomes
» - ±i£ JO?-a\p

r
°n-2 un-1

State of displacement
Rg. 4.2. One-dimensional monoatomic lattice in equilibrium and disturbed states.

un +2un un +1

Using the Newton’s second law, the equation of motion is written as

Attn dt2

2

= P(«n+1 + “n-1 ~ 2“«> (4.2) (4.7)

d\where represents the acceleration of the nth atom. We seek the periodic

solution to this wave equation as

where vr =
constant for a grven lattice and has dimensions of v

(4.8)
is a

clocity. It is normally

M
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106 The group velocity is defined as the velocity of a group of waves or its

envelope and represents the velocity with which the waves transmit energy
along the direction of propagation. It is expressed as

referred to as the velocity of sound waves in solids. Since the frequency to

should always be positive irrespective of the sign of K, we always take the

magnitude on the right hand side of Eq. (4.6) or (4.7). Thus, we have

c/c» (4.12)

It is now obvious from Eq. (4.10) that, in the long wavelength limit, the
phase velocity is the same as the group velocity, each being equal to vx. An
exactly similar result is obtained for a homogeneous and continuous line. It,
therefore,followsthatfor long wavelengthstheatomicnatureofsolidsisof little
importance asfar as thq dynamical propertiesof thesystemareconcerned.This
is apparently dueto insensitivcncssof thediscrete medium to the waves of long
wavelengths.Thusa large number of atoms undergoall typesof displacements
as on a homogeneous line. This is illustrated in Fig.4.4a.

(4.9)

/co\ /\ First BriHouin zone
/\ /\ /\ /\ /\ /\ /\ .

/\
/\

/ *
\'y

Kn/a aO— it I a (a)a
one-dimensional monoatomic lattice.

The solutions of the type (43) are possible only if «> is related to K as in Eq.

(4.9).The relation (4.9) is called dispersion relation and is plotted in Fig.4.3.

The following important results are obtained from this relation :

(i) At low frequencies, K -* 0.

k-Fig. 4.3. Dispersion relation for a — M —
iim ;

(<>>

Fig. 4.4. A linear line of atoms constituting a wave (a) Long wavelength case
when the motion approaches that of a homogeneous line (b) Standing wave

formation at co = / m ;\ = 2a. The displacements are shown transverse for

the sake of simplicity, but actually these are longitudinal.
(ii) At higher frequencies, phas& and group velocities are different

and are obtained from Eq. (4.9) as

2v„ .
7 = 7« s,nT

and Eq. (4.9) gives
2 Ka
aV*~2~

or <o = v/C
We introduce here the terms phase velocity and group velocity. The phase

velocity of the waves is defined as the rate of advance of a point of constant

the direction of wave propagation and is given by

vp =

to =
(4.10)

Kaco
(4:i3)

phase along (4.11) da> Ka
(4.14)V dK~V‘C°S*-
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Thus both vp and vfi arc functions of frequency. This is referred to as
the phenomenon of dispersion and the medium is called the dispersive
medium. A similar phenomenon of dispersion is encountered when light
passes through a medium whose refractive index is a function of frequency.
For very long wavelengths, Eqs. (4.13) and (4.14) obviously give vp=vg =
vs, i.c., dispersion effects are negligible and the medium behaves like a
homogeneous continuous medium. The dotted curve in Fig. 4.3 represents
the dispersion relation for a continuous string.

108
LatticeVibrations

(iv) Now consider the vibrational motion of the latticecorresponding

which lies in the vibrational range. A plot of
the dispersion relation (4.9) for the values of K lying even beyond ± n/a is
shown in Fig. 4.5 which is simply an extension of Fig. 4.3. A number of K-
values, KJ( K2, Ky etc., are associated with the frequency ©0 which means
that the lattice can propagate a number of wavelengths corresponding to these
K-values at the same 'frequency co0. It physically means that the pattern of
atomic displacements associated with a certain value of K, say Kx, in the

71 71range - — < K < — and frequency co0 can also be associated with several

other values of K and hence several other wavelengths. This is depicted in
Fig. 4.6 where a set of atomic displacements is shown which corresponds to
two waves of the same frequency to0 but of different wavelengths.

109

ftp
V m

to any frequency to0 <

J?,which represents the maximum angular(iii) At frequency in ¬

frequency of vibrations, Eq. (4.9) gives
K = n/a or ‘ X = 2a

and from Eqs. (4.13) and (4.14), we obtain

vp = 2vs/n;vg = 0
It follows that there is no transfer of signal or energy corresponding to this
frequency limit and hence the wave behaves like a standing wave, The
situation is analogous to the Bragg's reflection of x-vibrations from suca -sivc
atomic planes in the crystal. The condition to be satisfied for the Bragg7
reflection to occur is 2d sinO = nX, or X = 2d for the first order reflection with
normal incidence. Thus the condition (4.15) is equivalent to the condition for
the Bragg's reflection. The actual physical character of motion for this
condition of standing waves is depicted in Fig. 4.4b.

Thus it follows from the above description that only the vibrations of

(4.15)

(4.16)

Xi x2a

(\ f\ /! *f 1 f\
I I l I 1 /"1 I 1/ I l I ■ I\ 1 + +

i 1 i 'X/(/ 1/ •(/ v/ if
l / 1 / / / 71 1

(/

Fig. 4.6. A set of atomic displacements represented by two sinusoidal
waves of different wavelengths. The frequencies of the waves are same
in case of a lattice (as in present case) but different in a continuum.can propagate through the lattice. Hence thefrequency ©<

lattice behaves as a low-pass filter which transmits only if the frequency lies
between zero and 2vja. Using typical values of a — 10 10 m and = 104
ms-1, the maximum frequency which can be transmitted is = 1014 s ’.

The region of /(-values where - — < K <
71— is known as the first ,

Brillouin zone and is of utmost importance in dealing with periodic struc-
a

lures. The region for which — — < K < - — and —(0 2TCI I < K < — is theI a a a a
“o

second Brillouin zone. The third zone corresponds to the regions - — <

K < ~ ~ and - — < K < — , and so on. Note that the right half of the

second Brillouin zone is similar to the left half region of the first zone.
Similarly, the regions of third and higher zones match with those of the first
zone. Thus the character of the possible solutions in the second and higher
zones is the same as the character of the possible solutions in the first zone
cxcep* with a difference in /(-values. Hence any arrangement of atomic

1
.1

iI a a
_K3-2JC -K2 -_n -K, o K, JL K2 2n K3 K

a a
V'

ITa
nd B.Z.*'*2 nd Q.Z*'

Fig. 4.5. Dispersion relation for a range of K-valucs along with the Brillouin
zones. /\ nuniuer ■ f K-v.lines correspond to the same frequency (D0.

1 st B.Z.

■
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positions representing a sinusoidal wave of wavelength lying in a higher
be represented or reduced to correspond to a sinusoidal wave for

which A or A lies in the first zone. It is, therefore, not desirable to consider
vibrations contained in regions other than the first Brillouin zone. A A-valuc
corresponding to the second or a higher zone can be made to lie in the first

by subtracting a suitable integral multiple of 2nla from it. The new
value of A will give identical results except with a difference of wavelength.

4.3 VIBRATIONSOFONE-DIMENSIONAL DIATOMIC LATTICE

Consider a one-dimensional (linear) primitive lattice with basis con¬
sisting of two atoms of masses m and M (m<M ) which are placed alternatively
along the jc-axis with an interatomic distance equal to a. In a state of *

equilibrium, let the atoms be located at sites represented by ...2/t-2, 2n-l,
2/i, 2/i+l, 2/t+2, ...as shown in Fig. 4.7. Also, let u2n be the displacement
of an atom corresponding to the 2nth site at any time during the vibratory
motion of atoms. Using the assumptions similar to the monoatomic ease, we
obtain the following different equations of motion, one for the lighter atoms
and the other for the heavier ones:

HI110
that the vibrational frequency of both types of atoms is assumed to be the
same because both types of atoms participate in the same wave motion. The
amplitudes A and B may, however, be different because of different masses
of the atoms. Writing similar expressions for u2/l_i and and substituting
these as well as Eqs. (4.18) into Eqs. (4.17), we obtain “

- mat1A = p B {eiKa+e~iKa)- 2(3A
- Mta2B = P A {JKa + e~iXa) - 2PB

Since e*Ka + = 2 cosA'a, Eqs. (4.19) yield
(2P - (o2m) A - (2P cosKa) B = 0
(-2p cosKfl) A + (2p - a2M)B = 0

zone can

]zone
• (4.19)

U '

] (4.20)

This set of homogeneous linear equations would give rise to nonzero
solutions for A and B only if

2p - to2m -2p cosKa
2p - to2M

(2P - Mot2) (2p - moo2) - 4p2 cos2Ka = 0

= 0
-2PcosATa

or

m4_gg(gLLÿm2+4p2sin2*a _Qor2/1-1 2n 2/1+1 2/1 + 2 2/1 + 32/1-3 2/1-2 rnM mM
Mr0wwW+WWW©VWVWÿWWWÿVWVWtVWVWÿ'M It gives

i«-2a—
a i State) of equilibrium

— *» H--+i f--**. U--* t*--
°2n U2n * u2n +2

4 sin2Air0)2 (4.21)mM

This is the dispersion relation for a linear diatomic lattice. From Eq. (4.6),
the corresponding relation for the monoatomic lattice is

m 2
Considering only the positive values of to, we find that, in the monoatomic
case, there is only one value of <n for a single value of A whereas in the
diatomic case there are two values of to. These two values are written
and <u_ and are expressed as

n r
u2n43"21-3 “2n-l°2n-2

State of displacement

Fig. 4.7. Linear diatomic lattice in the equilibrium and disturbed states.

d2u —Fln =r m ~ + U2/t— 1 “ 2u2«)
(4.17) as G)+

“ P (“2«+2 + «2, “ 2u2n+0
\tn M) ]j{m A fj

*-> dt2 4 sin2Aa
mMWe seek the travelling solutions of the type

«2„=A exp i [cor - 2Kna]

tt2n+l = B exP 1 “ (2« + 1) Ka]

where A is a wave vector of a particular mode of vibration. It may be noted

] (4.22)
(4.18)

4 sin2AaCB_2
mM
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find that for AT-* 0, sin Ka is
112

Considering the expression for <o+,
negligible and, therefore, we get

we Optical branch
(«+)

<o

V {2 p ( 1/m + 1/M )>

/-M- i(4.23) Ico+
IV(2 p/m) V(2 p/m),,.....-..Upluiaui

p/M)

ITT::TTT: :TP. -IT:: iTH::

For A , sinAa -* 1, and we have
2a

V(2 p/M) I4 Ito2+ mA/ Acoustical1
branch |
l?-> |

m< M

= p[™ + + P(“' ») -it/ 2a n/2a
M— 1 st Brillouin zone — M

O

Fig. 4.8. Dispersion relations for linear diatomic lattice
showing acoustical and optical modes.-E (4.24)

or

Now consider the expression for (o in Eq. (4.22). For A-+0, we write sinAc*

= Ka (it is not neglected in order toobtain a non-zero valueof co ).Therefore, -
we get

(4.26)(0_

The plots of dispersion relations (4.22) along with thesolutions(4.23) through
(4.26) are shown in Fig. 4.8. The following points should be observed :

(i) The allowed frequency range of propagation is split into two
branches — an upper branch called the optical branch and a lower branch
called the acoustical branch.The acoustical branch resembles the dispersion
relationship curve for a monoatomic lattice, whereas the optical branch
represents an entirely different type of wave motion.

(ii) There exists a band of frequencies between these two branches
for which the wave-like solutions of the type (4.18) are not possible. It means
that it is not possible to excite vibrations in a lattice at a frequency which
lies inside this band. This band is called forbidden band. The width of this
band depends on the mass ratio M/m. The larger the ratio M/m,tbs greater
the width of the forbidden band. The existence of the forbidden band is a
characteristic feature of elastic waves in case of diatomic lattices. If A/ = m,
the optical and acoustical branches coincide at K = ± n/2a and the forbidden
hand disappears.

(iii)ThefirstBrillouinzoncisdcfincdby A-values which lie in the range

71 „ it--< K < —

/ mM
[m + M ,

4AVl l -Cl>_2 mM

mM
T 4K2a21-

[m + M)

->(:•?) mM
j 2AV + — J

(Using binomial theorem)

1-1+
(m + Af)

-JL-KV
m+ MI

2(3 (4.25)

get solution similar to (4.24) with m replaced by M, i.e.,

<t>- = Ka \Z7m
For A -> TI/2a, we

2a2a
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Therefore, the smallest possible wavelength of this zone is 4a which

sponds to K = n!2a at the zone boundary.

Now we investigate the physical difference between the vibrations

represented by the optical and acoustical branches and determine the origin

of the names of these branches. For the optical branch, as K->'0, cos/fa->l,

and the Eqs. (4.20) yield

-o2mA = 2Pfl - 2pA

114 Adding these, we get
corrc- - o>2 (m/1 + MB) = -KW P (A + B)

Using Eq. (4.25), it becomes

- KV
in + M

2(niA +. MB) = (m + M) (A + B)
mA + MB = MA + mli

(mA + MB) = - K2(?P (A + B)

or
<o2

__
A-B

2P mA
oror

Aand (4.28)— = +lora,2 BA-B
-co2MB = 2PA- 2pB — ” =or 2P This means that the two atoms of different

masses move in the same direction with i

the same amplitude as shown in Fig. 4.9b
and there is a movement of their centres

"of masses as well. We, therefore, conclude
that, in the optical case, the neighbouring
atoms move in opposite directions whereas
in the acoustical case, they move in the
same direction. These characteristic fea- .
lures of optical and acoustical branches
hold for other values of K as well.

MB

MB
1 =-mA

( a ) Optical modeA M (4.27)or B ni

This indicates that the two atoms move in opposite directions and their

amplitudes are inversely proportional to their masses so that thecentre of mass

of the unit cell remains unchanged. Such a mode of vibration is shown in Fig.

4.9a.
( b ) Acoustical modeFor M - m,

The vibrations of the acoustical
branch can be excited by a force which

Fig. 4.9. Transverse optical and
transverse acoustical waves

makes the atoms in a crystal move in the in a linear diatomic lattice in the
same direction. This type of effect may be

*=-l
B

Thus, even if their masses are equal, the atoms always move in opposite

directions.
limit ft -» 0.

produced, for example, by directing a beam of sound waves on the surface
of a crystal. These vibrations are, therefore, known as acoustical vibrations.
Monoatomic crystals respond to such vibrations.

Now consider the acoustical branch. As K -> 0,

„ , K2a2
cosKa -> 1---— The vibrations of the optical branch can be excited by a force which

makes the two neighbouring atoms move in opposite directions. Optical
radiations induce this type of vibrations in crystals. Hence these vibrations
arc called optical vibrations. Ionic crystals comprising two types of oppo¬
sitely charged ions respond to such vibrations. The existence of atoms with
different charges or different masses is r.ol an essential criterion to induce
optical vibrations in a crystal. The mere presence of two atoms per primitive
cell is the pre-requisite for the generation of this type of vibrations. The

2

We have included the second order term on the right hand side as it is the

significant term in the present case. The Eqs. (4.20) give

,_£V -2PA- (D2mA = 2(iB 2

-2PB- ©2MB = 2PA 2

A
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situation arises for the energies of electrons.'Wc get energy bands when theatoms arc bound in a solid and the energy levels when the atoms arc free.
(iv) As the lighter mass m decreases, the optical branch :

upwards while the acoustical branch is not affected. As m -» 0, the opticalbranch disappears altogether. This is expected as, for m approaching zero,the lattice becomes monoatomic with a lattice constant la.
.(v) The variation of amplituderatio BIA with wave vector K for both
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. * 0nHcai branch diamond and hep lattices having two
V(2 (Vm)J « | atoms per primitive cell exhibit optical

j-“T branches.

moves

Forbidden gap
K Some interesting facts pertaining

v to diatomic lattices are given as fol¬
lows:

O /n/2a
Acoustical branch-"/ 2a

Fig. 4.10. Dispetsion relations for
linear diatomic lattice for M -* oo.

Acoustical branch coincides with the lowed frequencies constitute
K-axis and optical branch becomes qucncy bands, one corresponding to the

acoustical mode and the other to the

optical and acoustical branches is shown in Fig. 4.11. For K the ratio
BIA is zeroforoptical branch and infinite for acoustical branch.This indicatesthat, in the acoustical branch, all the lighter atoms with mass m are at rest (A= 0) and, in the optical branch, all the heavier atoms with mass M arc at rest(B = 0), Thus at the edge of the Brillouin zone, only one of the sublalticcs isoscillating — the sublattice of heavier atoms in the acoustical branch and theone of lighter atoms in the optical branch. The two modes have differentfrequencies if masses are unequal and represent standing waves with a phasedifference of n/2. For K < tdla, both the sublattices vibrate.
Significance of the Theory

(i) In diatomic lattices, the al-
two fre-

parallel to the K-axis.
optical mode of vibration. For polyatomic, lattices having N atoms per prim¬

itive cell, the number of frequency bands is N.

(ii) If all the atoms have the same mass m, the frequency range for

both monoatomic and diatomic lattices is the same; to2 varies from 0 to 2px

I ( i i V
I ~+~ I or 4p/m (Fig. 4.8). In monoatomic lattices, the whole range cor¬

responds to the acoustical branch. In f domic lattices, the range is divided

into two parts; in the first part, to2 varies from 0 to 2p7/n-which corresponds

to theacoustical branch,and in thesecond part, to2liesin therange

The theory indicates the existence of frequency bands in the diatomicand polyatomic lattices. The bands are separated from one another by for¬bidden gaps. The crystals cannot propagate the vibrations of all possiblefrequencies. Only those frequencies are allowed which lie in the allowedbands.
*BM

m

which corresponds*to the optical branch. The
forbidden gap is absent in this case.

(iii) As the heavier mass, M, increases,

the optical branch flattens and the acoustical
branch yields downwards. For M-*oo, the

acoustical branch coincides with the A-axis and

the optical branch becomes parallel to the A-axis

as shown

4.4 PHONONSl
We know that theenergy of an electromagnetic wave isquantized andthis quantum of energy is called a photon. Similarly, the energy of a latticevibration or an elastic wave is also quantized and a quantum of this energyis known as phonon. All types of lattice vibrations in crystals comprise.phonons — thermal vibrations are thermally excited phonons, sound wavesare acoustical phonons and excitations of the optical branch generate opticalphonons. Most of the concepts which apply to photons are also valid forphonons. For example, the concept of wave particle duality holds good forphonons. Also, theenergy of a phonon isgiven by ft to, where to is Uic angularfrequency of a mode of vibration. If

I\i1
For acoustic?1
branch

I(1
V m

Iand represents a single frequency

in Fig. 4.10. The physical meaning of this is that

c ry atom in the lattice behaves as if it is
completely free and isolated from its neighbours.

_
/2- ~ K

It oscillates with its natural frequency./—. 2a

V m
Einstein used this model of lattice vibrations to

develop the theory of specific heat of solids. It Fig. 4.11. Variation of

may be further noted that the allowed frequency amplitude ratio B/A versus

bands get compressed into levels. An identical for acoustical and optical
branches.

I
1
1 n is the number of phonons in aparticular mode of vibration, the total energy of that mode is written as

K1°
!tr

\ 1 e = nft<u (4.29)
a positive integer. Since the number of phonons maychange with temperature, the average number of phonons in a vibrational

For optical
branch where n can be zero or
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mode is given by

1 i?n = (4.30) i?te) k* k*-1 Photon ( (a1)exp Photon ( co';

Photon ( o> ) Photon ( (o )
where kB is the Boltzmann's constant and T the absolute temperature of the

crystal. Thus the number of phonons can be increased or decreased by raising

or lowering the temperature respectively. The frequency of phonon
may vary from 104 to 1012cps, i.c., the vibrationalspectrum of pho

occupies a wide frequency range. The phonons, being indistinguishable

particles, require Bose-Einstein distribution function to describe their distri¬
bution in the allowed energy states of the system. Due to particle nature of
'phonons, the interaction of a phonon with another phonon or an electron may

be considered as a scattering collision between the two particles.

There is no direct experimental evidence of the quantization of lattice
energy. However, the following experimental facts forcefully suggest the

existence of phonons :
(i) The lattice heat capacity approaches zero as the temperature

approaches zero. This can be explained only if the lattice vibra¬
tions are quantized in terms of phonons. This will be described
later.

(ii) Thecrystalsscatter x-raysand neutrons inelastically.Thechange

in momentum and energy during this process can be associated
with gain or loss of one or more phonons. The properties of
these phonons can be determined by measuring the momentum
and energy of the scattered x-rays or neutrons.

4.5 MOMENTUM OF PHONONS
Physically, a lattice phonon does not carry any momentum, but it

interacts with other particles and fields as if it has a momentum h K, where

K represents the wave vector of thephonon. Also, from thedc Broglie relation

l = hK’

it is apparent that a phonon of wavelength A. carries a momentum h K. The

tily h K is sometimes called the crystal momentum.The physical signif-

of h K is provided by the momentum conservation laws in crystals.

The wave vector conservation law for clastic scattering or lire Bragg's

diffraction of x-ray photons from crystals is given by

k' = k + G

■i?
Phonon ( Q ) Phonon ( Q)waves

non waves
(a). (b)

Fig. 4.12. Inelastic scattering of incident photon of wave vector k to produce
scattered photon of wave vector k'. along with the emission (a) or absorption (b)

of a phonon of wave vector K.
where k' and k represent the wave vectors for the scattered and incident
photons respectively and G is the reciprocal lattice vector. The conservationof momentum and energy yields.

ftk' = ftk + hG
»(0Ph=/l“>ph

(4.32)
(4.33)and

where ©ph and co'ÿ are the frequencies of incident and scattered photons
respectively. In this process the crystal as a whole recoils with a momentum
-A G and the frequency of the incident photons remains unchanged, i.c., to .= o' h. This also follows from the relation Ik'l = Ikl which holds good for x-ray aiffraction. Such a process in which the frequency of the incident photonis the same as that of the scattered photon is called normal or N-process.

Consider.now the case of inelastic scattering of the photon which
proceeds with the emission of a phonon of wave vector K as shown in Fig.4.12a. The wave vector conservation law then takes the form

k’ + K = k + G
Accordingly, the momentum and energy conservation laws can be written as

fik* + AK = Ak + hG
Aoj'ph + Aco = ACOph

where to is the frequency of the phonon generated. In case a phonon isabsorbed in the scattering process, as shown in Fig. 4.12b, the
conservation law gives

(4-34)

(4.35)
(4.36)and

P =
wave vector

uanqu k' = k + K + G
and the momentum and energy conservation laws become

Ak’ = Ak+ AK + AG

(4.37)
icancc

(4.38)
(4-31)
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coph » co. It, therefore, follows from Eqs. (4.41) and (4.42) that

“Ph = “’ph
(4.39).A©’,* = A<»ph+ A©

From Eq. (4.36) or (4.39), wc find that co'ph *coÿ. Such a process in which
the frequency of the photon changes is called umclapp (after the German for
"flipping over") or U-process. In this process a photon is created or absorb?ÿ
in addition to the Bragg’s reflection and the momentum is transferred to the
crystal as a whole.
4.6 INELASTIC SCATTERING OF PHOTONS BY PHONONS

and

and

* = **
The wave vectors It, k’, and K are related to each other as shown in Fig. 4.13.
It also follows from Fig. 4.13 that, for k = k\ the triangle becomes isosceles
and wc have

The inelastic scattering of a photon by a phonon (sound wave) in a
crystal rhay result m the!creation or absorption of a phonon. The.photon-
phonon interaction occurs due to the change in the local concentration of
atoms, and hence in the refractive index of the crystal.Conversely, theelectric
field of the lightwaveinduces mechanical vibrations in the medium and hence
affects its elastic properties.

K = 2k sin*
where $ is the angle between k and k'. Thus a phonon is produced when a

photon is scattered inelastically at an angle * from thedirection of incidence.
The frequency of the phonon is given by

to = VjK

= 2 yJt sin

(4.44)

Consider a photon of frequency o = and wave vector k propa¬

gating through a crystal which is viewed as a continuum of refractive index
n. Then, we have

ck . c— or Xu = - = 2VVtsinic 2
(4.40)V--

where c is the velocity of light. Let this photon interact with a phonon. As
a result of this infraction, the wave vector and frequency of the photon
change to k’ and o' respectively. If a phonon of wave vector K and angular
frequency © is created in this process (Fig. 4.12a), the conservation ofenergy
and momentum gives

(4.45)n
The phonons have been generated in quartz and sapphire in the micro
frequency range by scattering the visible light produced from an intense laser
source. The observed shift in frequency of the photon agrees well with the
shift calculated from Eq. (4.45) using the value of the velocity of sound
determined by ultrasonic methods at low frequencies.
4.7 SPECIFIC HEAT

wave

(4.41)* ft©ph= ft©'ph +

hk = hk' + hK The specific heat of a substance is defined as the heat required to raise
the temperature of one gram molecule of the substance through 1°C, i.e.,

c-d4
<4.42)

The Eq. (4.42) has been written without taking
info account the phenomenon of Bragg's diffrac-

Phonon tion along with that of scattering.Taking vs as the
(to) velocity of sound (phonon) and assuming it to be

constant, we can write

(4.46)dT
where dQ is the amount of heat added to a system to raise its temperature
from T to T + dT. The quantity of heat required to increase the temperature
of a body is different under different conditions; accordingly; one can have
various types of specific heats. For example, the specific heat at constant
pressure, Cp, is generally different from the specific heat at constant volume,
Cy. The’former is always greater than the latter.

According to the first law of thermodynamics, the heat added to a
system is used up in two ways; firstly, to increase the internal energy of the

(4.43)© = vjc ,
Photon >

The wavelength of the emitted phonon is
comparable to the wavelength of the incident

Fig. 4.13. Selection rule photon whereas its energy is only a small fraction
diagram for the emission of of the incident photon energy. From Eqs. (4.40)

and (4.43), wc find that, since vf « c or c/n,a phonon when k = k‘

m



Solid Slate Physics

system, thereby raising its temperature, ami secondly, to do some work on
the system to increase its volume against an external pressure. It is the latter
quantity which may have different values under different-conditions. If the
system expands against a constant pressure, then the first law can be written

LatticeVibrations122 123

Occasionally, the term ‘heat capacity’ is used instead of ‘specific heat’
and is defined as the heat required to raise the temperature of the complete
mass (Or volume) of a solid through 1°C. Thus the specific heat is the heat
capacity per gram (or per unit volume). The experimental facts about the heat
capacity of some representative inorganic solids arc given as follows:

(i) The heat capacity of most of the solids at room temperature is
close to 3NkB, where N is the number of atoms in the solid and
kB is the Boltzmann's constant. For one mole of atoms, the heat
capacity isgiven by 3NJtB,where Na is the Avogadro'a number.
Its value is 25 J/mole-K or 6 cal/mole-K approximately.

(ii) At lower temperatures (7 -> OK), the heat capacity decreases
sharply and follows 7ÿ-law for insulators and 7-law for metals.
If metal becomes a superconductor, the decrease is even faster.

(iii) In magnetic solids, the heat capacity increases near the Curie
temperature when the magnetic moments become ordered. This
is also true for alloys exhibiting order-disorder transformations.

We discuss below the theoretical explanation of the facts regarding the
lattice heat capacity. The discussion is primarily applicable to insulators.
4.8 CLASSICAL THEORY OF LATTICE HEAT CAPACITY

(4.47)dQ = dE + pdV
The first term on the right hand side represents the change in internal energy
of the system and the second one represents the work done 'o change the
volume by an amount dV at a pressure p. If heat is added to the system at
constant volume, the second term in Eq. (4.43) vanishes and the specific heat
at constant volume may be expressed as

-©.-(I). (4.48)Cv

Similarly, one can express the specific heat at constant pressure as

In gases, there is a large difference in Cp and Cv. However, in solids, due
to a small change in volume, C is almost the same as Cv particularly at low
temperatures. For this reason, the term 'specific heat of solids' is commonly
used in case of solids. However, it strictly means the specific heat at constant
volume and is given by Eq. (4.48). Thus, in solids, most of the heat supplied
is used up in increasing the internal energy. The increase in internal energy
of a solid may occur in two ways :

(i) The atoms, which ordinarily vibrate freely about their equilib¬
rium positions, arc set into rigorous vibrations.This is manifest¬
ed by a rise in temperature.

(ii) The free electrons in case of metals and semiconductors get
thermally excited to higher energy states.

The first contribution arises from the atomic vibrations and may be
-called the lattice specific heal. The second contribution arises from the
, electronic system and is a relatively small contribution. Thus, in general, the
specific heat of a solid may be expressed as

solid ~ Clat +

For further discussion on this chapter, it is assumed that no free electrons
present and the specific heat of a crystal is only due to the excitation

of thermal vibrations in the lattice, i.e., only the lattice specific heat is to

be considered.

A crystal consists of atoms which arc arranged in a periodic manner
and are bound together by strong binding forces. Each atom is free to vibrate
about its equilibrium position and constitutes a three-dimensional harmonic
oscillator. The effect of imparting thermal energy to a solid is to increase its
internal energy in the form of vibrational energy of these harmonicoscillators.
Thus, in the classical theory, it is assumed that each atom of a crystal
as a three-dimensional harmonic oscillator and all the atoms vibrate indepen¬
dent of one another. Further, a system of N vibrating atoms or N independent
three-dimensional harmonic oscillators is equivalent to a system of 3N iden¬
tical and independent one-dimensional harmonic oscillators. This is because
each vibrating atom has three independent vibrational degrees of freedom
and, according to the principle of equipartition of energy, the vibrational.
energy is distributed equally among all the three degrees of freedom. Thus
each vibrational degree of freedom can be regarded as a one-dimensional
harmonic oscillator.

acts

(4.49) We assume that each harmonic oscillator vibrates with its natural
frequency o»0. However, the energies of these osciallators may be different
because they may vibrate with different amplitudes. Also, each oscillator may
acquire any value of energy ranging continuously from zero to infinity. In
order todetermine the heatcapicity of a solid, we find out theaverage thermal

are

JP
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energy of single one-dimensional harmonic oscillator, multiply it by 3N and
then use Eq. (4.46) or (4.48).

LatticeVibrations 125

The energy e of a one-dimensional harmonic oscillator of mass m and
angular frequency (o0 is given by

= t- + V«
i£M:s!£r)+—-7-r-v---+-7-— -t-:--C

2m dp

=z+ 1
2

(4.50)
2m

P2 |«2exp \rau2)du=\

Jexp (_ÿ)du=±Jl

where — represents the kinetic energy, p being the momentum, and V (x)
v, 2m

is the potential energy at a displacement x from the mean position. Assuming
that the distribution of oscillators in energy obeys the Maxwell-Boltzmann
distribution law, the average energy of each harmonic oscillator is given by

Now

and

titJeexp

s[‘fef)Tf“p(-17f)d£
Using Eq. (4.50), we get

-=_L i£ " 2m ’ { [«(2m*Sr)]M + 2
11 9- mo>; min(_

P* V
dpdx

2m
c

= \kBT+\kBT
= kBT (4-51)

Thus the total vibrational energy of a crystal containing N identical atoms or
3N one-dimensional harmonic oscillators becomes

E = 3NE - 3NkBT
It is important to note that the total vibrational energy of a crystal is inde¬
pendent of the type of frequency distribution of oscillators assumed in this
model. Also, the energy £ depends only on the temperature provided the
volume remains constant

Using Eq. (4.48), the heat capacity of a solid consisting of N atoms

(4.52)dpdx

dpdx

dpdx
IS

= 3NkB (4.53)
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spectrum rather than thecontinuousoneasforclassicaloscillators.
(v) Any number of oscillators may be present in the same quantumstate.

(vi) The atomic oscillators form an assembly of systems which arcdistinguishable or identifiable due to their location at separateand distinct lattice siTes and henceobey theMaxwcll-Boltzmanndistribution of energies.
Considering the Planck's quantum theory, the discrete energy valuesof an oscillator with frequency o arc given by

en = nh\i = nh<B0 (4.55)
where n = 0, 1, 2, 3, ... is called the quantum number. Einstein later used thewave mechanical result which gives the energy levels of the harmonicoscillator as '

The molar heat capacity is, therefore, given by

Cvm = WakB = 3/f = 5.96 cal/molc-K (4.54)

Thus, according
to the classical
theory, the molar
heat capacity of
all the- solids is
constant and is
independent of
temperature and
frequency.This is
called the Dulong
and Petit's law.
The result is in
good agreement
with the observed
heat capacity for
a number of sol¬
ids including
metals at high

temperatures and often at room temperature too. The theory, however, fails
to account for the value of heat capacity at low temperatures. As shown in
Fig.4.14, the heat capacity approaches zero for Ag,Geand Si as T approaches
zero. This discrepancy was resolved first by Einstein and then by Debye by
using the quantum theory.

4.9 EINSTEIN’S THEORY OF LATTICE HEAT CAPACITY

6| 3 R
Ag

? 4

!
3 2

1 i I
= (»ÿ j) ■>» = ("0 100 200 400300 en (4.56)T ( K )

1Fig. 4.14. Heat capacity of silver, germanium and silicon
as a function of temperature.

where ~ÿh®0 is the temperature independent zero point energy contribution
average energy of anreplace integration by summation in the expression for theMaxwell-Boltzmann distribution of energy and obtain

to the internal energy of the oscillator. To calculate the
oscillator, we

f e„exp\--~- _
_"=o kBT

(4.57)

l vvE expEinstein, in 1911, attempted to resolve the discrepancies of the clas¬
sical theory of specific heat by applying the Planck'squantum theory.Einstein
retained all the assumptions of the classical theory as such except replacing
the classical harmonic oscillators by quantum h-rmonic oscillators which can
have only discrete energy values.The salient features ofthe Einstein’s theory
are listed below :

n=0

Using Eq. (4.56), we get

£ , iHK-H 1lVton+~

2, kBT
(i) A crystal consists of atoms which may be regarded as identical

and independent harmonic oscillator.
(ii) A solid consisting of N atoms is equivalent to 3N one-dimen¬

sional harmonic oscillators.
(iii) All the oscillators vibrate with the same natural frequency due.

to the identical environment of each.

l 2) kBT
E exp

n=0

IRKF (4.58)
(iv) The oscillatorsare quantum oscillatorsand havediscrete energy

If
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Solid State Physics 1128 at rest even at 0 K and each atom possesses the vibrational energy of
This energy, however, has no contribution to Cv. It may be noted that the
expression (4.59) also contains the frequency of the oscillator, in contrast to
the corresponding expression (4.51) of the classical theory.

The expression for the internal energy of the crystal becomes
E = 3Ne

=|Nh<o0 +

fico0
where x = — k0T

)hot
e = [cxn + e3jt/2 + e5x'2 + --) 3ÿftfD0

(4.61)eto0/i,r _
j

= fito0 -f-ln c
dx

3"2 + C5X/2 + ....xl2 + e
(8E\ (hat0)2 e>*>0lktTCv (4.62)(eh*°,k‘T - ifs' 1 += ftt»0

In (1 + e* + e2* + ~) = -1« 0 - «*)

where 0£ is the characteristic temperature known as the Einstein temperature

e°‘,T

Let (4.63)Now

•s[rfcH]
4r

z - hut

Cv = 3NkB (4.64)(e®£/r _ l)2_ hat
We now consider the following cases :
(0 temperature behaviour]■[r i

= fico etmJk„T _ j For temperatures such that
» A©0 or T»0£,ft<o01 (4.59) we can write= 2 ft0>0 + (Sr)- 1exp e*>°IK*T -isu*! fito,- 1 =+ (4.65)k„T kBT

If Eq. (4.55) is used in Eq. (4.57), the expression for the average energy

becomes
and from Eq. (4.59), we get

1
Z = j h(0o + kBT = k„T

Thus at high temperatiues, the average vibrational energy is the same as that
obtained from the classical theory. Also, the Eq. (4.62) becomes

ftg>0 (4.60)e = el- 1exp

fi,ÿlw)The expression (4.59) is identical to (4.60) except with the difference of the

which is the temperature independent zero point energy as, for m2i Cy = 3Nkg [Using Eq*(4.65)](&)'energy- h ®0

J-Q g _ _
Thus, according to quantum mechanics, the atoms arc not

?-
v
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The Einstein temperature defined by Eq. (4.63), which distinguishes
between the low and high temperature behaviours, can be determined if co0
is known. As described in Secs. 4.2 and 4.3, the natural vibrational frequency
can be determined from the atomic mass and the observed clastic constants

of the crystal and, for monoatomic crystals, it is equal to typical
metallic elements, the value of 0E varies from 100 to 200K.

i +s *

= 3Nk kBTB

For large T, -> 0 and we get
kBT

Cv = 3NkB
(for N = Na)

which is the Dulong and Petits's law as obtained from classical theory.
= 3R 6

A5
(ii) Low temperature behaviour

For temperatures such that

kBT« *©„or T « 0E,

Q.
Theoretical
curve' 4

!.
swe can write

tojkf _ j - ehta0lkBT °l \OJ1Therefore, Eq. (4.59) becomes

-tua0/kBT1 (4.66) og = A fuo0 + h(0oe

It shows that, at low temperatures, the average vibrational energy decreases

exponentially with decrease in temperature. The expression (4.62) for Cy

becomes

0.2 0.4 1.00.6 0.8
T/6E

Fig. 4.15. Comparison of theoretical heat capacity of diamond calculated
from Einstein's model with the experimentally observed values.

Although the Einstein's model provides a much better explanation for
the variation of heat capacity with temperature than the classical theory, it
fails to account for the values of specific heat at v<$y low temperatures. The
discrepancy arises due to the over-simplified assumption of the Einstein's
model in which the atomic oscillators areconsidered to vibrate independently
at the same frequency. These oscillators, in fact, are coupled together and
there may be a number of possible vibrational frequencies rather than a single
frequency co0. This fact is accounted for in the Debye's model which is
described below.
4.10 DEBYE'S MODEL OF LATTICE HEAT CAPACITY

The Einstein's theory assumed that the atoms of a crystal vibrate totally
independent of one another. The vibrational motion of the crystal as a whole
was considered to be the same as the vibrational motion of asingle atom and,
therefore, all the atomic vibrations of the crystal were assigned a common
frequency ©0 which is the natural frequency of vibration of a single atom.
This assumption is over-simplified since the atoms are bound together in a
crystal and form a system of coupled harmonic oscillators which cannot

ahca „ e-haJktT (4-67)Cv = 3NkB I kgT

or, in terms of 0jj, it becomes

-e£/r (4.68)Cy -r 3Aftj

e~°z,T which is the
Thus, for T« 0p, the heat capacity is proportional to

dominating factor. However, experimentally it is found to vary asV for most

of the solids.
A theoretical plotof Cv versus 770£ using Eq.(4.64)fordiamond using

0£= 1320 K is shown in Fig. 4.15.Some experimental points are also shown •<

for comparison. It is seen that the Einstein curve fits the experimental points

well over a wide range of temperature except for very low (liquid helium)

temperatures where it falls more rapidly than the observed decrease in Cv
which follows Is law. -•!

M
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vibrate independently. This fact was taken into consideration by Debye who,
in 1912, put forward his model of lattice heat capacity. In this model, the
vibrational motion of the crystal as a whole was considered to be equivalent
to the vibrational motion of a system of coupled harmonic oscillators which
can propagate a range of frequencies rather than a single frequency. Debye
proposed that crystals can propagate clastic waves of wavelengths ranging
from low frequencies (sound waves) to high frequencies corresponding to
infrared absorption. This means that a crystal can have a number of modes
of vibration. The number of vibrational modes per unit frequency range is
called density of modes, Z(u). We now determine the density of vibrational
modes of crystal treating it as a continuous medium.

. 4.10.1Density of Modes
Consider a one-dimensional continuous string of length L. Let it

vibrate in a longitudinal mode with both ends fixed. Let x be the position of
a line element and u {x, t) its displacement from the mean position at any time
t. Therefore, the amount of strain, e, is given by

LatticeVibrations
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( d2u>\ ( d2u\ d2u p cPu[pr]**=-»** I*J orÿT = 7ÿr¥ &

d2u
&2 ~ v2 dF

or
(4.69)

Whcre the velocity of propagation of the wave along the
string. It is independent of frequency. The Eq. (4.69) is the well known one¬dimensional wave equation. Since the string is fixed at both the ends, thesolutions of Eq. (4.69) should correspond to standing waves. These types ofsolutions are given by

( rmM“(X,0 = A sin cos 2nv„t
positive integer > 1. Using Eq. (4.70) in (4.69),

V, 3v= 7,l>3 =
This shows that the frequency of thestringcanhavediscretevaluesonlyandis
anintegralmultipleof — .Itimpliesthat
thefrequency spectrum of a continuousstring is discrete and contains an infinitenumberof parallel linesequidistantfromeachother asshown in Fig. 4.16.

From Eqs. (4.71), we have
2Ln = —v„

(4.70)where n is adu
C~ dx

If this strain is produced by a force F and Y is the Young's modulus of the
string, then, for a unit cross-section, we can write

we get

F and- = Y
(4.71)e

Now consider an element of length Ax. If the strain at one of its ends is
e(x), then its value at the other end is i.e.,

Ul=U'U2 etc. (4.72)2L'd2u• V
e(x) + — Ax = e(x) + —j Ax

dx dx2
The force at the two ends of the string is

d2u 2(«)
e(x)Y and [e(x) + — =- Ax]T

&
Therefore, the net force on the element is

h

d2u v
4.16AxYdx2 Fig. 4.16. Frequency

of a continuous strin
spectrum

The force on the line element Ax can also be written as 8-

cPu vspAHÿj
where p is the density of the string. Therefore, we have

(4.73)*1Thisgivesdienumber of possibleinodesof vibration in the £requency interval
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Considering now the three-dimensional case; the wave equation (4.69)

can be written as

LatticeVibrations

present in the volume dY of the spherical shell is numerically equal to thevolume of the shell, i.e.,

135134

dn = 4nR2dR
But since a mode of vibration is always determined by the positive valuesof nx,ny and nz only, we must consider the number of points lying in the octantdefined by these positive integers only. Thus the number of possible modesof vibraton is

Z(o)do =
1 . 4 L2\i2 2L= -471—

1 d2!!82U
SJC2 +

dy2 &2 v2 dt2 (4.74)

The three-dimensional continuous medium can be taken as a cube of side L
whose facesare fixed. In analogy with Eq. (4.70), the standing wave solutions

of the wave equation (4.74) are

cos27tur (4.75)u(x, y, z, 0 = Asin ----. 4TILV
where nx, n nz are posifive integers > 1.SubstituUng this solution into (4.74)

and simplifying, we obtain -(?)-*a2 , 4ti2u2
K2 + ", + "/> =

2 2 2 4Z.Vnx + V + nt =

(4.79)
(4.76)

where V = I? is the volume of the solid cube. For a perfect continuum, thepossible frequencies vary between zero and infinity and the number of
possible vibrational modes increases
with square of the frequency as shown
in Fig. 4.17.This typeof situation arises
in case of electromagnetic
travelling in a box. Thus Eq. (4.76} is
fundamental to the theory of black body
radiations.

(4.77)

This equation gives the possible modes of vibration. The integers n? and

nt determine the possible frequencies or wavelengths. In order to determine

the number of possible modes of vibration, Z(o)du, present in the frequency

range u and u + du, we consider a network of points in the space defined

by three positive integral coordinates ny ny and nt. The radius vector R of

any point from the origin is given by

or t
z(u) waves

I
In general, theelastic wavesprop-„ agating in a solid are of two types —Fig. 4.17. Frequency spectrum of a waves longitudinal waves.

The velocity of propagation, vr of trans-waves is generally different from the velocity of propagation, oflongitudinal waves. Also, for each frequency or direction of propagation, the
transverse waves have two vibrational modes perpendicular to the directionof propagation whereas the longitudinal waves have only one mode whichlies along the direction of propagation. For such a case, the total number ofvibrational modes is expressed as

2 2 2 2 4lVR2 = V + v + n* = ~vf~ (4.78) three-dimensional continuum.

verse
This is the equation of a sphere of volume

- Ttfl3V1 =I 3

Differentiating it, we get
dV' = 4nR2dR

The number of modes present in the frequency range u and o + du should

be the same as number of points lying in the volume interval V and V* + dV

or in the range R and R + dR of the radius vector. Since each point occupies,
? *vr‘volume in the space of integers, the numbci of point,

2 1 2(.? vrjuZ(u)du = 4nV (4.80)

— average,

I
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The vibrational energy of a crystal is determined by using the Planck'stheory. The average energy of an oscillator having frequency u at a temper¬ature T is given by

136 137

4.10.2 The Debye Approximation
If the interatomic distance is small as compared to the wavelength of

elastic waves, the crystal can be regarded as a continuum from the point of
view of the wave. Based on this idea, Debye assumed that the continuum
model is applicable to all possible vibrational modes of the crystal. Further,
the fact that the crystal consists of a finite number (/V) of atoms is taken into
account by limiting the total number of vibrational modes to 3N. This puts
an upper limit to the frequency of the clastic waves which can propagate
through the crystal. This highest frequency propagating through a crystal is
called the Debye frequency, uD . It is common to transverse and longitudinal
modes of vibrations. Hence the frequency spectrum of a continuous medium
is cut off at the Debye frequency as shown in Fig. 4.18. For the total number
of vibrational modes with frequencies ranging from zero to oD, we can write

/iu
6 " (,ho/kBT_l

We can associate a harmonic oscillator of the same frequency witheach vibrational mode. Thus the vibrational energy of the crystal is given by

E= \ e Z(u)du
0

(4.83)

Using Eqs. (4.80) and (4.83) we get

-MW) hu3°f Z(o)do =3N
0

E du(4.81)

Using Eq. (4.80), we obtain

i. + _L) 7> _j;U! v?J J
3duMW) = 4*hV\32do = 3N

From Eq. (4.82), we obtain

4nv[4 + 4] =U vi) 3or
4„v 4- 1 9N

v/3 + v/J- u3

2 11 *

v? + ?J3 9N
°D 4RV

(4.82)or
9Nh y u3do
Ui (4.84)

This equation can be used to determine
oD.Taking velocity of sound of the order
of 103 ms -1 and N/V=1028m~3,
OjÿlO13 s-1. This corresponds to the
wavelength of about 1 A which is of the
same order as interatomicdistance.This
violates the basic assumption of Debye
and hence puts a question mark on the
validity of the continuum theory, partic¬
ularly in the high frequency region. Fur¬
thermore, the velocities v( and vt have
been assumed to be independent of
wavelength which may not be always
true.

Putting ~~ = x andI we get
kBT =*"’WegCtkBT

Z(u) xkBro = — —I h
I

hrdv = —7— dxor1 h
Therefore, Eq. (4.84) becomes

Rg. 4.18. Frequency spectrum of
transverse (t) and longitudinal (l )

modes in c. continuum showing
— **- -cui-ojj ai inc MUJ*.

t
mmm
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Equation (4.87) then becomes

9Nh ( kBT\* XT x3dx
l h ) o e1 -1E = T V °D/T»1 \ x2dxE - 9NkBT\ÿ 0

o ex — 1

As in the Einstein’s theory, we introduce here a characteristic temperature,
0D, called the Debye temperature defined as

*0ÿ

* = 3NkBT (4.90)(4.85)= 9N hvD dEc>= s = 3NkB

= 3R (for N = Na)
Thus at high temperatures, the Debye's theory also obeys the Dulong and
Petit’s law as obeyed by the classical theory and the Einstein's theory. This,
in fact, means that the quantum considerations carry almost no significance
at high temperatures.

(ii) Low temperature case

(4.86)

0D
"= T

For T «00. xm =Equation (4.85) then becomes -> 00

'(TÿOfx'dx
0 ex-l

Therefore, Eq. (4.87) becomes
(4.87)E = 9NkBT\~

ITTIThe specific heat is given by
Now

T V *tf exxA
0

8E ?£dx_ **0ex-l = 15

frVn4

dx (4.88)Cv " (dT)v = 9NkB I 0

6

=*(TK .-. E = 9NkgT|— 15(for N = Na) ~ 5

1 3r4= - n*NkThe function FD is called the Debye function and is expressed as

( T V S'7 exxA
(4.91) J:5

This shows that the vibrational energy is
proportional to I4 which is analogous to
the Stefen's law of black body radiation.
Ihus it follows that both phonons and ,

photons obey the same statistics except 419’ C°mParison of Debye heat
with the difference that photons obey, I4 capacUy obtained from Eq~ (4 87)

law at all temperatures whereas phonons
do so only at low temperatures.A

(4.89)I — dx2= 3hr-0D ° (‘M 0 40 120 160 200

T(K)
Wc now consider the high and low temperature cases.

(i) High temperature case
For T» 0D, x is small compared with unity for the complete range

of integration. Therefore, we can write
eÿ-\=x

using 0O = 225K with the
experimentally observed values

(circles* f?r silver.
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4.10.3Limitations of the Debye Model
(i) The Debye's continuum model is valid for long wavelengths

only, i.c., only low frequencies are active in the solid.
(ii) The total number of vibrational modes are assumed to be 3N.

This is difficult to justify as the solid is considered to be an
elastic continuum which should possess infinite frequencies.

(iii) The cut off frequency is assumed to be the same for both
longitudinal and transverse waves. This is again difficult to
justify because different velocities of transverse and longitudi¬
nal waves should imply different values of cut off frequency for
these waves.

(iv) According to the Debye's theory, 0D is independent of temper¬
ature, whereas actually it is found to vary up to an extent of 10%
oreven more.

(v) The theory does not take into account the actual crystalline
nature of the solid. The theory cannot be applied to crystals
comprising more than one type of atoms.

(vi) The theory completely ignores the interaction among the atoms
and the contribution of electrons to the specific heat.

141
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Tlie expression for specific heat is obtained as

■rn-rHi!Cv

= «,4* (JL)3 (for N = Na) (4.92)
5

Thus, at very low temperatures, the specific heat is proportional to T3. This

is called the.Debye T3 law and holds for T ≤

There is an excellent matching of the experimentally determined
values of the specific heats at various temperatures with those calculated
theoretically using the Debye's model as shown in Fig. 4.19 for silver with
QD = 225K. This also proves the validity of the Debye's approximation at
sufficiently low temperatures.

A comparison of results of the specific heat obtained from the Einstein
and Debye models is made in Fig. 4.20. The Debye model yields somewhat
higher values of specific heat as compared to the Einstein model. This is
because of the fact that the Debye model takes into account the low frequency
modes which, at low temperatures, have higher vibrational energy and hence
larger specific heat. The Debye temperature 0D can be obtained from Eqs.
(4.82) and (4.86) provided the velocities of sound in transverse and longi¬
tudinal modes are known. For isotropic medium, one can use the average

10 ‘

SOLVED EXAMPLES
Example 4.1. The visible light of wavelength 5000 A undergoes scattering
from a crystal of refractive index 1.5. Calculate the maximum frequency of
the phonon generated and the fractional change in frequency of the incident
radiation, given the velocity of sound in the crystal as 5000 ms'1.
Solution. The frequency of the phonon emitted is given by

+ -yj by 3/v3 in Eq. (4.80). Alter-velocity v$ and replace the factor

natively, 0D is chosen to be that value which produces the best fit between
the experimental data and the expression (4.88). There is, in general, a good

agreement between the theoretical and
experimental results.

Accurate measurements have in¬
dicated that the temperatures at which
the T 3 law holds are quite low. Ac-
cording to this model, the law should
hold for termperatures below 0.1 0D,
whereas it may be strictly valid for T<

Fig. 4.20 Comparison of specific heats QJ50. The specific heat is, however,
obtained from the Einstein and Debye relatively insensitive to the variations

in the density of modes.

2c
Velocity of sound in the crystal, v, = 5000 ms-1
Refractive index of the crystal, n - 1.5

The frequency of incident radiation, toph, is calculated as :

-x
2wx3xl08

5000xl0“10

_
6 - Debye

*a 4
I
1 2

Einstein

V = 2™ =
0 0.2 0.6 1-0 1.4 1.8

T / 0

models [Eqs. (4.63) and (4.87)J.
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The interatomic distance along [100] direction Of NaCl is the sum of the radii
of Na+ and Cl“ ions.

143Solid Stale Physic.142

= 3.77 x 1015 rad/s.

For to to be maximum,
I 1to2=2(0.98+ 1.81) N 10~10x5x 10I0x| ~ + —I 1.67 xlO-27sin -

co = 3.46 x 10n rad/s
Wavelength of e.m radiation which is strongly reflected by NaCl is

or
where ij> is the angle of scattering.

2vpphna =--— 2nc 2K X3X IQ10
3.46 x 1013

c = 5.45 x 10"3 m.

Example 4.3. Gold.has the same structure as copper. The velocity of sound
in gold is 2100 ms-1 and that in copper is 3800 ms-1.If the Debye temperature
of copper is 348 K, determine the Debye temperature of gold. The densities
of gold and copper arc 1.93x10* kgnrJ and 8960 kgm-3 and their atomic
weights are 197.0 and 63.54 amu respectively.
Solution. The Debye temperature, 0D, is defined as

ft - *u»
D‘17

where oD is the Debye frequency and is given by the relation

a
2 x 5000x 3.77 x 10*3 x 1.5

3xl08
= 1.86 x 1011 rad/s.

If <o'ph represents the frequency of the scattered photon, then we have

V- <°'ph = a
Therefore, the fractional change in frequency of the incident photon is

<j>ph~ m'ph _ _a_ _ 1.86xlOn
~

3.77 xlO15
Example 4.2. The radii of Na+ and Cl- ions are 0.98 and 1.81A respectively.
The Young’s modulus of NaCl in [100]direction is5 x 1010Nm-2. Assuming
that the extension in [100] direction produces negligible contraction in the
perpendicular directions, calculate the wavelength at which the electromag¬

netic radiation is strongly reflected by NaCl crystal. Atomic masses of Na
and Cl are 23 and 35.5 amu respectively.
Solution. The frequency of radiation strongly reflected by the ionic crystals
is given by

= 5 x lO"5
i-l9N 1 2■£- 4«V (,? *

V,
Here N is the number of atoms present in volume V of the crystal and vl and
vf represent the longitudinal and transverse velocities of sound waves in the
crystal respectively. Replacing Vj and v( by the mean velocity of sound,
we get

(3N_)U3°D = vf

Vm M )<n2 = 2P
fl - A

where m and M denote the masses of the constituent ions and P is the force
constant. Since the extension in [100] direction produces negligible contrac¬
tion in the perpendicular directions, we can write

p = aY
where a is the interatomic distance and Y is the Young’s modulus

Considering one mole of atoms, we can write

hvs f3WapV/3
0D~ LkB \4nM

where Na is the Avogadro's number, M is the mass of one mole of atoms and
p is the density of crystal. The individual expressions for 0D for copper and
gold arefi + J-l

Am MJto2 = 2aY
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The order of magnitude of the dominant phonon wavelength at a temperature
T (T« Op) is estimated from the relation

145144
/ \l/3

. h , \ f \(0D)CU = (Vs>C“ J

(0D)AU = YB (vÿa“
-(£>and K,1/3

3ÿ«
.4nMAu where a is the interatomic spacing.-

From the above equations, we obtain x 2000 x 154 x 1Q-io _
103 x ,0-9m

d 298
The frequency of the corresponding lattice vibration it

,1/3M(®d)*• = (0")c“ Me
1.2 xlO4,1/3_ ( 2100ÿ= 348ls»J[63.54 x 1.93xlO4

197.0 x 8960
= 1.16 x 10B Hz'>d=vsfXd = 1.03xlO-9

SUMMARY= 170 K
of diamond is 2000 K. Calculate the

mass of
1. The atomsof a crystal experience coupled vibrations. A crystal may

oscillate in normal mode due to its internal energy or may undergo forced
vibrations due to the effect of some external forces which may be mechanical
or electromagnetic. The vibrations of the former type arc associated with
thermal properties and those of the latter type are associated with acoustical
and some optical properties of solids.

2. The dispersion relation for a one-dimensional monoatomic lattice

Example 4.4. The Debye temperature
mean velocity of sound in diamond, given the density and atomic

diamond as 3500 kgm-3 and 12 amu respectively. If the interatomic spacing

is 1.54 A, estimate the frequency of the dominant mode of lattice vibration.

in the previous example, the Debye temperature may be

1

Solution. As shown
expressed by the relation.

h_ 3Afapy/3
°D = ke VlUnMj is

4
® = ®m

which gives
where K is the propagation vector of the wave, a is the interatomic distance
and coÿ = jdfi/m is the maximum angular frequency of vibration, P and
m being the interatomic force constant and mass of each atom respectively.

3. In a monoatomic lattice, the dispersion effects are negligible at low
frequencies ( K — ►0) and the lattice behaves as a continuum?For frequencies
< yj4p / m , the lattice behaves as a dispersive medium. It acts as a low-pass
filler and can propagate a number of wavelengths at the same frequency. For
frequency to = m, the standing waves are formed and there is no
transfer of signal or energy through the lattice.

4. The Af-values associated with vibrations of monoatomic lattice can
be grouped into Brillouin zones. The lattice waves can be described by K-

1/3
I)

h
4nA/
3*„P

Here, we have
0D = 2000 K

M = 12 kg

p = 3500 kgm-3 r1.38x10 x 2000 4nxl2
-34 I 3 x 6.023x lO26 x 3500vr = 6.626x10

= 1.2 x 104 ms-1.
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values which lie within the first Brillouin zone.
5. The dispersion curves for a one-dimensional diatomic lattice com¬

prise two branches — the upper one the optical branch and the lower one the
acoustical branch. The latter resembles the dispersion curve for monoatomic
lattice. The two branches arc separated by
increases with difference in masses of the two types of atoms. This band
consistsof frequencies the vibrationscorresponding to whichare not allowed.
Thus the lattice acts as a band-pass filter.

6. In the optical branch, the neighbouring atoms move in opposite
directions, whereas in the acoustical branch, they move in the samedirection.
The optical vibrations are excited by a force that distinguishes between the
two types of charged ions, e.g., the response of ionic crystals to electromag¬

netic radiation.
7. In a lattice containing N atoms per primitive cell, the number of

frequency bands is N.
8. A quantum of energy of a lattice vibrations is called a phonon.

Phonons may be emitted or absorbed (Tiring inelastic scattering of photons
fromcrystals.Theenergy of a phonon is hat where co is the angular frequency

of the lattice vibration.
9. The average number of phonons in a mode of lattice vibrations at

termperature T is

kB
The Einstein model does not explain well the temperature variation of
specific heat near OK.a forbidden band whose width

12. Debye explained the variation of specific heat over the complete
range of temperature by considering the atom of a crystal as coupled har¬
monic oscillators and obtained the following expression for molar specific:
heat

.

c„=9 •

where

hv
X =-kBT

**
is the Debye temperature, u being the frequency of an oscillator and uD the
maximum frequency of a vibrational mode. According to this model, Cvocf3at low temperatures. This is called Debye T3 law and is in good agreement
with experimental observations. At high temperatures, Cv approaches the
classical value 3R.

and

1n = hat -1

VERY SHORT QUESTIONS10. According to the Dulong and Petit’s law, the molar heat capacity
of all solids at all temperatures is 3NJcB where Na is the Avogadro's number
and kB is the Boltzmann constant. The law approximately holds for most of

the solids at or above room temperature and completely failsasT approaches
0 K where Cy tends to vanish.

11. Einstein considered the atoms of a crystal as identical and inde¬
pendent three-dimensional quantum harmonic oscillators, all vibrating with
the same frequency <oQ and obtained the following expression for the molar
heat capacity :

1. Define phase velocity and group velocity?
2. Give dispersion relation for one-dimensional monoatomic lattice.
3. What are Brillouin zones?
4. Does a linear diatomic crystal have a constant forbidden gap?
5. What is meant by optical mode of wave propagation in a linear

diatomic crystal? >--.
,6. What is meant by acoustical mode of wave propogation in a diatomic

crystal?
7. What is a phonoh? Give an evidence for the existence of phonons.

eaErr
Cv

where 0£ is the Einstein temperature which is defined as

J



I LatticeVibrations
149SolidStatePhysics

8. Plot phonon dispersion curve for a diatomic lattice (mj>m2).

9. What is the normal scattering process of a photon?

10. What is umclapp scattering process of a photon?

tv 11.' List the major contributions to the lattice heat capacity.

12. What is the value of heat capacity for most of the solids

temperature?
13. State Dulong and Petit’s law.

14. What is Einstein temperature?

15. Give drawbacks of the Debye model.

148 10. What are
vector diagrams.

11. Give laws of conservation of energy and momentum for theand umclapp skittering of a photon.
12. Why specific heat at constant pressure is greater than the specific heatat constant volume?
13. Enlist the salient features of the Einstein’s theory of lattice heatcapacity. How is it different from the classical theory?
14. What is Debye temperature? What is its significance? If a solid hasthe Debye temperature of 2000°C, what can you say abotemperature specific heat?

normal and umclapp processes? Explain with the help of

1
normal1

at room

ut its room

16. Define the Debye temperature. LONG QUESTIONS
1. Derive dispersion relationship for a one-dimensional atomic crystaland discuss the nature of acoustic and optical modes. Show that thegroup velocity vanishes at the zone boundary. Give pysical interpre¬tation of the result.

2. Deduce vibrational modes of a finite one-dimensional monoatomiclattice. How does this knowledge help in calculating the specificheat?
3. Describe inelastic scattering of photons by phonons. Obtain an ex¬pression for the frequency of phonons generated when a photon isscattered inelastically at an angle 0.
4 Describe the classical theory of lattice heat capacity and obtain tho*value of molar heat capacity for metals.

Describe the Einstein model of lattice heat capacity.. Discuss thesuccesses and failures of this model.
Derive an expression for the lattice heat capacity of a solid followingEinstein model. Discuss theassumptionsand predictionsof this modeland comapre it with experimental observations.
How does the Debye model differ from the Einstein model of latticeheatcapacity? Discuss the consequences of this differenceexplainingthe low temperature behaviour of specific heat in each case.

N, Discuss the Debye model of lattice heat capacity. What is Debye T3law?
Calculate the density of normal modes for a linear chain of atomsassuming the dispersion relation

fSHORT QUESTIONS
that for one-dimensional monoatomic lattice, the phase veloc

1. Show
ity is equal to the group velocity at low frequencies.

2. Obtain dispersion relation for the lattice
linear lattice of mass m, spacing a and and the nearest neighbour

interaction c. Hence find

(a) The maximum frequency that can be propagated through the

lattice.

waves in a monoatomic

(b) The allowed values of the phonon wave vector.

3. Describe the concept of Brillouin zones as applicable to one-dimen

sional monoatomic lattice.

4. Discuss the effect of variations of relative masses of the two types of

atoms and the wavelength of elastic waves of the forbidden gap for I "
a linear' diatomic lattice.

5. Describe the movement of atoms in the optical and acoustical modes H

of wave propagation for a linear diatomic crystal.

6. Differentiate between optical and acoustical branches of diatomic

linear lattice. Why are these branches named so?

7. Name different branches of the dispersion relation curve. Identify

individual modes of vibration for KBr?

8. What are phonons? Express the laws of conservation of energy and

momentum in thecase of inelastic scattering of aphoton by aphonon

in the long wavelength limit,' the velocity of sound is E

7.

9. Show that,
independent of the frequency.
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“m |s‘nX Ka\
where a is the spacing and com is the maximum frequency. What will

be its value in Debye approximation?

10. What are the assumptions of the Debye model of lattice specific heat?

Discuss its predictions and limitations as compared with Einstein
model. ' ’ • 4 l

CO =
CHAPTER - V

FREE ELECTRON THEORY
OF METALS

PROBLEMS
The visible light of wavelength 4000 A undergoes scattering from a
diamond crystal of refractive' index 2.42. Calculate the maximum
frequency of the phonon generated and the fractional change in the

frequency of the incident radiation, given the velocity of sound in

diamond as 1.2 x 104 ms"1. (9.12 x, 10*1 rad/s, 1.9 x KT4)
2. Compute the cut-off frequency for a linear monoatoinic lattice if

the velocity of sound and the interatomic spacing in the lattice are
3 x 103 ms-1 and 3 x 10-I0m respectively. (2 xl013Hz)

3. A system consists of 1025 atoms which act as simple harmonic oscil¬
lators each having a frequency of 1012Hz. Ignoring uie zero point

energy, calculate the mean thermal energy of the system at 2.5K, 25K,

250K and 2500K. What conclusions can you draw from your an¬
swers? [9.07x10-5J, 3.41x103J, 9.39X104J, 1.03X106J]

4. Show that the zero point energy of a solid according to the Debye

1. 5.1 DRUDE-LORENTZ'S CLASSICAL
ELECTRON GAS MODEL)
Drude, in 1900,postulated that the metals consist of positive ion

with the valence electrons moving freely among these cores. The electrons
are, however, bound to move within the metal due to electrostatic attraction
between the positive ion cores and the electrons. The potential field of these
ion cores, which is responsible for such an interaction, is assumed to be
constant throughout the metal and the mutual repulsion among the electrons
is neglected. The behaviour of free electrons moving inside the metals is
considered to be similar to that of atoms or molecules in perfect gas. These
free electrons are, therefore, also referred to as free electron gas and the
theory is accordingly named as free electron gas model The free electron
gas, however, differs from an ordinary gas in some respects. Firstly, the free
electron gas is negatively charged whereas the molecules of an ordinary gas
are mostly neutral. Secondly, the concentration of electrons in an electron
gas is quite large as compared to the concentration of molecules in an
ordinary gas. The valence electrons are also called the conduction electrons
and obey the Pauli's exclusion principle. These elections are responsible for
conduction of electricity. through metals. Since the conduction electrons
move in a uniform ,electrostatic field of ion cores, their potential energy
remainsconstant and is normally taken as zero, i.e., theexistenceof ion cores
is ignored. Thus the total energy of a conduction electron is equal to its
kinetic energy. Also, since the movement of conduction electrons is restrict¬
ed to within the Crystal only, the potential energy of a stationary electron
inside a metal is less than the potential energy of an identical electron just
outside it This energy difference, VQ, serves as a potential barrier and stops
the inner electrons from leaving the surface of the metaL Thus, in free'5
electron gas model, the movement of free electrons in a metal is equivalent
to the movement of a free electron gas inside a 'potential energy box' which,
in one-dimensional case, is represented bv a line as shown in Fie. 5 1

THEORY (FREE

cores

9
model is -/?0D.

5. Using the Debye approximation, show that the heat capacity of a

linear monoatomic lattice at a temperature T« 0D is proportional to

T / 0D. The effective Debye temperature in one dimension may be
expressed as

1
H
I D= h

= v .
where v5 is the effective velocity of sound and a is the interatomic
spacing.

6. NaCl has the same structure as KCL The Debye temperature of NaCl
and KC1 are 281 K and 230 K respectively. If the lattice heat capacity
of NaCl at 5K is 1.6x10ÿ Jmol-1K-1, estimate the heat capacity of

KC1 at 5K and 3K. (2.9x10”2, bÿxlOÿJmor'K-1)

l
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properties are based on interactions of freeelectrons with the external sources
of energy which may be thermal or magnetic in nature. The application of
Maxwell-Boltzmann statistics to this theory allows all the free electrons to
gain energy which results in much higher values of heat capacity and para¬
magnetic susceptibility. As wcshall describe later; the use of Fermi-Dirac or
quantum statistics allows only a fraction of the total number of freeelectrons
to gain energy and the valuesof heat capacity and paramagnetic susceptibility
thus obtained match with theobserved values.These are the principal achieve¬
ments of the Sommerfeld's theory. The classical theory is also unable to
account for the occurrence of long mean free paths (~108 to 109 interatomic
spacings, or more than one centimetre) at low temperatures.
5.2 SOMMERFELD'S QUANTUM THEORY

Considering the free nature of valence electrons as assumed in the
classical theory, Sommerfeld treated the problem quantum mechanically
using the Fermi-Dirac statistics rather than the classical Maxwell-Boltzmann
statistics. The possible electronic energy states in the potential energy box
and tire distribution of electrons in these states are then determined using
quantum statistics. We describe the one-dimensional and three-dimensional
cases separately.
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Based on the Dmde's considerations that

the electron gas behaves as a perfect gas, H.A.
Lorcntz postulated in 1909 that theelectronscon¬
stituting the electron gas obey Maxwell-
Boltzmann statistics underequilibriumconditions.
The combined ideas of Drude and Lorentz
constituc the Drude-Lorentz theory. As the the-

I ▼ ory is based on the classical ideas of Maxwell-
Boltzmann statistics, it is called the classical

Vacuum

Metal surface
Fig. 5.1. Metallic surface
bounded by potential barrier
VQ which represents the dif¬
ference in potential energy of to explain the various properties of metals. For
a stationary electron present example, it proves the validity of Ohm's Jaw.The
at the surface of the metal frce electrons in a metal move in random direc-
and just outside it (in vacu- ijoas do not constitute a current until,an

electric field is applied across the metal which
accelerates the electrons in a particular direction. The electrons, however,

cannot be accelerated indefinitely. During their motion, the electrons suffer

elastic collisions with the metal ions which slow down their speed.This gives
rise to a steady state current of magnitude proportional to the voltage applied

inis leads to Utims taw. Also

The theory has been successfully applied

urn).

5.2.1 Free Electron Gas in One-Dimensional Box
Consider an electron of mass m which is bound to move in a one¬

dimensional crystal of length L. The electron is prevented from leaving the
crystal by the presence of a large potential energy
barrier at its surfaces. Although the barriers extend

few atomic layers near the surface, these are
taken infinitely large for the sake of simplicity. The
problem is identical to that of an electron moving in
a one-dimensional potential box which is represented

x by a line and is bounded by infinite potential energy
L~*~ barriers as shown in Fig. 5.2. The potential energy

within the crystal or box is assumed to be zero. Thus,Fig. 5.2 One-dimension- We have
al potential boxbounded
by infinite potential en¬
ergy barriers.

providea the temperature remains consiant.

as the free electrons can move easuy, me metals exhibit nigh electrical and

thermal conductivities. Moreover, since the electrons move freely inside the

metals irrespective of the crystal structure, the ratio of the electrical conduc¬

tivity, CT, to the thermal conductivity, K, should be constant for all metals at

a constant temperature, i.e., J
o?

I over a

o— = constant
- , K

This is called the Wieiemann-Franz law and has been realized in practice.
The theory also explains the high lustre and complete opacity of metals. The

opacity is due to absorption of all the incident electromagnetic radiations by

free electrons which are then set into forced oscillations. The electrons return

to their nwmal states by emitting the same amount of energy in all directions,

thus producing metallic lustre.

Besides these success, the theory also met with a number of failures.
It correctly predicted the room temperature resistivity of various metals but

"the temperature dependence of resistivity could not be established accurately.

The theory predicted that resistivity varies.as whereasactually it is found

to vary linearly with temperature. The tbexjK? failed to explain the heat

capacity and paramagnetic susceptibility oflFS conduction electrons. These '

J

V(x) = 0 for 0 < x < L
V(x) = » for x ≤ 0 and x ≥ L (5.1)
The wave function iyn of the electron occupy¬

ing|he nth state is determined from the solution of the Schrodinger equation,
i.e.,

d\n +
2m
TTCEn-V)N/n = 0 (5.2)dx2 IT

r

ill
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where En represents the kinetic energy of the electron in the nth state and V
is its potential energy. Since V = 0 inside the box, Eq. (5.2) becomes
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It is apparent from Eqs. (5.9)
and (5.10) that the allowed
wave functions yB(x) and the
allowed energy values En exist
only for integral values of n.
The number n is called the
quantum number. Hence the
energy spectrum consists of
discrete energy levels where
the spacing between the levels
is determined by the values of
n and L. It decreases with in¬
crease in L. If L is of the order
of a few centimetres, the ener¬

gy levels form almost a continuum. But if L has atomic dimensions, the
spacing between the levels becomes appreciable. The plot of Enis shown in Fig. 5.3.

The constant A in Eq. (5.9) is deterrrJ ' 1 by using the condition that
the probability of finding an electron somewt : on the line is unity, i.c.,

04

• 4I 25

£ÿ20
o

’ * 15
§

|10

&
5

2m (5.3)~7T EnVn ~ ®dx2 ft2
The general solution to this equation is

yB (x) = A sink* + B cosJbc

where A and B arc arbitrary constants to be determined from the boundary
conditions and k is given by

(5.4)

1 2 3 4 5
n

2mE„
k= y n2

Fig. 5.3. EH versus n for a
one-dimensional crystal

(53)

The boundary conditions are
(5.6)v„(0) = 0 and vfn{JL) = 0

Theseconditionsare based on thefact thatat x=0and L,V-*ooand theproduct
V(x) yn(x) in Eq. (5.2) also approaches infinity. Thus in order that the
function y„(x) may be continuous, the kinetic energy En must also become
infinite which is not feasible. Hence vj/fl(x) must vanish for x-0 and L.

versus n

wave

0
For x = 0, Eq. (5.4) gives B = 0 and the solution (5.4) becomes

¥„(*) = A sink*

Also, since yn(L) = 0, Eq. (5.7) yields
sin kL - 0

(5.7)
Using Eq. (5.9), we get

A2KT‘>-or

(5.8)Jfc = — orL

where n = 1, 2, 3,....Thus the expression (5.7) for the allowed wave function
becomes A2 L4-J*=I2 0

or

= A sin (5.9)

-Ior
The allowed energy values can be obtained from Eqs. (53) and (5.8) as

(5-10)
Substituting it in Eq. (5.9), we get the normalized wave function asl”h nV

8mL2
h2

E*~ 2m - Hr’) (5.11)
En oc n2or

II



Solid Slate Physics1S6 Free Electron Theory of Metals 157The energy levels and the wave functions corresponding to n = 1, 2, 3 and
4 arc shown in Fig. 5.4.

We now discuss the distribution of electrons among the allowed
energy levels and determine the Fermi energy and the density of states.

(i) Fermi Energy

2nf = N

t2

Thus the value of the Fermi energy depends upon the length of the box thenumber of electrons in the box. For example, taking
N '— = 0.5 clcctrons/A or 5 x 107 clcctrons/cm,

the Eq. (5.13) gives

The electrons are distributed among the various possible energy levels
in accordance with the Pauli's exclusion principle which states that no two
electrons can have all their quantum numbers identical, i.e., each orbital or
quantum state can be occupied by at the most one electron. But the different
states may have different values (non-degenerate case) or the same value

(degenerate case) of energy. In a solid,
an electron in a conduction electronic
state has the quantum numbers n and ms

4 where n is the principal quantum num¬
ber and ms is the magnetic spin quan¬
tum number. Each set of values of n and

(5.13)

X= 2L
16 EF = 3.7 x lCT11 erg = 2.4 cV

Thus if we accommodate 5 x 107 electrons on one centimetre length of theline, the energy of the topmost electron would be 2.4 eV.
(ii) Total Energy

The total

x=iL ms define a quantum state. For each
c value of n, ms can have two possible

3 Jj values, +1/2 or —1/2. This means that
|each energy level defined by the quan-

e turn number n can have two quantum

2
c states and hence can accommodate a
o maximum of two electrons, one with

spin up and the other with spin down.
In other words, each energy level is
doubly degenerate. For example, if there

X are seven electrons of appropriate spins

CM

T*co 9
£ energy, Ea, of all the N electrons in the ground state isdetermined by summing up the energies of the individual electrons. For Nelectrons, the number of filled energy levels is N/2 and E0 is given by
o

X=L§

I 4 N/2
E0 = 2

n=l
Here the factor of 2 appears because each level contains two electrons withequal energies. Using Eq. (5.10), we get

c X= 21.
UJ

1 1

0
then, in the ground state, these can be

Fig. 5.4. First four wave functions (solid accommodated in four energy levels;
lines) and the corresponding energy the first three levels would have two
levels (broken lines) of an electron in electrons each with opposite spins and
a one-dimensional crystal.

(5.14)
Since

the fourth level would contain the last
unpaired electron. These four energy levels are represented by the values
1, 2, 3 and 4 of the quantum number n. Thus, we find that if the total number
of electrons to be accommodated is seven, the energy levels with n <4 would
be occupied while the level with n > 4 would be empty. The topmost filled
energy level at 0 K is known as the Fermi level and the energy corresponding
to this level is called" the Fermi energy, Ep.

=

V for s ≥ 1*3

iIf N is the total number of electrons to be accommodated on the line
then, for even n, we can write Hence Eq. (5.14) becomes

il
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158 The plot of D(E) versus E is shown in
Fig. 5.5. It indicates that all the levels
present below the Fermi level are filled
and all those present above it arcempty.
This type of situation, in fact, exists at
absolute zero. Thus at 0 K, the Fermi
level divides the filled and unfilled lev¬
els in the metallic crystals.
5.2.2 Free Electron Gas in Three
Dimensions

t\ &t?_ (rtf 1 f A[Y _ 1 V f Nn
2m UJ 3 UJ 3 2m g£0 = 2

or, using Eq. (5.13), we obtain

o
S
1
o1 (5.15) f£o=ÿ

Thus, for one-dimensional crystal, the average kinetic energy in the ground

state is one-third of the Fermi energy. .
£
Q

EFEnergyÿ, E
Fig. 5.5. Variation of density of

electronic states with energy for a
one-dimensional metallic crystal At the free electron gas in a threc-dimen-
0 K. all the states upto the Fermi sional metallic crystal. The potential of

level are filled.

Consider now the behaviour of(iii) Density of States

The density of states is defined as the number of electronic states
ge. It is denoted by DIE) and is given bypresent in a unit energy ran the electrons inside the crystal is con¬

stant and may be taken as zero, whereas
it has a large value outside the crystal. For simplicity, the three-dimensional
crystal may be regarded as a cubical box having length of the edge equal
to L. The free particle Schrodinger equation in three dimensions is

dn (5.16)

where dn represents the number of electronic quahtum states present in the

energy interval E and E + dE. For a free electron gas, since each energy

level contains two electronic states, one with spin up and the other with spin

theactual density of states is twice the valuegiven by Eq. (5.16).Thus,

D(£)= —dE

V2V*(r) + £*V*(r) = 0

down,
we have

dn (5.17)D(E) = 2- (5.19)or

From. Eq. (5.10), we obtain

dx2 +
dy2 + fc2« *- (£)22» = *2“ • V2 =where

4mL2dn 2m
is the Laplacian operator and Ek is the total energy (kinetic energy in the
present case) of the electron in the k-state. Since the electrons are confined
to a cubical box of edge L, the solution to Eq. (5.19) is just an extension
of the one-dimensional normalized wave function (5.11), i.e.,

Therefore, Eq. (5.17) becomes

UmL2)U2J= 8mL2 ]_
h2 «D(E) = 2

Again, from Eq. (5.10), we gel (5-20)

where ny and nz are positive integers and 's normalising
constant This equation represents a standing wave solution. It is, however,
more convenient to work with the plane travelling wave solution of the type

Vl(,

V*(r)
/ i \xnif h2 )

n (ÿ8ml}E

Hence

1\112 _ (JLT
~ h\2E)

ZmL (5.21)(5.18)
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These levels arc also said lo be quasi-conlinuous. In iact, the spacing
between the levels depends upon the dimensions of the box. For dimensions
of the order of a centimetre, the levels arc so closely spaced that they almost
form a continuum as predicted by the classical mechanics. If, however, the
box has atomic dimensions, the energy levels arc widely spaced and discrete.

The constant A in Eq. (5.21) can be determined by using the normal¬
ization condition, i.c.,
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t2 = (5.22)
where fl2

and A is an arbitrary constant.Such wave functions must satisfy the periodic

boundary conditions, i.e., they must be periodic in JC, y and z with period

equal to L. These boundary conditions arc

iy(x + L, y, z ) = v(x, y, z)

\|/(x, y + L, z) = y. z)

v|/(x, y,z + L) = q/(x, y, z)

An application of the first boundary condition in (5.23) to the wave function

(5.21) yields
exp[i{ÿ(x + L) + + kj)] = exp{i{kjt + kp + kj.\]

W*(r)v(r)dV = 1
o

(5.23)

l.LI.
UlAÿ-ÿeÿdxdydz = 1or
000

1/2-ter -(aor
or

exp(ikJS) = 1
Hence tlic normalized wave function is written as

or -@r2nn, n
4n= T

Similar results are obtained for ky and kt This implies that any component

of k is of the form ~j—f where n is a positive or negative integer. These

three components of k also form the quantum numbers of the problem in

addition to the quantum number ms which represents thespin direction. Thus

the state of an electron is specified completely by a set of four quantum

numbers kÿ ky, kt and mJ.
The allowed eigen values of the state or orbital with wave vector k

are obtained from Eq. (5.22) as

e*'In (5.24) (5-27)

The distribution of electrons among the allowed energy levels and the
density of states are described in the following sections.
(i) Filling of Energy Levels

As described earlier, the distribution of electrons in the allowed
energy levels follows the Pauli's exclusion principle. In the present case, we
have a set of four quantum numbers kx,ky kl and ms which represents a state
of the system. Apparently, each state can be
occupied by at the most one electron. It also
follows from the expression (5-25) that a set of .
values of kÿ ky and kt defines an energy level. TEFO
NOW since for each set of kx, ky and kz the fourth J, “*
quantum number can have two values ±1/2, it >j
follows that each energy levelcontains twoquan- ®

turn states of orbitals and hence can accommo- m

date a maximum of two electrons, one with spin
up and the other with spin down. In other words,
rach energy level is doubly degenerate. Thus a
total of N non-interacting electrons at 0 K can
I*- filled inM2 energy levels. The topmost filled
level is the (A/2)th level and all the levels lying

2nn

Vacuum

1
Es

where the magnitude of the wave vector k is related to the wavelength X

(5.25) ( Surface
energy )

I
° Surface

Fig. 5.6. Sommerfeld’s free
electron model at OK. All

the levels below Efo are
filled and all those above

Efo are empty.

as
2ft (5.26)*■a

Thus it is easy to see that the energy spectrum consists of discrete energy

levels.These levels are generally very close toeach other (energy difference

- lO"15 eV) and may be regarded as continuous for most of the purposes.
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of the electrons from the energy states below.Ep gain thermal energy and get
excited to the states above Ep. At E = Ep, Eq. (5.28) gives

Thus, for temperatures greater than 0 K, the Fermi level may be defined as
the level where the probability of occupation is 1/2. Unlike EPo, it is not
the topmost filled level; instead, it lies between the filled levels and empty
levels. Apparently, the position of the Fermi level is not fixed, but charges
with temperature. An approximate relationship between Ep and EPo is given
as follows :
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above it arc empty. This level is, therefore, the Fermi level as it divides the

filled and empty levels at 0 K. The energy of the Fermi level, or the Fermi

, is denoted by Efo. The distribution of electrons among the energy

levels present inside the box at 0 K is shown in Fig. 5.6. Thus we note that,

unlike the classical theory, the Sommcrfcld's quantum theory docs not allow

the condensation of all the electrons into the state of zero energy even at

absolute zero. These electrons arc rather distributed among the discrete

levels having energies ranging from 0 to EfQ.

We now discuss the effect of temperature on the occupancy of energy

levels. It is apparent that, for temperatures greater than 0 K, the Fermi level

may not be the topmost filled level since some of theelectrons from the filled

energy levels may be excited to the (ligher levels. Thus some of the levels

below EFQ would be empty while some above it would be occupied. The

probability that a particular quantum state of energy E is occupied at a

temperature T is given by the so called Fermi function

energy

energy

,21
E~E I_IE1 M:LF = bFo 1

12 E*
(5.30)

H)
However, in case of metals, since the spacing between the levels isquite small
(-10-19cV), the highest filled energy level is usually taken as the Fermi level.

For energies below Ep such that (Ep- E)»kBT*,J(E)= 1, provided
T does not differ much from 0 K. Thus it is only in the vicinity of Ep minus
a few kaT that f(E) becomes less than unity, i.e., some of the states below
Ep would be empty and some above Ep would be filled. It, therefore, follows
that as lire temperature is raised above 0 K, all the electrons would not gain
energy as expected classically, but only those which lie within an energy
range kBT below the Fermi level can do so. This is because the electrons
present near the Fermi level can jump to the vacant higher energy states after
acquiring energy of the order of kgT, but the electrons present well below
the Fermi level cannot do sodue to die non-availability of empty states within
the range kgT. Thus, according to quantum mechanics, only a small fraction
of the electrons can gain thermal energy and get excited to the energy states.

The value of this fraction is s 0.01 at room temperature for Ep = 3.0

1 (5.28)AE) =
+ 1

The plot of /(E) versus E is shown in Fig.
where Ep is the Fermi energy.
5.7 for different temperatures.

At absolute zero, the Eq. (5.28) gives

for E ≤ Ef0
for E > Ef0

(529)

f(E)= 1

=0

This indicates that all the energy states
below Efoareoccupied and all thestates
above it are empty, i.c., the Fermi dis- 1 Q

tribution function isastepfunction.Thus, T

* at 0 K, the Fermi level EPo represents
the highest filled energy level.

For temperatures greater than0K
but less than the melting point of the
metal such that kgT « Ep, the distri¬
bution function loses its step character.
The probability of occupafion, /(£), 5? resaitation of

decreases gradually from 1 to0near Ep. Fermi distribution Junction for

This indicates that some of the states lhree diffema ttmpemtures_
below EP are empty while some others variation of Fermi wrgy

above it arc filled.This is because some temperature is also shown.

TZ TV T=OKT2>T,
Ep

cV.
(ii) Density of Available Electron States, D(E)

As defined earlier, the density of states, D(E), is the total number of
available electronic states (or orbitals) per unit energy range at energy E. To
obtain the expression for D(£), we consider the linear momentum p which,
in quantum mechanics, is represented by the operator

£ 0.5

EF‘ E

* According to the classical mechanics, kgT represents the energy acquired by
particle at a temperature T K. At room temperature, kBT - 0.025 eV.
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= ~P = - « »v
When operated on Eq. (5.21), it gives

PM't(r) = -ihVipÿr) = McVjt(r)

This indicates that the plane wave function yk is an eigen function of the linear

momentum with the eigen value hk. The particle velocity is given by

kF (5.35)

(5.31) This shows that the value of kF depends on the concentration of electrons,
N/V, and is independent of the mass of the electron. The expression for the
Fermi energy is obtained by using Eq. (5.35) in (5.33) as

~ 2m V.
hk EF(5.32) (5.36)v = —m

In a system of N free electrons, the occupied states or orbitals in the gro’und

state may be represented by points inside a sphere in the k-space. The energy

corresponding to the surface of the sphere then represents the Fermi energy,
vector from the origin of the k-space to the surface of

i.c., Ef depends on both the electronic concentration and mass. The total
number of electrons is, therefore, given by

Let kF be the wave
the sphere as shown in Fig. 5.8. Then, using Eq. (5.25), the Fermi energy (5.37)

The electron velocity, vF, at the Fermi surface is obtained from Eqs. (5.32)
and (5.35) as

is written as

h2

It is observed from Eqs. (5.24) and Fig. 5.8 that there is one allowed
vector or one distinct triplet of quantum
numbers kx,kyand kz which corresponds
to the volume element (2n/L)3 of k-
space. Thus, in the sphere called the
Fermi sphere of volume (47t/3)I:3/r, the
total number of electronic states or
orbitals is

* ftf " "

(5.33)

hkF h fsAfYv- = — — = — -F m m V
wave

(5.38)

t The density of states function, D(E), is obtained by using the fact that, in the
ground state of the system, all the energy states below Ef are occupied and
the total number of states is equal to the total number of electrons, i.o,,

Fermi -
sphere f D(E)dE = N

0
(5.39)

Hs Substituting the value of N from Eq. (5.37), we get* 'S

o 3n2 h2 )
t -------Expressing the integral in an indefinite form, we obtain

V
Fig. 5.8. A sphere of radius kF in the

k-space containing points which
represent the occupied slates of a
system of N free electrons in the are two allowed values of and hence

two electronic states, corresponding to
each value of k. The number of states

has been set equal to the number of electrons, N. From Eq. (5.34), we obtain

(5.34)
where the factor 2 appears because there

ground state.

(5.40).
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Using the expression (5.40), we gel
Solid State Physics

The variation of D(E) with E is parabolic and is shown in Fig. 5.9. The value
of D(£) also increases with increase in crystal volume; this is to accommodate
the total number of electrons N which also increases [Eq. (5.37)] with volume
of the crystal. At the Fermi surface, the density of states is obtained by putting
E = EF in Eq. (5.40), i.c.,
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-z&r K/<ÿ
0 EndN (5.41)

Now using Eqs. (5.29), we get
This result may also be obtained and expressed in a simple way by taking
the natural logarithm of the expression (5.37), i.e., ndE

3-ln£F + constantInN =

dN_ 3 dEF
N

~
2 EF (5.42)or

Putting N/V = n, the electron concentration, we obtain

This shows that the Fermi energy at 0 K can be calculated simply from the
electron concentration n. We also conclude from the above relationship that
the electrons have some definite energy even at absolute zero. This is some¬
thing entirely different from the classical theory according to which the
electrons should have zero energy at absolute zero.
(b) Average Kinetic Energy,

The average kinetic energy of an electron at absolute zero iscalculated

Thus, within a factor of the order of
unity, the number of electronic states or
orbitals per unit energy range at theFermi
energy is equal to the total number of
conduction electrons divided by the
Fermi energy.

1 (5.46)or

D(E)

(5.47)
The density of filled electronic

states, N(E), at any temperature T is
obtained by multplying the density of

E stt

errant states, D(E), at0 K by the probability of

free electron gas in three dimensions, occupation,/(£), of the quantum state E
at that temperature, i.e.,

jlE) is fiic i AJ(E) = D(E) j(E)

The function f(E) is the Ffermi function and is defined by Eq. (5.28). The
number of filled electronic states in the energy range E and E + dE at

(5.43)

temperature T is then given by

V\ c row o Nifi)AE — D(E\j[E)dE
as

(5.44)

We-now discusssome parametersof free electron gq$ at absolute zero.

(a) The Fermi; Energy* Er.
The total number of electrons can be obtained by integrating Eq.

77 lED(E)f(E)dE
N 0

Using the expression (S.40) for D(£), we obtainiCU-Oi]

[T££"!/(£K+1“M/(£>1£(5.43), i.e.,

*N(E)dE = *\D{E)f(E)dE (5.45)N = oo

■



Free Electron Theory of Metals

If the metal contains N free electrons, then tlic total kinetic energy becomes

E= NE0=~Nk„T
The electronic specific heat is, therefore, given by

Cr ~ 2 NtB
The measurement of optical reflection coefficient of metals indicates

that the number of elections per atom in metals is of the order of unity.
Therefore, considering one gram atom of the metal, the value of electronic
specific heat is obtained as(3/2)R or3cal g"‘K-1 approximately.On theother
hand, the specific heat associated with the lattice vibrations at high temper¬
atures is about 3R or 6cal g-,K-1. Thus one might conclude that the specific
healof metalsshould beabout50%greater than thespecific healof insulators.
This is contradictory to the experimental observations which indicate that the
electroniccontribution to thespecific heat is very small. At room termperature,
the electronic contribution is not more than 0.01 of the value given by Eq.
(5.50). Also, thiscontribution decreases linearly to zero asT approacheszero.
It, therefore, appears that all the electrons might not contribute to the specific
heat; instead, only a small fraction of the total number of electrons might
contribute. This view is supported by the quantum theory.

As described earlier, the quantum mechanics suggests that only those
electrons contribute to the specific heat which lie within an energy range kuTbelow the Fermi level. This happens because when the electron gas is heated
up to a temperature T, these electrons acquire energy of the order of kÿT and
jump to the empty higher energy stales. The deep lying electrons cannot do
so because the unfilled energy stales arc not available to these electrons for
excitation. Theseelectrons, as such,do not contribute to the specific heat. The
number of clccUons which contribute to the specific heat is of the order

where Tp is called the rami termperature and is
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Now using Eq. (5.29), we get

1 — E\ EmdE
N o

t?n«2 V
~ 5 2*2

Substituting the value of N from Eq. (5.37), we obtain

£o = J EFO

This relates the average kinetic energy of an electron at absolute zero to the
Fermi energy at the same temperature.

5.3 APPLICATIONS OF THE FREE ELECTRON GAS MODEL

The electronic properties of metals can be broadly divided into the
following two groups :

(i) Static properties
(ii) Transport properties

The static properties are those which can be treated effectively by
sidering just the energy levels or the distribution of energy levels to which

the electrons belong. More specifically, we need to consider the overall
cj}a.:gc in potential of the electrons without investigating deeply the detailed
process producing the transitions. These properties include various electron
emission properties, the magnetic properties and the properties like heat
capacity and contact potential. These properties arise as a result of the
excitationsof theelectrons by light, thermal energy,strongelectric fields,etc.

The transport properties arc those which can be treated by considering
the detailed response of the electrons to an external field, i.e., by considering
the acceleration propertiesof theelectrons. These properties include electrical
and thermal conductivities, Hall effect, thermoelectricity, etc.

We consider below the electronic specific heat of metals.

5.3.1 Electronic Specific Heat
The average kinetic energy of a free electron as given by the classical

statistical mechanics is

(5.50)(5.48)

(5-49)

I

"(TST) ■“*(£)
defined by the equation

EF - kBfF
Using the effective value of A, Eq. (5.50) becomes

•telc¥ = l Nk (5.51)
Bo -|t,T

1' >
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This indicates that Cv is proportional toT and approaches zero asT->0.Using

300 K and 3000 K respectively, the above = 4.98 x 10'19 J

= 3.11 eV.
Example 5.2. Derive pressure versus volume relationship for a free electrongas at 0 K. Hence obtain an expression for the bulk modulus in terms of theaverage kinetic energy.
Solution. From thermodynamics, we have

typical values of T and Tp
equation gives the value of Cv as

as

(IKC = (0.01)

The specific heat calculated from this equation agrees with the experimental
observations. Thus the quantum mechanics modifies the thermal‘behaviour
of free electrons in a simple and satisfying manner. dEP = ~ dV

where E is the internal energy of a system of particles occupying a volumeV at pressure P. For a free electron gas containing N electrons with
kinetic energy E0 at 0 K, the energy E may be replaced by NE0. Therefore,
we have

SOLVED EXAMPLES
Example 5.1. The atomic radius of sodium is 1.86 h . Circulate the Fermi
energy of sodium at absolute zero.
Solution. The Fermi energy at 0 K is given by the relation

-Mr
average

P = - N
dV

EFO= 2m

where /V is the number of free (valence) electrons present in volume V of

the metal. We consider a unit cell of sodium which is bcc.

Radius of the sodium atom, r = 1.86 x l(T10m

Using Eq. (5.49), we obtain

|lV
5 av

p=-
Now, from Eq. (5.46), we have

■tel •mVolume of the unit cell, V = a3

which gives

= 7.93 x KT29 m3
Since an atom of sodium has only one valence electron, the number

of free electrons in a unit cell pf sodium is 2.

dV

.*. (5.52)
2N 2.52 x 1028 electrons/m3.-29 =

5 V
V 7.93x10 or (5ÿ3)

This is the pressure versus volume relationship for a freeelectron gas at 0 K.The bulk modulus is given by the expression
(l.05xl0-34)2 2/3(3X2X2.52X1028)F°
2x9.1x10 31

dPB = -V—
dV

sII Jk
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5. The number of electronic state's present in a unit energy range iscalled the density of slates. In a three-dimensional box of volume V, the
density of states at energy E is given by

2K’UJJ
At the Fermi level, D(E) may be expressed as

WF) = I N

173
Differentiating (5-52) with respect lo V, we get

D(£) =
5 P
3 V

5 '2 NEfÿ _ 10 _ 10 £
“ 3 ” ~ 3 V ~ 9 V ~ 9 V

2 E,(5.54)B where N is the total number of electrons.
6. The average kinetic energy of an electron at 0 K is lei.itcd to the

Fermi energy at the samewhere we have used Eqs. (5.53) and (5.49).
temperature as

E0 =|EFO
7. The free electron gas model explains the electronic specific heal of

metals by restricting the number of electrons contributing to specific heat to

SUMMARY
1. According to the free electron gas model, the valence electrons of

the atoms present in a metal move freely among the positive ion cores just

like the molecules of an ideal gas. These electrons arc also called the con¬
duction electrons and arc responsible for conduction of electricity.

2. The energy spectrum of a free electron gas present in one or three-

dimensional box isdiscrete particularly when the box has atomic dimensions.
For laboratory' dimensions, the levels almost form a continuum. The allowed
eigen values of the states with wave vector k are given as

/iteri EF ■ if yielded the expression for specific heat as

•(¥)3Cv= —Nk

VERY SHORT QUESTIONS
What do you understand by free electron gas ?
What is Wiedemann-Franz law ?
Define the Fermi energy for metals. How docs it depend on mass of
the sample?
What is the significance of the Fermi distribution function?
Define density of states.
What do you understand by a Fermi gas ?
What is the Fermi sphere ?
Can a metal be associated with two Fermi temperatures ?

SHORT QUESTIONS
How does a free electron gas differ from an ordinary gas ?
How does the classical free electron theory lead to the Ohm’s law?
Explain complete opacity and high lustre on the basis of the Drude-
Lorentz free electron theory.
What are the failures of the Drude-Lorentz free electron theory ?
Obtain an expression for the energy eigen values of an electron using
the Sommerfeld’s free electron theory in one dimension.
Derive the three-dimensional wave function for the free electron gas
and obtain its eigen values.
Write the expression for the Fermi-Dirac distribution function and
discuss its behaviour with change in temperature.

1.
2.
3.

where m is the mass of the electron.

3. The Fermi level is the level which divides the filled and unfilled
states. It is the topmost filled level at 0 K. For T > 0 K, the probability of
occupation of this level is 1/2. The position of the Fermi level changes with
temperature and is expressed by the relation

4.
5.
6.
7.
8.

1.
2.
3.

4.where EFO is the Fermi energy at 0 K.

4. The Fermi cne;gy varies with electron concentration n as 5.

6.K-f 7.

■
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How docs the Fermi energy of a metal depend on temperature, con¬
centration of electrons and the total number of electrons present in the
metal ?

9. How docs the quantum free electron theory explain the observed
small values of electronic specific heat of metals ?

8.

CHAPTER -VI

BAND THEORY OF SOLIDS
LONG QUESTIONS

Describe die free electron gas model of metals. How docs it help to
explain die lattice heat capacity of metals.

2. Obtain expressions for die Fermi energy, die total energy and die
density of slides for a free electron gas in one dimension. Show die
variation of density of states with energy.

3. Wind is die Ferini energy? Calculate its value for the free electron gas
at OK and mention its significance.

4. Deriveexpressions for die Fermi energy anddensity of states fora free
clctron gas in one dimension.

5. Show dial for a one-dimensional metallic crystal, the average kinede
energy of electron in the ground state is one-third of the Fermi energy.

6. Show dial die average kinetic energy per electron for a three-dimen¬
sional free electron gas at OK is

f.
6.1 INTRODUCTION

The free electron theory described in the previous chapter
ccssful in explaining the various electronic and thermal properties of metals,
such as specific heat, paramagnetism, etc. However, there arc various other
properties which could not be explained by this theory. For example, the
dieory could not explain why certain solids have a large number of free
electrons and thus behave asgood conductors while certain others have hardly
any electrons and are, therefore, insulators. It also could not account for die
variation of resistivity with temperature for the latter type qf materials.
Furthermore, the properties of semiconductors could not be explained on the
basis of this theory.

The failure of the free electron model is due to the oversimplified
assumption that a conduction electron in a metal experiences a constant or
zero potentialdue to the ion cores and hence i$free to move about in acrystal;
the motion being restrained only by the surface of the crystal. In fact, the
potential due to ion cores is not constant and may change with position of
the electron in the crystal. Some contribution to potendal may also arise
because of the other electrons present in the crystal. Thus the actual nature
of potential under which an electron moves in a crystal is very complicated.
To a reasonable approximation, the ion cores may be considered at rest and
the potential experienced by an electron in acrystal is assumed to be periodic
with period equal to the lattice constant as shown in Fig. 6.1 for
dimensional case. This assumption is based on the fact that the ion cores
in a crystal are distributed periodically on the lattice sites. The potential
contribution due to all other free electrons may be taken as constant This
type of periodic potential extends up to infinity in all directions’except at
the surface of the crystal where, due to interrruption in periodicity of the
lattice, it has a shape similar to as shown on the right hand edge of the figure.
This type of potential irregularity may, however, be ignored.

The periodic potential described above forms the basis of the band
theory of solids. The behaviour of an electron in this potential is described
by constructing the electron wave functions using one-electron approxima-

was suc-

E0 =(3/ S)EFO
where Zs'pQ is the Fermi energy at OK.

7. Discuss qualitatively why the electronic specific heat is temperature
dependent and is much less than that expected from the classical
behaviour of free electron gas.

PROBLEMS
Calculate the Fermienergy of electrons atOK forametal with electron
density of 102*in'3. (1.69eV)

2. Silver (fee) has an atomic radius of 1.44 A. Assuming silver to be
monovalent metal, calculate the value of the Fermienergy, the Fermi
temperature and tire Fermi velocity.

. (5.50 eV, 63850K, 1.39xl06 ms1)
3. Aluminium metal crystallises in feestructure. If each atom contributes

singleelectron as free electron and thelatticeconstant is4A, calculate
(treating conduction electrons as free electron Fermi gas)
(0 Fermi energy (Ep) and the Fermi wave vector (fcF),
00 Total kinetic energy of free electron gas per unit volume at OK.
Given ft =L054x10-27 erg-s; Electron rest mass = 9.11 x 10-28g.

(2.28 eV, 7.73 x ip9 m"1, 2.14 x 1028 eVnT3)

4. The density of potassium is 860 kgm-3. Calculate the Fermi energy

and compressibility of potassium at OK. (Atomic mass of K = 39.1
amu) (2.02 eV, 3.51 x 10-10N-'m2)

5. If Fermi temperature is of the order of 5 x 104K, provide a rough

estimate of elenronic specific heat at 100K.

1.

a onc-

175(» 0.025J)
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tion. In this approximation, the total wave function for the system is obtained

from a combination of wave functions each one of which involves the

coordinates of one electron. In other words, the field experienced by a

particular electron is assumed to be the resultant of the field due to fixed

nuclei and the average field due to the charge distribution of all other

shall discuss later, the motion of an electron in a periodic

Band Theory of Solids

THE BLOCH THEOREM
As described in case of the free electron theory, the one-dimensipnalSchrodinger equation for an electron moving in a constant potential VQ is

The solutions to this equation are plane waves of the type
= «***

177
6.2

electrons. As we
potential yields the following results :

(a) There exist allowed energy bands separated by forbidden re¬

gions or band gaps.
(b) The electronic energy functions E(k) arc periodic in 'he

vector k.

= 0 (6.1)

wave (6.2)
where

V (x)

- it - -L -
For an electron moving in a one-dimensional periodic potential, V(JC), theSchrodinger equation is written as

d2V +
dx 2

Since the potential is periodic with period equal to the lattice constant, a,we have

V(x) = V(x + a)
There is an important theorem known as the Bloch theorem or the Floquet'stheorem concerned with the solutions to Eq. (6.3). According to this theorem,the solutions to Eq. (6.3) are plane waves of the type of Eq. (6.?) which aremodulated by a function uk(x) having the
lattice. Thus the solutions are of the form

q»(x) = e*** uk(x)

TT III * - = oiii (6.3)III I1I 1I 111 SurfaceIi
Fig. 6.1. One-dimensional representation of potential experienced by an

electron in a perfectly periodic crystal lattice with lattice constant a.

The potential near the surface is shown on the right.

in contrast with those obtained from the freeelectron theory
in the free electron theory,These results arc

(constant or zero potential case) in the sense that

E varies with k as

same periodicity as that of the

E = — — • with
(6.4)

2m
have discrete values,

i.e., there is no upper limit to the energy and k can

which means that the energy levels arc discrete and may have any spacing

the dimensions of the box. The existence of band gaps is the
when the free electron model

. It will

uk(x) = uk(x + a) (6.5)
The wave functions of the type of Eq. (6.4) are called the Bloch Junctions.Proof of the Bloch Theoremdepending on

most important new property which emerges
is extended to include the effect of periodic potential of the ion cores

be shown that thyse band gaps result from the interaction of the conduction
electron waves with ion cores of the crystal and are of decisive significance

to determine whether asolid is a conductor, a semiconductor, or an insulator.

Besides this, we shall also encounter some other remarkable properties of

electrons in crystals. We first determine the electron waÿe functions for a

periodic lattice.

xV(x) = AJ(x) + Bg(x) (6.6)
where A and B are arbitrary constants. Since V(x) = V(x +a), the functionsg(x+a;indJ(x + a) must also be the solutions to Eq. (6-3) in addition to g(x) and/fx).
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However, Eq. (6.3) cannot h ve more than two' independent Solutions, the

functions g(x+a) and fix+a) must be expressible in terms of the functions
and fix), i.c.. The left hand side is called Wronskian, W(x), of the solutions and is constant

in this case. Further, from Eqs. (6.7), we obtain

fix+a)dgÿa)-g(xHi)

or = constant

]fix+a) = CLÿfix) + CLtfix)
g(x a) = PJ/CJT) + p2g(x)

where a,, Pj and P2 arc the real functions of energy E. Another general
solution to Eq. (6.3) as obtained from the functions (6/7) is

(6.7)

q/(jc + a) = A fix + a) + B g(x + a)

= (Aa, + Bp,)/(x) + (Aoo, + 6P2) g(x)

If the constants A and B are chosen such that

Aa, + Bp, = XA
Actj + fip2 = XB

W(x+a) = (a,p2-a2P,) W(x)or
(6.8) Hence

alP2 “ “2Pi ~ 1 (6.13)] Thus, Eq. (6.12) becomes
(6.9)and X2 - (a, + p2)X +1 = 0

It gives two possible values of X and hence two functions \y,(x) and \|/2(x)
which have the property as given in Eq. (6.10). We consider the following
two cases :

(6.14)
where A. is a onstant, we find from Eqs. (6.6) and (6.8) that the functions

- ty(jc) has the property
(6.10)y(x + a) - Xyto

The Eqs. (6.9) ield non-zero values for A and B only if the determinant
of the coefficients vanishes, i.e. if

Case I For energy ranges such that (a, + P2)2 < 4
The Eq. (6.14) will have complex roots X, and Xj. Since XxXÿ - 1

these will be complex conjugates of each other. We may, therefore, write
X, =e‘ka
X2 = e~ika

P,

3(6.11)(fc-qh4
X2- (a, + P2)X + a,P2 - oÿp, = 0

We now show that a,P2 - cÿp, = 1 Since g(x) and fix) are the real and
independent solu ions to Eq. (6.3), we get

+ pf[£-vM]*W = o

£M ♦ )]/;,) = o

Multiplying the former by fik) artff the latter b • g(x) and subtracting, we

obtain

|a2 “d
where k is real. The corresponding functions y,(x) and vp2(x) then have the
property

(6.15)
(6.12)or

v, (x + a) = e**0 \p,(x)
v|/2 (x + a) = e-1*0 t|/2(x)and (6.16)

or, in general,

v|/(x+a) = vj/(x) (6.17)
It is easy to see that a function having such a property is the Bloch functionof the type of Eq. (6.4). To check this we replace x by x+a in the Blochfunction (6.4) and obtain

and

V(x+a) = e+Mx+a) Uk(x+a)
Using Eq. (6.5), it becomes

vp(x+a) = e*ÿ v|/(x)
which is the same as (6.17). Thus we find that the function vy(x), which
represents a solution to Eq. (6.3), has the same property as that expressedby Eq. (6.17), Eq. (6.10) with X = e****, or the"Bloch function (6.4). HV ence
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181the Bloch functions of the type of Eq. (6.4) represent the solutions to the

Schrodinger equation (6.13). This proves the Bloch theorem.
Case II For the energy ranges such that (otj + p2)2 > 4 1 V(x)

TThe Eq. (6.14) will have real roots X,j and X2 which may be taker!as
A,j = and = e~ÿ

where p is real. The corresponding solutions to the Schrodinger equation are
(6.19)

(6.18)

V2W = e-V u(x)

Though mathematically valid, these solutions are not the acceptable

vy(x+/uj)

and<• Vl(x) = e*“u(x)

electron wave functions because these are not bounded. The ratio vM -b 0 xaapproaches infinity as n approaches ±°°. This is contradictory to the require¬
ment that the wave functions should remain finite at all points in space
because of their probabilistic interpretation. In case I, however, |vg(jc+na)|
is equal to lvp(x)I and the ratio of these is always finite.

The roots (6.15) and (6.18) depend on a and {3 and hence are functions
of energy E. The allowed roots (6.15) are associated with allowed energy
regions and the disallowed roots (6.18) are associated with the forbidden
energy regions. This means that the energy spectrum of an electron moving
in a periodic potential consists of allowed and forbidden energy regions or
bands. This result will be illustrated using the Kronig-Penny model.

In three dimensions, the Bloch theorem is expressed as
V*(r) = <Hkr uk(r)

If the lattice potential vanishes, uk(r) becomes constant and Eq. (6.20) give:

i|/t(r) = e,k*r

Thus the wave function becomes the one of a free electron.
6.3 THE KRONIG-PENNEY MODEL

This model illustrates the behaviour of electrons in a periodic poten¬
tial by assuming a relatively simple one-dimensional model of periodic
potential as shown in Fig. 6.2. The potential energy of an electron in a linear
array of positive, nuclei is assumed to have the form of a periodic array of
square wells with period of (a + b). At the bottom of a well, i.e. for 0 <
x < a, the electron is assumedi to be in the vicinity of a nucleus and the
potential energy is taken as zero, whereas outside a well, i.e. for -b<x < 0,
the potential energy is assumed to be VQ. Although this im5tlel employs a
very crude approximation to the type of periodic potential existing inside
a lattice, yet it is very useful to illustrate various important features of the
quantum behaviour of electrons in the periodic lattice. The wave functions

Fig. 6.2. One-dimensional periodic potential
by Kronig and Penney.

•re obtained by writing the Schrodinger
d\ 2m _

+ =0

used

equations for the two regions as

for 0 < x < a (6.21)
Mid

+ 2m=£(E-V0)W = 0

burning that the energy E of the electrons is less than VQ, we define two•i'ul quantities a and p as

2mE , 2m(V0-E)IT ““ p = i5
therefore, the Eqs. (6.21) and (6.22) become

I + a2t|/ = 0dx

dx2 for -b < x < 0 (6.22)

(6.20)

a2 = (6.23)

for 0 < x < a (6.24)
Hiid

- PV = o for -b < x < 0dx2 (6.25)
Since the potential is periodic, the wave functionsHloch function (6.4), i.e., must be of the form

VW = eikx Uk(x)
Nwe uk(x) is the periodic function in

(6.26)
x with periodicity of (a+b), i.e„
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These equations are used to determine the constants A, B, C and D. A non¬
zero solution to these equations exists only if the ictcn linant of the coef¬
ficients of A, B, C and Q vanishes, i.c.,

Solid State Physics'

(6.27)
183182

uk(x) = uk(x + a + b)

From Eq. (6.26), we have

4s. - *.*ÿ.*(«) +
dx ax 1 1 1

-Ka+k)
e~Ka+k)a

Ka-k) Mk
e-ifi-ikV> Mk»

Ka-Qe**4* -Ka-rty*04** (P-ftJe-U*-*)* -<p+i*)e<l***»dx1 * dx1
eKa-t*(6.28) 1=0and

Substituting Eqs. (6.26) and (6.28) in Eqs. (6.24) and (6.25), we get On solving this determinant, we obtain

+ Vkÿ - = 0;
dx "*

0 <x < a (6.29) P2+o2 sinhpb sinew + coshpb cosow = cos*(a+6)

To simplify this equation, Kronig and Penney considered the case when V0tends to infinity and b approaches zero but the product VQb remains finite,
i.e., the potential barriers become delta functions. Under thesecircumstances,
the model is modified to the one of a series of wells separated by infinitely
thin potential barriers. The quantity lim VJb for V0 op and b ->0 is called
the barrier strength.
As b -» 0, sinh p6 -> P6 and cosh pb -> 1. Also, from.Eqs. (6.23), we
have

(6.36)2Paand

-b < x < 0 (6.30)

where «j and u2 represent the values of uk(x) in the intervals 0 < x < a. and
-b < x < 0 respectively. The general solutions to these equations are

Mj = A e**-** + B ;

where A, B, C and D are constants which can be determined from the
following boundary conditions :

«,(<» = «#>; -(£L-(*L

(6.31)0 < x < a
and

-b < x < 0 (6.32)
*

P2+«2 = mVÿ
2ap apA2

(6.33)
Therefore, Eq. (636) becomes

(*0L)
V dx Jx=a { dx )x=_b (6.34)

The conditions (633) correspond to the requirements that the

functi(/V and its derivative,ÿ-, and hence u and

whereas the conditions (6.34) correspond to the requirements of the peri¬
odicity of uk(x). Applying these boundary conditions to (631) and (6.32)
we obtain the following four linear homogeneous equations :

A + B = C + D
Ai{<x-kbBHa+k) = C(V-ik)-D(p+ik)

Aÿ>» + Be-*'4* = Ce4*4** + Deÿik»

Ai{a-k)eÿ-Bi(a-t-k)tbaÿ = C(p-ik)eÿ»-Di(V+ik)e**** _ [6.35)

sinew +coscw = coska (637)

We define a quantity P aswave

— must be continuous (638)h2
which is a measure of the area VQb of the potential barrier. Thus increasing
P has the physical meaning of binding an electron more strongly to a
particular potential well Using Eq. (638) in (637), we get

sinewP-<
+ COSCW = coska (6.39)ow
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sinew = 0

or out = ±nn ■

where n is an integer. Therefore, from Eq. (6.23), we havesin ua+ cos aa
Aaa

2nut2
This expression gives the energy levels of a particle in a constant potential
box of atomic dimensions. This is what is expected physically as, for large
P, the tunnelling through the barrier becomes difficult. In the other extreme
case, i.c., when P -*• 0, Eq. (6.39) becomes

(6.40)2m

—3 K 4K0 3n cos aa = cos ka
a = k

2K-4K — 2k aa or
-1

Therefore, Eq. (6.23) gives
. E

2mFig. 6.3. Plot of the left hand side of Eq. (6.39) as a function of aa using P =
3K/2. The solid and broken lines on the abscissa correspond to allowed

and forbidden energy regions respectively.

This is the condition which must be satisfied for the solutions to the wave
equation toexit.Since cosJka lies between +l'and-l, the left hand side should
assume only those values of aa for which its value lieÿ4>ctween +1 and -1.
Such values of q£jfegÿfore, represent wave like solutions of the type of
£q. (6.26) and are allowed. The other values of cut are not allowed. Figure
6.3 shows a plot of the left hand side versus cut for P = 3jc/2. The vertical
axis lying between -1 and +1, as indicated by the horizontal lines, represents
the values acceptable to the left hand side. It may be noted that since a2
is proportional to the energy E, the abscissa is a measure of the energy. The
following conclusions may be drawn from Fig. 6.3«ÿ

which is applicable to completely free electrons
for which all the energies are allowed. This is
again an expected result as, for P approaching
Mro, the electrons become free and, therefore,
the free electron model involving quasi-contin-
uous energy levels becomes applicable.

These results are summarized in Fig. 6.4
Which shows the energy spectrum as a function
Of P. On the extreme left, i.e. for P = 0, the 0
energy spectrum is quasi-continuous and on the
extreme right, i.e. for P = «, a line spectrum is
irxultcd. For any other value of P, the position Fig. 6.4. Allowed(shaded)and
■HKI width of the allowed and forbidden bands are forbidden (open) energy
obtained by drawing a vertical line.
*.3.1 Energy versus Wave-Vector Relationship — Different

Representations
It follows from Eq. (6.39) that coska takes a specific value for each

illowcd energy value E. However, cosJkn is an even periodic function of k
>nd remains unchanged if k is replaced by k + 2nn/a, where n is an integer.
Ihi* means that the energy E is also an even periodic function of k with
I*I iod of 27i/a. This type of periodic representation of energy is shown in
I'lg, 6.5a for the Fust few allowed bands. This representation can be obtained
My tin* periodic repetition of the region -nla<k< n/a, i.e., the first Brillouin

4a °P.
P4n

(i) The energy spectrum of the electrons consists of alternate
regions of allowed energy bands (solid lines*on abscissa) and
forbidden energy bands (broken lines).

(ii) The width of the allowed energy bands increases wilh aa or
the energy.

(iii) The width of a particular allowed energy band decreases with
increase in the value of P, i.e., with increase in the binding
energy of the electrons. As P -* », the allowed energy bands
are compressed into energy levels and a line spectrum is
resulted. In such a case, the Eq. (6.39) has solutions only if

ranges as a function of P.
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zone, and is known as the periodic or repeated zone scheme. In this scheme,

k is not uniquely defined as, for each value of E, there exist a number of
k values. It is, therefore, generally convenient to introduce the following two
schemes:

eÿL> ufx+L) = e* uk(x)
Using Eq. (6.5), we obtain

grtU+L)
_

gikx
e*L=lor

(a) The extended zone scheme
(b) The reduced zone scheme

A curve of E versus Jc in the extended zone scheme is shown by solid
lines in Fig. 6.5b. The corresponding parabolic curve (dottal) for free
electrons in the constant potential is also shown for comparison. We note
that the E-k curve of the extended zone schemeIs not continuous and has

which gives

(6.45)L
with n = ±1, ±2 or

2K 4K*=SI T’ *1'
Therefore, the number of possible wave functions in the range dk is

(6.46)
discontinuities at

M (6.41) Lk = ± — dn = —dk (6.47)

Considering now the first Brillouin zone, the maximum value of k is ida
where a is the length of the primitive cell. If A is the number of primitive
cells in the crystal of length L, then a =UN.Therefore, the maximum value

Nizof k in the first Brillouin zone is — . Thus the series (6.46) is cut off at
Lt

NIL which means that the totai number of allowed Lvalues in the fust
Brillouin zone is equal to N. Hence the total number of possible states in
any energy band is equal to the number of primitive unit cells N. We further
note that since each band can be occupied by a maximum of two electrons,
each band can accommodate a maximum of 2N electrons. This result is quite
important for explaining the distinction between metals, insulators and
semiconductors.
6.4 VELOCITY AND EFFECTIVE MASS OF ELECTRON
6.4.1 Velocity of Electron

We consider the velocity of an electron described by a wave vector
k. According to the wave mechanical theory of particles, a particle moving
with a velocity v is equivalent toa wave packet moving with a group velocity
vg. Thus, we have

a In
where n= 1, 2, 3, ... These values of k define the boundaries of the Brillouin

As described in Chapter II, the first Brillouin zone extends fromzones.
-n/a to + n/a, the second one extends from nla to 2nla and from - nla to

- Inla, and so on. Since k = 2nTk, Eq. (6.41) gives
(6.42)nk = 2a

which is the Bragg’s law of reflection for normal incidence. It thus follows
that, for the values of k as given by <6.41), the electrons suffer Bragg
reflection which results, in discontinuities in the E-k curve.

The E-k curve in the reduced zone scheme is shown in Fig. 6.5c It
is obtained by 'reducing' the contents of the other zones soas to correspond,
in general, to the first zone, i.e., to the region - nla ≤ k ≤ nla. The
vector k belonging to this region is called the reduced wave vector and can
be obtained from the wave vector k belonging to the region outside the first
Brillouin zone by using the relation

wave

(6.43)k = k'-G

where G is a suitably chosen reciprocal lattice vector.

6.3.2 Number of Wave Functions in a Band

It has been shown that, in an infinitely long one-dimensional crystal
there are certain allowed energy ranges which have a continuous distribution
of energy. We now consider a finite crystal of length L and determine the
number of possible wave functions, states or Lvalues per band. Using the
periodic boundary conditions, we have

y(x + L) = vyto

Since the wave functions are Bloch functions, it requires

da
(6.48)

where to is the angular frequency of the deBroglie waves. Also, the energy
E of the particle is given by

(6.44). E — hat

m-

Ji
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Therefore, Eq. (6.48) can be written ds
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1 dE
h dk

(6.49)v = —
5 For free electrons, we have

nh2E = 2m
and, therefore, Eq. (6.49) gives

1I riiri V =!\!/!\!/i m mII1
This shows that, for a free electron, v is proportional to k. However, in the
band theory, E is generally not proportional to k. The variation of E with
k based on the band theory is shown in Fig. 6.6a. This shows that the slope
dEldk of the E(k) curve is not constant but changes with k. Using this curve
and employing Eq. (6.49), one can obtain v versus k curve as shown in Fig.
6.6b. This curve indicates that the velocity of the electron is zero for Jt=0
and ±n/a where the slope dEldk is zero, i.e., at the top and bottom of the
energy band (first Brillouin zone). For k = k0, where kg corresponds to the
inflexion point of the E(k) curve, the absolute value of the velocity attains
a maximum value equal to the free electron velocity. Beyond the inflexion
point, the velocity decreases with increase in energy which is altogether
different from the behaviour of free electrons.
6.4.2 Effective Mass of Electron

Consider now the effect of applied electric field S on the motion of
an electron present in the Brillouin zone. We assume only one electron in
the Brillouin zone so that the Pauli's exclusion principle is not violated. If
c is the velocity of the electron and the field S acts on it for a time dt, the
increase in energy of the fcjectron is given by

I11I

A!AiA|AiA!AÿM
4n0 _2>L-4TI -2n aaa a

(a) Repeated zone scheme

EE

i/\jj jI
I

h\l
\
\l 1/

I/!v dE = eEdx = eSvdt (650)
\ V I

We can writeIV I// 1 I

f{\\/ÿ 1 1 1

dE
dE = —dkI * dk

1* 0
71 *

a a
( c ) Reduced zone scheme

• dE0 27i 4x k-471 -271
a a

( b ) Extended zone scheme
Fig. 6.5. E versus k curves in three different zone schemes drawn on the same scale.

Figure (b) also shows alldwed and forbidden energy bands. The dotted parabolic

curve in Fig. (b) corresponds to free electrons in a constant potential.

aa dk

dk = eS
dt h

(6.51)or



I
Band Theory of SolidsSolid Stale Physics 191190

, m_ _ m f d2E)
*

which measures the extent up to which an electron in the k-statc behaves
as a free electron. If fk= 1, the electron behaves totally as a free electron.
If/t'< 1, i.e. m* > m, the electron behaves as a heavy particle.

The conceptof the negativeeffective mass may be understood in terms
of the Bragg’s reflection when k isclose to ±da.Due to the Bragg's reflection,
a force applied in one direction leads to a gain of momentum in the opposite
direction which results in the negative effective

The concept of effective mass has a physical significance. It providesa satisfactory description of the charge carriers in crystals. In crystals such
as alkali metals, which have partially Filled energy band, the conduction takes
place mainly through electrons. However, in crystals for which the energy
band is nearly full, except for a few electron vacancies near the top of the
band, these negative charge and negative mass vacancies may be considered
as positive charge and positive mass particles called holes which act as
positive charge carriers to produce conduction.
6.5 DISTINCTION BETWEEN METALS, INSULATORS AND

SEf/HCONDUCTORS
To distinguish between metals, insulators and semiconductors on the

basis of the band theory, we consider an Energy band which is filled with
electrons up to a certain value k, (k,<nJa) as shown in Fig.6.7. It isof interest
to know the effective number of free electrons present in this band which
gives information about the conductivity of the band. In theexpression (6.56),

introduced the term fk that represents the extent up to which an electron
in the k-state behaves as a free electron and hence participates in electrical
conduction. Thus, in order to determine the total effective number of free
electrons in the energy band, we have to sum up over all the possible fÿs
corresponding to the various occupied energy states present in the band.
Therefore, we can write

dt dt = F = eS (6.52) (6.56)or

where p represents the crystal momentum. It follows from Eq. (6.52) that the
rate of change of crystal momentum is equal to the impressed force eS. It
is thus an analogue to Newton'ssecond law for an electron in a periodic lattice.

The acceleration a of the electron is obtained by differentiating (6.49)
with respect to t, i.e.,

mass.dv

Using Eq. (6.51), we obtain

eS d2E
h2 dk2 (6.53)

For a free electron of mass m,

eS (6.54)a — — Im

A comparison of Eq. (6.53) with (6.54) yields an
interesting result of the band theory, i.e., an l*)

electron moving in a crystal has an effective mass
m* given by

T
v

A2 /Ni
(6.55) (fi) wem* = . 1d*E

dk 2

This indicates that the effective mass of an
electron is not constant but depends on the value
of cP-Eldk2, i.e., on the shape of the £(k) curve. ( c)

The variation of the effective mass with k is
shoyin lin Fig. 6.6c.Theeffective mass is positive
in the lower half of the energy band and negative
in the upper half. It becomes infiniteat the inflexion
pointsof theE(k)curve.Thus theelectron behaves
as a positively charged particle in the upper half
of the band only.

Neff=Vk
The Eq. (6.47) gives the number of
possible states in the interval dk for &
•'ne-dimensional lattice of length L as

(6.57)1 E
1
tl

o ko --lra k dn = (6.47)
Since each state is occupied by a max- _
imum of two electrons, the effective
number of free electrons present in the
band within the limits -k, and +kj be-

i
2TC

►kFig. 6.6. Variations of ene-

It is generally convenient to introduce a O'. velocityandeffective mass
with k. The dashed lines
correspond to inflexion
points in the E-k curve.

-x -*> ° k> -r
Fig. 6.7. Energy band (first Brillouin

zone) filled up to the state k,.
factor
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may get excited to the next higher empty hand (conduction band) where they
participate in theconduction process. The number of such free or conduction
electrons depends on the value of the forbidden energy gap between the
valence band and the conduction band. Thc larger the band gap, the smaller
the number of free electrons and hence the larger the tendency of the material
to behave as an insulator for all practical purposes. An example of this type
of material is diamond which has the band gap of about 6 eV. If the band
gap is small (=lcV) the number of thermally excited electrons becomes
appreciable even at ordinary temperatures and the material behaves as an
intrinsic semiconductor (Fig. 6.8b).The examples are germanium and silicon.
At 0 K, even these materials behave as insulators because electrons from the
valence band cannot Sc thermally excited to the conduction band to cause
conduction.'Thus it is evident that all the intrinsic semiconductors arc insu¬
lators at 0 K and all the insulators may behave as semiconductors at temper¬
atures sufficiently higher than 0 K.

It is important to note that the conductivity of semiconductors increases
with temperature owing to the increase in the number of conduction band
electrons. The conductivity of metals, however, decreases with increase in
temperature. This is because more and more phonons are excited at higher
temperatures which may scatter conduction electrons and reduce their mo¬
bility.

193
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comes

eff * h2 odk2

(6.58)

Using Eq. (6.56), we obtain

cau2Lm
(6.59)nh2

Conduction band CBCBI
© VBUJ

VB

SOLVED EXAMPLESValence band

Example 6.1. Using the Kronig-Penney model, show that for P « 1, the
energy of the lowest energy band is

Insulator Semiconductor Metal
(c)

Fig. 6.8. Electron distribution in an insulator, intrinsic semiconductor and metal
at OK. The shaded regions are occupied by electrons.

This yields the following results :
(i) The effective number of free electrons in a completely filled

band is zero. This is because dE/dk vanishes at the top of the
band.

(ii) The effective number of electrons attains a maximum value
when dE/dk becomes maximum, i.e., when the band is filled up
to the point of inflexion.

It follows from the above discussion that a solid having a certain
number of energy bands completely filled and all other bands completely
empty, as shown in Fig. 6.8a, is an insulator. On theother hand, asolid having
a partly filled energy band has a metallic character (Fig. 6.8c). The situation
depicted in Fig. 6.8a can strictly occur only at 0 K. At temperatures greater
than 0 K, some electrons from the topmost filled energy band (valence band)

(a) lb)

h2P
E= — =-2ma

Solution. Referring to Eq. (6.39), the energy of the lowest band corresponds
to k = ± n/a, i.e., when

( sinaa'l
l cm J + cosaa = ±1P

Considering only the magnitude on the right hand side, we obtain
p— (sinan) = 1- cosaa

cut

"(THT)-"’(?)2P
or aa

I ■
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For P « 1, we can write

(l.05 x 10"34)2(?)- = - “(«) h2tan -— = - 5.5 x 10-30 kg.
2xl0”39

Since the effective mass of a hole is opposite to that of an electron at the same
location in the energy band, the effective mass of hole is

ml - -ml = 5.5 xKT30 kg

2A

Paaor
2 aa

«2=ÿor
u2 The wave vector of hole is opposite to that of electron, i.e.,

k/i = _ke = -1010 kj( m-1Using Eq. (6.23), wc get

2mE 2P
h2 = a2

The momentuin of hole is

Ph = hkh
= -1.05 x 10“34 x 1010 kx = -1.05X10-24 kjj Ism"1

The velocity of hole is
h2Por
ma

Example 6.2. The energy near the valence band edge of a crystal is given 1.05x10“*h,
vh ~ ~ ~

mh
The energy of the electron with wave vector k? is

Ee = -Ak2e
= -10-39(1010 kx)2
= -1(T19 J

Therefore, the energy of the hole referred to zero at the top of the
valence band is

= -E'
= 10-19 J

=-1.9 x10s kx ms-1by
5.5 xlO"30

E = -AJfc2
where A = 10-39 Jm2. An electron with wave vector k = 1010 kx m_1 is
removed from an orbital in thecompletely filled valence band. Determine the
effective mass, velocity, momentum and energy of the hole.
Solution. We have

E = - A&
dE— = -2Ak,
dk

d2Eand -2A
dk 2 =

The effective mass of the electron is SUMMARY
h2 1. The band theory assumes that the potential experienced by an

electron in a crystal is periodic with period equal to the lattice constant.
2. According to the Bloch theorem, the solution to the Schrodinger

wave equation for an electron moving in a periodic potential is of the form
of the Bloch function, i.e.,

me = 1$)
V*(r) = eÿ uk(r)

,
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N
2Lm(dE\
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where uk(r) is invariant under a crystal lattice translation.

3..The energy spectrum of aiÿelectron moving in a periodic potential
consists of a set of allowed energy regions or bands which are separated by
forbidden energy regions called the band gaps.The forbidden energy regions
arc those in which k assumes complex values and no Bloch function type
solutions to the wave equation are possible.

4. The width of the allowed energy bands increases with increase in
total energy and decrease in binding energy of the electrons. For very large
binding energies, the energy bands are transformed into energy levels. If the
electron# are completely free, the energy spectrum is quasi-continuous.

S. The E-k curve in the extended zone scheme has discontinuities at

. nn
a .

where a is the length of the primitive cell and n = 1, 2, 3, ... These k-values
define the boundaries of the Brillouin zones which produce Bragg reflection
of electrons.

6. In a crystal having N primitivecells, the maximum number of energy
states per band is N and the maximum number of electrons per band is 2N.

7. The velocity of an electron is given by the expression

1 dE
V~ H dk

It becomes maximum at the inflexion points of the E-k curve where it
approaches the free electron velocity. Beyond the inflexion points, the ve¬
locity decreases with increase in energy.

8. The effective mass of an electron moving in a crystal depends on
the shape of the E-k curve and is given by the expression

where m is the mass of an electron, Afÿis zero at the top of the band and
attains a maximum value at the points of inflexion.

VERY SHORT QUESTIONS
l. What is the Bloch function?

What is forbidden energy gap?
Can an electron possess negative effective mass? Justify.
Give the order of band gap for a metal, a semiconductor and an
insulator.
Why a solid whose energy bands is filled can not be a metal?

2.
3.
4.

5.

SHORT QUESTIONS
1. What are the shortcomings of the free electron theory? What is the

main cause of its failure?
2. Compare the salient features of the band theory vis-a-vis the free

electron theory. Discuss the successes and failures of these theories.
3. What is the Bloch theorem ?
4. Explain the concept of forbidden energy bands.
S. Distinguish between a metal, a semiconductor and an insulator on the

basis of their energy band structure.
6. Show that the existence of energy gaps at the boundaries of the

Brillouin
dition of Bragg reflection of electron waves. ,

7. Show the dependence of velocity of electron on wave vector k as
predicted by the band theory.

8. Prove that the number of different k-states in the first Brillouin
of a simple cubic lattice is equal to the number of lattice sites.

9. Prove that the total number of possible states in an energy band of
a finite crystal is equal to the number of primitive cells in it.

10. How does the band theory lead to the concept of negative effective
mass ?

11. The conductivity of metals decreases while that of semiconductors
increases with rise in temperature. Explain.

of a one-dimensional lattice is equivalent to thezone con-

zone

a2
m* =W\

In the fust Brillouin zone, the effective mass is positive in the lower half and
negative in the upper half of the energy band. It becomes infinite at the
inflexion points of the E-k curve.

9. For a one-dimensional lattice of length L, the total effective number
of.frce electrons in an energy bond filled with electrons up to a certain value

kx (,fcjcn/a) is



Solid State Physics198

LONG QUESTIONS

sr-wSEMICONDUCTORS
1 State and prove the Bloch theorem. Discuss its importance in the band

theory.

2. Discuss the formation of allowed and forbidden energy bands on the
basis of the Kronig-Penney model. Discuss the extreme conditions
when energy levels are either discrete or continuous. What is the
effect of changing the binding energy of electron on the energy
bands ?

3. Prove that the motion of electrons through the periodic potential in
solids gives rise to the band structure.

4. What are Bloch functions? Explain the origin of allowed and forbid¬
den bands for electrons in solids. What is the number of orbitals in
an energy band ?

5. Describe the periodic zone scheme, extended zone scheme and re¬
duced zone scheme for representing E-k relationships.

6. Discuss the motion of electrons in one-dimension according to the
band theory and show the variation of energy, velocity and effective
mass as a function of wave-vector.
What is meant by the effective mass pf an electron? What is its
significance? Show that the effective mass of an electron in a crystal
is inversely proportional to the second derivative of the E-k curve.
Discuss the conditions when the effective mass of an electron bc-

positive, negative and infinity.

7.1 INTRODUCTION
Semiconductors arc materials which have electrical conductivities

lying between those of good conductors and insulators. The resistivity of
semiconductors varies from 10~5 to 1044 ohm-m as compared to the values
ranging from 10~® to 10"6 ohm-m for conductors and from 107 to 108 ohm-
m for insulators. There are elemental semiconductors such as germanium
and silicon which belong toGroup IV of the periodic tableand have resistivity
of about 0.6 and 1.5X103 ohm-m respectively. Besides these,
certain compound semiconductors such as gallium arsenide (GaAs), indium
phosphide (InP), cadmium sulphide (CdS), etc. which are formed from the
combinations of the elements of Groups III and V, or Groups II and VI.
Another important characteristic of the semiconductors is that they have
small band gap. The band gap of semiconductors varies from 0.2 to 2.S cV
which is quite small as compared to that of insulators. The band gap of a
typical insulator such as diamond is about 6 eV. This property determines
the wavelength of radiation which can be emitted or absorbed by the semi¬
conductor and hence helps to construct devices such as light emitting diodes
(LEDs) and lasers. All the semiconductors have negative temperature co¬
efficient of resistance. The band gap energies for the elements of Group IV
at 0 K are as follows:

C (diamond)

there arc

7.

comes
PROBLEMS

The potential of an electron in a one-dimensional lattice is of the same
type as that used in the Kronig-Penney model. Assuming

V0 ab « h2/m,

5.51 eV
0.75 eV
1.16 eV
0.08 eV

= 0
At room temperature, diamond behaves as an insulator, Gc and Si as

semiconductors and Sn and Pd as conductors.
The importance of semiconductors is further increased due to the fact

that the conductivity and the effective band ga(is of these materials can be
modified by the introduction of impurities which strongly affect their elec-

1.
Ge
Si
Sn (grey)prove that the energy band gap at k = n/a is IVJbla.

2. A one-dimensional lattice of spacing a has a potential distribution of
the type as considered in the Kronig-Penney model. The value of the
potential is -V at each lattice point and abruptly changes to zero at
a distance of 0.1a on either side of the lattice point. Determine the

Pd

width of the first energy gap in the electron energy spectrum.
(0.37 V)
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tronic and optical properties. The process of introduction of impurities in
semiconductors in a precisely controlled manner iscalled doping. Depending
on the nature of impurities added, the semiconductors are classified as
follows :

200
particularly at 0 K. Hence pure silicon behaves as an insulator at 0 K. As the
temperature increases above 0 K, some of the valence electrons may acquire
sufficient thermal energy to break their covalent bonds and become free from
the influence of cores of the atoms. These electrons move randomly in the
crystal and are referred to as the conduction electrons. Each escaped electron
leaves behind an empty space called a hole which also acts as a current
carrier. Thus when a Valence electron breaks away from a covalent bond, an
elcctom-hole pair is generated and two carriers of electricity arc produced
as shown in Fig. 7.1b. When a valence electron located adjacent to a hole
acquires sufficient thermal energy, it may jump into the hole position to
reconstruct the broken covalent bond and a hole is created at the initial
position of the electron. Thus the motion of an electron may also be regarded
as the motion of a hole in the opposite direction. These electrons and holes
move in opposite directions under the effect of an external electric field and
constitute the current

The energy band diagram of the intrinsic semiconductor is shown in
Fig. 7.2. At 0 K, the valence band is completely filled and the conduction
band is completely empty. The semiconductor, therefore, behaves as an
insulator. The electrons present in the valence band do not conduct as these
are bound to their respective cores. As temperature increases, some of the
valence band electrons acquire sufficient thermal energy to jump to the
conduction band leaving behind an equal number of holes in the valence
band. The electrons in the conduction band and holes in the valence band
behave as free carriers and increase the conductivity of the material. The
conditions for the movement of electrons are, however, different from the
conditions for movement of holes; the electrons move when the conduction
band is nearly empty and the holes move when the valence band is nearly
full. Thus the electrons move mainly under the influence of the applied field
while the holes move under the combined effect of the applied electric field
and the ionic field of the lattice. Thus the properties such as effective mass,
mobility1, etc. of a hole are quite different from the corresponding properties
of electrons. For example, a hole has larger effective mass and lower
mobility than the corresponding values for an electron. The charge of a hole
is equal and opposite to that of an electron. These properties have been
described in the previous chapter. It is now apparent that, in an intrinsic
semiconductor, the number of electrons, nJt in the conduction band is always
equal to the number of holes, p(, in the valence band, i.e., n, = p|t and either
one of these is called the intrinsic carrier concentration.

Besides the generation of free electron-hole pairs, there is another
process called recombination of carriers in semiconductors. A free electron

(a) Pure pr intrinsic semiconductors
(b) Impurity or extrinsic semiconductors

The intrinsic semiconductors arc pure semiconductors in which no
impurity atoms arc added, whereas the extrinsic semiconductors are doped
semiconductors in which suitable impurity atoms are added to modify the
properties. In the present chapter, the effects of impurities and charge carrier
concentrations in semiconductors arc discussed.
7.2 PURE OR INTRINSIC SEMICONDUCTORS

As stated above, the intrinsic semiconductors such as pure Ge or Si
arc undoped semiconductors. The electrical conductivity of this type of
scmicondutor is solely determined by thermally generated carriers. To un¬
derstand the mechanism of conduction, we consider the bonding between

Valence

eleÿtrjns *
•7+4)# #T+4)# ••U4J •*1+4)••MY* [•

Si atoms {•
eU4> • m •(+4TF

FreeU Hole ••7+4)••Mi••iWnr
electron

•U4l•»~U4).• •U4T*
*a

(h)(a)

Fig. 7.1. (a) A two-dimensional representation of Si crystal
(b) Silicon crystal containing an electron-hole pair.

atoms in thesesemiconductors. Consider, for example, thecase of silicon with
atomic number 14. Each silicon atom has four valence electrons and can form
four covalent bonds with four neighbouring silicon atoms which are directed
along the corners of a regular tetrahedron. The silicon crystal, therefore,
exhibits a three-dimensional regular network type structure which, for sim¬
plicity, is represented by a two-dimensional network as shown in Fig. 7.1a.
Apparently, all the valence electrons in a silicon crystal participate in the
formation of covalent bonds and no electron is free to cause conduction 1. Mobility of a carrier is the velocity acquired by it in a unit electric field.

I i
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replace tire regular atoms in the crystal, However, the conductivity of the
semiconductors is greatly affected by such substitutions.

7.3.1 Donor or n-type Semiconductor
When a pentavalent impurity atom of Group V, such as phosphorus,

arsenic or antimony, is introduced into silicon, four of its five valence
electrons form covalent bonds with the neighbouring four silicon atoms while
the fifth valence electron remains loosely bound to its nucleus as shown in
Fig. 7.3a. A small but definite amount of energy is required to detach this
fifth electron from its nucleus and make it free to conduct. The energy
required is, however, quite small as compared to the energy required for
breaking a covalent bond and can be easily provided by thermal agitation
inside the crystal.

Solid Slate Physics

moving randomly in a semiconductor
may encounter a hole and combine with
it so as to reconstruct the broken cova-
lent bond. Thus the elcclroiyhole pair is
destroyed and the free electron is
verted into the bound .electron. This
recombination processes equivalent to
an electfon jumping from the conduc¬
tion band to the valence band and oc¬
curs with the release of energy equal to
the band gap energy in the form of
electromagnetic radiation as shown in
Fig. 7.2. In an intrinsic semiconductor,

the rate of generation of carriers, g, depends on the temperature and nature
of the material. The recombination rate, R, on the other hand, depends on the
concentration of electrons and holes in a material at that temperature. In
equilibrium, the generation rate just equals the recombination rate, i.e.,

g = R = C njpi
where C is a proportionality constant which depends on the nature of the
material. Since in an intrinsic semiconductor, n,- = , we have

8 = R = C n2,.
For a given temperature, the quantity n( is a constant and depends only on
the nature of the semiconductor. It will be realized later that the constant C
is related to the densities of states of electrons and holes at the conduction
band and valence band edges respectively.
7.3 IMPURITY OR EXTRINSIC SEMICONDUCTORS

The intrinsic semiconductors, as such, are of little importance owing
to their very small and fixed conductivity. The introduction of impurity
atoms, i.e. doping, is the most efficient and convenient method of increasing
and altering the conductivity of an intrinsic semiconductor. Depending on
the type of doping, excess electrons or holes are generated in the material
which are free to conduct electricity. The impurity atoms frequently
ployed to dope pure silicon or germanium are the elements of Group HI and
Group V of the periodic table. These impurity atoms are referred to as
acceptor or /Mypc and donor or n-type impurities as they contribute excess
holes and electrons respectively to the semiconducting material. The semi¬
conductor is accordingly known as p-type or ri-type semiconductor. The
dopants are added in the ratio of about 1 in 10ÿ to 108 atoms of the
semiconducting material. Such a small quantity of dopants does not bring
about any structural changes in .the semiconductor as the impurity atoms

Conduction bandFlectrons

Generation ' |
pak

H0les~* °oVo'°oV
Valence band

Fig. 7.2. Energy band diagram of an
intrinsic semiconductor showing

generation and recombination of an
electron and a hole.

Recombination
of eand h con-

i

•1+41X3f£

Impurity“Vl 1ÿ
atom *7+4) ••(+4,

Conduction band
*1 — ,-f- Jonor

levelBand gap

i•• > Extra
'’lectron(7.1) e •(MT# Valence band

(P) •|

(a) (b)

Fig. 13.(a) A pentavalent impurity atom ( P) in a silicon crystal. (b ) Energy level
diagram of an n-type semiconductor.

The energy level corresponding to the fifth valence electron lies in the
band gap just below the conduction band edge as shown in Fig. 7.3b. This
level is called the donor level The depth of the donor level below the
conduction band is merely about 0.01 eV for Ge and 0.03 eV for Si. The
electrons are, therefore, easily transferred to the conduction band leaving
behind positively charged immobile impurity ions. Thus each pentavalent
impurity atom donates one free electron to the semiconductor. Such impu¬
rities are, therefore, known as donors or n-type impurities and the semicon¬
ductor containing such impurity atoms is known as an n-type semiconductor.
In these semiconductors* the current is carried mainly by electrons which
are called majority carriers. The thermally generated holes are qalled
minority carriers0Thc electron concentration, n, is obviously quite large as
compared to hole concentration, p, but their product always remains constant.

em-

1
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ie., np = itfii = n\
where ni and pi are the intrinsic values of the carrier concentration. Thisrelationship is called the law of mass-action and will be derived later.
7.3.2 Acceptor or p-type Semiconductor

02) 205Semiconductors

ductors, holes are the majority carriers and thermally generated electrons arc
the minority carriers. In this case, p is quite large as compared to n but the
law of mass-action still holds, i.e., np = npt-nf. It may also be noted that
in either type of semiconductors, the overall charge neutrality is maintained
as no charge is added to or removed from the material.
7.4 DRIFT VELOCITY, MOBILITY AND CONDUCTIVITY OF

INTRINSIC SEMICONDUCTORS
At finite temperatures, due to thermal agitation and lattice vibrations, <

some of the valence band electrons are always present in the conduction
band, i.e., at ordinary temperatures, an intrinsic semiconductor always
contains some free electrons in the conduction band and an equal number
of holes in the valence band. In the absence of any applied electric field,
these electrons and holes move in random directions and constitute no
current. When an electric field is applied, these electrons and holes get
accelerated towards the opposite ends of the field and their velocity begins
to increase. This increase in velocity, however, does not continue indef¬
initely because of the collisions of these carriers with the various types of
obstacles, such as atomic nuclei, phonons, etc., present in the semiconductor.
Depending on the mean free path, the carriers acquire an average increment
in velocity which is lost during the subsequent collision. This extra velocity
acquired by the carriers in the presence of an applied electric field is called
the drift velocity and is denoted by vd. It is proportional to the strength 2/of
the applied electric field, i.e.,

If a trivalent impurity atom of Group III, such as boron, aluminium,gallium or indium, is introduced into silicon, it forms three covalent bondswith the neighbouring three silicon atoms while the fourth bond iscompleted due to the deficiency of
not

electron. This incomplete bond isshown by broken line in Fig. 7.4a where the small circle (marked 'a')represents the electron deficiency. Thus the trivalent impurity atom has atendency to accept one electron (£ayV) from a neighbouring silicon atomto complete the fourth covalent bond. This process requires a small amountof energy which iseasily provided by the thermal agitation in the crystal. Thetransferred electron leaves behind a broken covalent bond, i.c., a hole, atposition 'b' on the silicon atom which acts

one

as a current carrier.

Conduction bapd

TIf
Band gap

___
I

__
£TLJ----level

(B) - *“ Valence band

(a) ( b )
V, oc sFig. 7.4. (a) A trivalent impurity atom (B) in a silicon crystal

(b) Energy level diagram of a p-type semiconductor.
The energy level corresponding to the electron deficiency of the type'a' is located just above the valence band and is called the acceptor levelThe acceptor levels arc located at a distance of about 0.01 eV above the topof the valence band in Ge and at about 0.046 to 0.16 eV in Si. An electronbe easily transferred from the valence band to the acceptor level byproviding this small amount of energy. Thiscreatesa hole in the valence bandwhich actsasa mobile currentcarrier. The negatively charged impurity atom,however, remains immobile and does not contribute toconduction.Thuseachtrivalent impurity atom can accept an electron from a neighbouring siliconatom to produce a hole in the semiconductor. Such impurities are, therefore,known as acceptors or p-type impurities and the semiconductor containingsuch impurity atoms is known as a p-type semiconductor. In these semicon-

or
(7.3)vA = pE

where the constant p is called the mobility of the charge carrier and is defined
as the drift velocity acquired by a carrier per unit electric field strength.

In an intrinsic semiconductor, since the electrons move in nearly
empty conduction band while holes move in nearly full valence band, the
properties such as mobility, conductivity, etc. of electrons are, in general,
different from those of holes. Let vÿ, pn and n denote the drift velocity,
mobility and concentration of electrons respectively in the conduction band.
Then current density due to electrons is given by

Jn=nevdn
where e is the electronic charge. We can write (7.3) for the electrons as

v* =* VJB

can

(7.4)

II
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where mn* and mp* represent the effective masses of an electron and a hole
respectively, Eg is the band gap, A: is the Boltzmann’s constant and T is the
absolute temperature. Substituting n(. from Eq. (7.10) into (7.9), we get

, 2(2nkT)yi
+ Mp) ""

h3’ ~
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Therefore, from Eq. (7.4), we obtain

K = ncKs (7.5)

Comparing it with Ohm's law, i.e.,
a = (7.1DK =<*'8,

where an represents the electronic conductivity of the material, we get

CTn = n«M„
Similarly, we can write the expression for the conductivity due to holes in
the valence band as

which gives(7.6)

= - ( —f 1 + + constantyik) T 2
In CT (7.12)

(7.7)QP = M£MP
where p and u represent the concentration and mobility of holes respectively.
Thus the total conductivity of the material is

The first term on the right hand side is the dom¬
inant term.The plotof lna versus 1/7"is a straight
line as shown in Fig. 7.5 The slope of the line
gives an estimate of the band gap of the semicon-
ductor.
7.5 CARRIER CONCENTRATION AND

FERMI LEVEL FOR INTRINSIC
SEMICONDUCTOR
The concentration of electrons and holes

in a semiconductor can be obtained from the
knowledge of the densities of available states in
the valence band and the conduction band as well as the Fcrmi-Dirac distri¬
bution function. The expression for the Fermi energy is then obtained from
these carrier concentrations.
7.5.1 Electron Concentration in the Conduction Band

Referring to Eq. (5.44), the number of free electrons per unit volume
in an energy range E and E + dE can be written as

t+ °P
= « («M„ + PPp) (7.8) £

For an intrinsic semiconductor,

n = P = n, 1/T -
Therefore, Eq. (7.8) becomes

Fig. 7.5. Plot of Uws
versus 1/T.a = en, (M„ + Mp)

It is important to note that, in semiconductors, the movement of carriers
or the flow of current is, in fact, the consequence of the following two
processes :

(7.9)

(i) drift of carriers under theeffect of an applied field; the resulting
current is called the drift current.

(ii) diffusion of carriers under the effect of concentration gradient
of dopants present inside the semiconductor ; the correspond¬
ing current is called the diffusion current.

In the above treatment, we have considered only the drift current contribu¬
tion. The diffusion current contribution is absent in semiconductors having
a uniform distribution of impurities.
Variation of Conductivity with Temperature

Assuming mobilities to be independent of temperature, the temper¬
ature dependence of conductivity arises because of the variation of intrinsic
carrier concentration, nt, with temperature. It will be proved that ni is given

dn = D(E)j{E) dE (7.13)
where D(E) is the density of states defined as the total number of allowed
electronic states per unit volume in a semiconductor and f{E) is the Fermi
distribution function representing the probability of occupation of a state with
energy E. The expression for J{E) is given by Eq. (5.28) as

1 (7.14)Is?) + 1exp
by

whereas that for D(E), which is strictly valid for free electrons, is obtained
from Eq. (5.40) as2{2nkT)m

(7.10)h3I.
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£>(£)= (7-15)A3 n =
Using Eqs. (7.15) and (7.13), wc obtain

dn = (2mf2EU2f(E)dE 4n / » »3/2= \2mnkT) CXP
(7.16)

/i3
It is apparent from Fig. 7.6 that an electron occupying an energy state E in
the conduction band, in fact, possesses the kinetic energy {E-Ec).Therefore,
in Eq. (7.15), E must be replaced by (E-Ec). Thus Eq. (7.16) becomes

Now

= r=r
4i 0dE (7.17)dn =

+ 1exp (Mf-KM]n = 2
(7.19)where mn* is the effective mass of the electron in the conduction band. The

concentration of electrons, in the conduction band is obtained by integrat¬
ing Eq. (7.17) from E = Ec to E = oo, i.e.,

From Eq. (7.14), the probability of occupancy of level Ec is given by

i(E-Ecf2dE A£c) =471 = exp2mnn = — — K.E. of
+ l electronA3 E-Er_ CBEc exp

kT
Therefore. Eq. (7.19) becomesE9(7.18) m

Now, near room temperature, kT=0.026 of

eV. Therefore, for energies greater than
Ec, we have

.3/2

/(£,)

on the right hand side must represent the effective density ofstates of electrons at the conduction band edge. Denoting it by Nc, we have

(7.20)

h2
Fig. 7.6. Band model of an

intrinsic semiconductor.
The first term

1 + exp

I-MIn = Nc exp

where

2nm*kTNC = 2 h2 (7.21)
For silicon,

Let kT
dE = kT dx

1 ■
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For E = x - 0f— f”3 'Uoo;

! > ‘

Nc = 2.8 x 1025

152 Hole Concentration in the Valence Band
An expression similar to (7.13) for the number of holes per unit volume

in the energy range E and E + dE can be written as
dp = D(E)[1 -m)dE

, where we have replaced /(A) by [1-/(£)] which represents the probability
of an energy state E not to be occupied by an electron, i.e., the probability
of finding a hole in the energy state E. Now

‘ P~ (2m*p) Cxp(~ÿ) %l%T)y2

= “T [2mp)V2™ p(ÿ~](kTf2 l

c~x(-kT)dx

\xy2e-xdx
(7.22)

•swrÿ)(5f
exp1 = 2i-m = i - (7.25)

1+exp

' r£F-£vv
kT ).

orIn the valence band, since E<Ep theexponential term in the denominator may
be neglected in comparison to unity. Thus, we get

p = Nv exp (7.26)

where(E~EF){ kT , (7.23)1 -J[E) = exp
* \V2InnipkT I

Nv = 2It follows that the probability of finding holes decreases exponentially with
increase in depth into the valence band. Also, the kinetic energy of a hole
in the energy state £ in the valence band is (£v-£). Therefore, the density
of states per unit volume in the valence band can be written as

A2 (7.27)

represents theeffective density of holes at the valence band edge. For silicon,
/ ~ \3/2

-3UooJNv = 2.8 x 1Q25(7.24)D(E)

The electron and hole concentrations given by Eqs. (7.20) and (7.26)respectively are valid for both intrinsic and extrinsic materials. For intrinsicmaterials, these equations can also be written as
where m* is the effective mass of a hole in the valence band. Using Eqs.
(7.23) and (7.24) in Eq. (7.22) and integrating from E = -<» to E = £v, we
obtain the hole concentration in the valence band as

3/2 £, I-Ps4)] l-ftWjE-EF471 7 /

_
-d/2J (Ev ~ E) expK) = Nc exp!dE , Pi = Nv exp

where the Fermi level Ef has been replaced by the intrinsic level £(.
153 Fermi Level

For an intrinsic semiconductor,

(7.28)P = AT-CO

EV~ELet = X
kT
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Using Eqs. (7.21) and (7.27) , the above expression becomesSolid State Physics
212 ,3( 2nkT Y / . M3/2-7-J enp = n? = 4
Therefore, from 'Eqs- (7.20) and (7.26), we get

Nv exp

(7.33)

This shows that, for a given semiconductor, the product of electron and hole
concentrations is a constant at a given temperature and is equal to the square
of the intrinsic carrier concentration. This is called the law of mass action
and holds for both intrinsic and extrinsic semiconductors. If impurity atoms
are added to a semiconductor to increase n, there will be a corresponding
decrease in p such that the product np remains constant Thus we always
have

Nc exp

kT ) Nc
2EF-EC-EV\Nÿ

expor

np = n,2
The intrinsic carrier concentration can be directly obtained from Eq. (7.32)
or (7.33) as

(7.34)NckTor

F F Ec + £v +£F=£i- ~ + (7.29)

Li)
2kT J

or =(W1/2cxp (7.35)
we obtain

Using Eqs. (7.21) and (7.27) in Eq. (7.29),

f2**rr2 / . n3/4 £ )=2brJ “TS£J+ - fr in j — £ÿ (7.30) (7.36)
4 "h,

For pure Ge at 300 K, the intrinsic electron concentration is about 2.4xl019
m-3 when the concentration of germanium atoms is 4.4X1028 m~3. This
shows that, at ordinary temperatures, only about five covalent bonds per 1010
atoms of germanium are broken and contribute to intrinsic conduction. On
the other hand, in metals such as copper, about 1028 electrons per cubic metre
are available for conduction.
7.6 CARRIER CONCENTRATION, FERMI LEVEL AND

CONDUCTIVITY FOR EXTRINSIC SEMICONDUCTOR
As described earner, the donor or acceptor levels are present in an

extrinsic semiconductor depending on the type of impurity present. The
concentration of donors or acceptors in a semiconductor affects the Fermi
energy, the carrier concentration and the conductivity of the semiconductor.
We consider the following cases :
(a) N-type Semiconductor

The energy level diagram for an n-type semiconductor is shown in
Fig. 7.7. At 0 K, all the donors are in the unionized state, i.e., all the donor
levels are occupied with electrons. As the temperature increases slightly,
some of the donors get ionized and contribute electrons to the conduction
band. Also, some of the valence band electrons may jump to the conduction

AtO K,

IT E'+EvEf- 2
(7.31)

i.e., the Fermi level lies in the middle of the conduction band and valence

band. This is also true at all other temperatures provided mp* - mn*.
However, in general, mp* > mn* and the Fermi level is raised slightly as

T exceeds 0 K. For Si at 300 K, the increase in Fermi energy is about 0.01

eV only which may be neglected for all practical purposes.

7.5.4 Law of Mass Action and Intrinsic Carrier Concentration

Since for an intrinsic semiconductor,

n = p = nt,

the Eqs. (7.20) and (7.26) yield

np = nf2 =NcNvexp

(-£)l kT
(7.32)

= NLNV exp t»

KMM■
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band leaving behind holes in the valence band. The number of holes
produced in this process is, however, quite small. Therefore, the Fermi level
must lie somewhere near the middle of the donor level and the bottom of
the conduction band. We determine the equilibrium carrier concentration at
a temperature T.Let there be Nd donors per unit volume occupying the donor
levels with energy Ed. Assuming that Ef lies more than few kT below the
conduction band, the electron concentration in the conduction band, as given
by Eq. (7.20), is

214

= (-fir1!1+ exp

[fifi]= Ndexp (7.40)

<7.20) where we have neglected the exponent term in the denominator assuming
that EF lies more than a few kT above Ed. Using Eqs. (7.20) and (7.40) in
Eq. (7.38), we obtainThe electron concentration must be equal to the sum of the concentra¬

tion of ionized donors, Nd, in the donor levels and the concentration of
thermally generated holcsjp the valence
band, i.e., Nc exp

Conduction
n = Nf + p

If a sufficient number of donors .arc
present to produce electrons in the
conduction band, the concentration of 1
thermally generated holes gets sup¬
pressed as a consequence of the law of
mass action [Eq. (7.34)]. Thus p may be
neglected in Eq. (7.37) which, there
fore, becomes

n = N/
Also, from Eq.(7.34), the concentration
of minority carriers (holes) is given by

(7.37)
orEF

Ed
EC-EF | EF-Ed _ *»-E, InNd - InNcor

kT kT

F 2 2 UJEv or (7.41)

'
This gives the position of the Fermi level at moderate temperatures. Since
Nc varies as Tm as given by Eq. (7.21), this equation is not valid for T = 0 K,
Also, it is not valid for T — > oo because, at very high temperatures, the
assumption of suppressing the holes does not hold good. The only valid
information obtainable from this equation is that the Fermi level lies some¬
where near the middle of the donor level and the conduction band edge at
moderate temperatures. This is particularly true for those values of T and
Nd for which the second term on the right hand side is negligible. As T
increases, ■ the Fermi level moves downwards and crosses the donor level.
For sufficiently large temperatures, it drops to EJ2, i.e., coincides with the
intrinsic level This is, however, not apparent from Eq. (7.41). In such
a case, the extrinsic semiconductor behaves like an intrinsic one. The
variations of (Ep-l :th temperature for both n and p typesilicon areshown
in Fig. 7.8 for difftt mpurity concentrations.

w,
Fig. 7.7. Band model of an n-type

semiconductor.

(7.38)

•hit ;
(7.39)P= "+d

and the concentration of ionized donors is calculated as

Nd+ = Nd U -AEd)\

1= *d 1-
1+exp

-A—
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-W0*«,(-£) (7.44)Conduction band0.6 S '

% where AE = Ec-Ed represents the ion¬
ization energy of the donors.This shows
that the carrier concentration at moder¬

ate temperatures varies as -JNJ .
The electrical conductivity of an

n-type semiconductor can be calculated
from

0.4 B

& e
7o Intrinsic

level— 0.2 L\5 n- type
\?

C0
400 T ( K )200 600uT

L p- type
uT -0.2 Jk 1/T

Fig. 7.9. Conductivity versus
temperature for a typical n-type

germanium sample.

NO « = "H.a *"/
where it has been assumed that the con¬
duction is mainly due to electrons.

Knowing the electron concentration, n,and the electron mobility, pn, at any
given temperature, the electrical conductivity can be calculated by using Eq.
(7.45). The temperature dependence of electrical conductivity for an n-type
germanium is shown in Fig. 7.9. The following conclusions can be drawn
from this curve :

(7.45)

***-0.4

-0.6 Valence band
Fig. 7.8. Variations of Fermi level with temperature and

impurity concentration for Si

A direct relationship between the equilibrium carrier concentration
and the position of the Fermi level relative to the intrinsic level, as obtained
from Eqs. (7.20) and (7 28), is

»

»

(i) Starting from the very low temperature (about 10 K) corre-
• sponding to the point A, the conductivity increases with rise

in temperature. This is due *-> the increase in the number of
conduction electrons as a result •* ionization of the donors. The
conductivity attains a maxim value (point B) when all the
donors are ionized. The temperature corresponding to this is
about 50 K for a moderately doped n-type germanium.

(ii) The conductivity decreases with further increase in tempera¬
ture up to about room temperature (point Q and is attributed
to the decrease in the value of mobility with rise in temperature.
There is also an increase in the intrinsic conductivity but to a
lesser extent

(iii) The sharp rise in conductivity from C to D is due to the large
increase in intrinsic conductivity which offsets the decrease in
mobility.

(b) P-type Semiconductor
The case of a p-type semiconductor can be treated in the same way

as that of an n-type semiconductor. The energy level diagram for a p-type
semiconductor is shown in H|. 7.10. The acceptor impurity atoms occupy
the acceptor levels, Ea, which lie above the valence band. For T >.0 K, a

EEZEL)
kT ) (7.42)n = n( exp

It is obvious from this equation that the equilibrium electron concentration
approaches the intrinsic carrier concentration as Ef approaches E-. Also, the
electron concentration increases exponentially as the Fermi level moves
away from Ei towards the conduction band. A similar relation for the hole
concentration will be obtained later.

The free electron concentration in the conduction band is obtained
by substituting the value of Ep from Eq. (7.41) into (7.20), i.e.,

[ 2kT .2 {Ncn = Nc exp

ftf/T (E*-Ec\UJ CXP1 2*T J= Nc

= (Wl/2 «P (7.43)
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part of these acceptors is ionized by
acquiring electrons from the valence
band, thus creating holes in the valence
band which cause p-type conduction.
Apart from these holes, some thermally
generated holes are also present in the

valence band. If n, p, Na and N~ rep¬
resentelectron concentration in thecon¬
duction band, hole concentration in the
valence band, total acceptor concentra¬
tion, and concentration of ionized ac¬
ceptors respectively, then

p = n + N~

Neglecting n in comparison with N~
for a p-type semiconductor, we get

218 ! Semiconductors 219

T-fe)Ea+Ev (7.49)

As described earlier, the Fermi level at moderate temperatures lies near the
middle of the acceptor level and the top of the valence band. It moves
upwards with increase in temperature and finally coincides with the intrinsic
level as shown in Fig. 7.8. The expression (7.49) is not valid at very high
temperatures where n car.not be neglected.

E,

E._
Using Eqs. (7.26) and (7.28), .we obtain an expression identical to Eq.EF

(7.42), i.e.,

§',!!»!1 ft?) (7.50)P = «, exp

Fig. 7.10. Band model for a
p-type semiconductor.

It indicates that the equilibrium hole, concentration approaches the intrinsic
carrier concentration as Ef approaches E(. Also, p increases exponentially
as EF moves away from £, towards the valence band. An expression for the
hole concentration in the valence band can be obtained by using Eq. (7.49)
into (7.26) as in the previous case.

The electrical conductivity of a p-type semiconductor is given by
(7.51)

where the conduction due to minority carriers has been ignored. The variation
of conductivity with temperature is similar to that for the n-type semicon¬
ductor.

The concentration of ionized acceptors is given by
(7-46)

IQ =Naf(Ea) *

CTP = eppp = eNa ppNo. (7.47)=
1+ex

Assuming (Ea-EF) to be large as compared to kT, Eq. (7.47) can be written It also follows from Eqs. (7.45) and (7.51) that the increase in
concentration of either type of impurity atoms increases the conductivity of
a semiconductor. For impurity concentration ranging from 1020 to 1022 m-3,
die resistivity of Si and Ge varies from 10~3 to 10-1 ohm-m. If doping is
heavy (1023 to 1024 atoms/m3), the conductivity of semiconductors becomes
comparable to metals. Such semiconductors are called degenerate semicon¬
ductors and find applications in high power and high frequency devices.
(c) Mixed Semiconductor

In a semiconductor containing both n and p-type impurities, the law
of electrical neutrality is written as

as

Na a (7.48)

The hole concentration in the valence band is given by Eq. (7.26) as

M
( EF~EVp = Nv exp kT

Using Eqs. (7.48) and (7.26) in Eq. (7.46), we obtain

(7.26)

V +7» = N~ + n
Taking Nf = N~ and using Eq. (7.34), we obtain

P = n = n,
This shows that, for equal concentrations of donors and acceptors, the
semiconductor behaves as pure or intrinsia*cmiconductor. All the ionized

(7.52)

Nvcxp

which, on simplification, gives
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acceptors combine with free electrons of the donors and all the ionized donors
combine with free holes of the acceptors to produce no net free carriers, ho,

Nÿ*N~or simply Nd*Na (donors and acceptors areassumed to be ionized),
the semiconductor behaves as n*type or p-type depending on the relative
magnitudes of Nd and Na, and the cases described above become applicable.
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From Eq. (7.42),

EF - £f = kT In I —«;

1023= 8.62 x 10~5 x 300 InSOLVED EXAMPLES 1.5xlO16E„T = 0.406 eV
The position of the Fermi level in the

Ei band diagram is shown in Fig. 7.11.
Example 7.2. In intrinsic GaAs, the

Ev electron and hole mobilities are 0.85
and 0.04 m2/V-s respectively and the
corresponding effective massesare0.068

mo and 0 5 m0 respectively where mQ is the rest mass of an electron. Given
the energy band gap at 300 K as 1.43 eV, determine the intrinsic carrier
concentration and conductivity.
Solution. Given,

-EFExample 7.1. The electron and hole mobilities in a Si sample are 0.135 and
0.048 m2/V-s respectively. Determine theconductivity of intrinsicSi at 300 K
if the intrinsiccarrier concentration is 1.5xl016 atoms/m3. The sample is then
doped with 1023 phosphorus atoms/m3. Determine the equilibrium hole
concentration, conductivity and position of the Fermi level relative to the
intrinsic level.
Solution. Given

I1.1 eV 0.406 eV

Fig. 7.11

fi„ = 0.135 m2/V-s
\ip = 0.048 m2/V-s
n, = 1.5 x 1016 nr3

In the case of intrinsic semiconductors, p„ = 0.85 m2/V-s
Up = 0.04 m2/V-s

m* = 0.068 m0
m* = 0.5 m0

Eg = 1.43 eV
T = 300K

From Eq. (7.36), the intrinsic carrier concentration is given by

P=.«,n =
Therefore, the conductivity is given by

a = eni (p„+ Hp)
= 1.6 x 10~19 x 1.5 x 1016 x (0.135 + 0.048)

= 4.39 x lCT* (Q-m)-1
In the extrinsic case, since Nd » n,, and assuming all the donors to

be ionized, we have
n = Nd+ = 1023 atoms/m3

Therefore, the equilibrium hole concentration is n, = 2

(1.5xlO16)22
p=*- = = 2.25 x 109 m-3 f227ixl.38xl0~Z3 x 300

[ (6.63xlO-34)21023n
The conductivity is given by

° = enVn
= 1.6 x 10"19 x 1023 x 0.135

= 21.6 x 102 (Q-m)"1 x jo.068x0.5x(9.1xHr3I)2jV expÿ- 1.43
2x 8.62 x10-5 x 300

= 1.94 x 1012 m-3
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( ) U-Oj 2 V305 J
1 1

■V.The conductivity is given by

wi (M„+ MP
= 1.6xl0"19xl.94xl012x(0.85+0.04)

= 2.76xl0"7 (Q-m)"1
Example73.The resistivity of an intrinsic semiconductor is 4.5 ohm-m at

20°C and 2.0 ohm-m at 32°C. What is the energy band gap ?

Solution. For an intrinsic semiconductor, we have

a = enp

2X1.38X10"23 1293 305

Eg = 1.54 x 10~19 J

= 0.96 eV

CT = or

SUMMARY
1.Semiconductors are materials which have electrical conductivity

lying between those of conductors and insulators. They exhibit band gaps
of the order of 1 eV and negative temperature coefficient of resistance.
Examples of these materials are Si, Ge, GaAs, InP, CdS, etc.

Jk 2. In a semiconductor, two types of current carriers are present, viz.,
electrons and holes. Electrons conduct in the conduction band and holes
conduct in the valence band.

3. In a pure or intrinsic semiconductor, electrons and holes are
thermally generated and are equal in number.

4. In a doped or extrinsic semiconductor, the conduction is mainly
by either electrons (n-type conduction) or holes (p-type conduction). The
electrons in the n-type and holes in the p-type semiconductors are called
majority carriers. The holes in the n-type and electrons in thep-type material
are termed the minority carriers.

5. Mobility is the velocity acquired by a carrier in a unit electric field.
Electrons have greater mobility than holes. Hence devices with n-type
conduction are mostly preferred to those with p-type conduct'on

f . 6. In general, two types of currents flow in a semiconductor — the
drift current and the diffusion current. The motion of carriers in an electric
field constitutes the drift current The diffusion current arises from the
motion of carriers under the effect of concentration gradient of the carriers.
In a uniformly doped semiconductor, the latter contribution is absent

7. The conductivity of a semiconductor, in general, is given by
+ PPp)

8. The conductivity of an intrinsic semiconductor increases with
temperature. The plot of In a versus 1IT is a straight line and can be used
to determine the band gap.

9. The concentration of electrons in the conduction band and holes
in the valence band are given by the expressions

Using Eq. (7-36), we get

o = 2ep

= crm exp I 2kT

where C is a constant given by

(ffW4C = 2ep

the conductivities at temperatures T, and T2 respectively,If and a2 are
then

= (f) “>(t(£-£))= a
PiCT2

where p represents the resistivity. The above equation can also be expressed

as

U Ti) ff, 2 T2
E* CT =
2k

Now, we have
Tj = 20 + 273 = 293 K,

T2 = 32 + 273 = 305 K,
Pi = 1/a, = 43 ohm-m

p2 = 1/ct2 = 2.0 ohm-m
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9. What arc majority carriers and minority carriers?

10. Define law of mass-action. For what type of semiconductors docs it
hold?

11. Define drift velocity of a carrier?

12. What arc degenerate semiconductors?

13. Which has greater mobility, electron or hole?
14. Can a semiconductor containing both n-lype and p-lypc impurities

behave as intrinsic semiconductor? Give reason.

•■•(=?)”4(ÿ)1

The intrinsic carrier concentration is

2kT
.£L. SHORT QUESTIONS

l. Give the properties of holes vis-a-vis electrons.

Explain the conduction mechanism for n-lype and p-type semicon¬
ductors.

What arc donors and acceptors? Give two examples of each.

Derive and discuss the law of mass action.

Explain the concepts of drift current and diffusion current. How are
they different?

Obtain an expression for conductivity of an intrinsic semiconductor.
How does it vary with temperature?

Show a typical variation of conductivity with temperature for an
extrinsic semiconductor and explain the different regions.
Define the Fermi level. What is its importance in electronic grade
materials?

10. The law of mass action, i.e.,

np = n? 2.

holds for both intrinsic and extrinsic semiconductors.

11. In an intrinsic semiconductor, the Fermi level lies in the middle

of the conduction band and the valence band edges. At moderate temper¬

atures and impurity concentrations, the Fermi level of an n-type semicon¬

ductor lies almost in the middle of the donor level and the conduction band

edge, whereas in a p-type semiconductor, it lies in the middle of the acceptor

valence band edge. As the temperature increases, the Fermi

3.

4.

5.

6.level and the
level approaches the intrinsic level.

7.
VERY SHORT QUESTIONS

8.
intrinsic semiconductor?1. What is an

2. What is an extrinsic semiconductor?
3. Explain the concept of hole.

4. What type of carriers is present in a

LONG QUESTIONS
semiconductor?

1. Discuss the current conduction in semiconductors. How do conduc¬
tivity of a semiconductor and a metal change with impurity content?
Explain the difference in behaviour of these two materials due to
change in conductivity.
Derive expression for density of free electrons and holes in an intrin¬
sic semiconductor. Show that the Fermi level lies halfway between
the valence band and the conduction band.
What is an extrinsic semiconductor? Discuss the variation of the
Fermi level with temperature for an n-type semiconductor.

Define mobility of a charge earner.

6. What is doping?

7. Draw the energy level diagram for an n-typp semiconductor and label
2.

it.
nrgy level diagram for a p-type semiconductor and label

8. Draw he e
it

■
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Derive an expression for density of electrons in the conduction band
for an n-type semiconductor.
What are mobility and conductivity? Obtain an expression for con¬
ductivity of doped semiconductors.

Derive expressions for electron and hole concentrations for an mtrin-
sic semiconductors. Use these results to obtain intrinsic carrier con¬
centration.
Show that the product of electron and hole concentrations in a semi¬
conductor is constant at a given temperature. How is the energy gap
determined from the measurement of electrical coductivity of a semi¬
conductor?

226
2277. The mobilities of electrons and holcs'in intrinsic Gc arc0.39 and 0.19m2/V-s respectively. Determine the intrinsic carrier concentration andconductivity of Ge at 300 K if the band gap of Gc is 0.67 eV and theeffective masses of electrons and holes are0.55m0 and 0.37m0 respec¬tively, m0 being the electronic rest mass. How many dopants must beadded per cubic metre of Ge to increase its conductivity by a factorof 104? (1.81xl0I9m-3, 1.68 fT'-m"1, 2.69xl023nr3)In an n-type semiconductor, the Fermi level lies 0.5 eV below theconduction band. If the concentration of donor atoms is tripled, findthe new position of the Fermi level, given kT = 0.03 eV.

4.

5.

6.

8.
7.

(0.48 eV below the conduction ba,.d)
PROBLEMS

AnWrinsic germanium crystal has a hole density of 1019 m“3at room
temperature. When doped with antimony, the hole density decreases
to 10*7 m-3 at the same temperature. Calculate the majority carrier

(1021 m~3)

The band gaps of diamond and silicon are5.4 and 1.1 eV respectively.
Estimate the temperature at which diamond has the same conductiv¬
ity as Si at 27°C.

The conductivity of intrinsic Si is 4.17 x 10-5 and 4 x I0-4
(£2-m)-1 at 0°C and 27°C respectively. Determine the average band
gap of Si.

The conductivity of n-type geri anium semiconductor is 39
Q-'m-1. If the mobility of electrons in germanium is 0.39 m2
V-Is~’, then find the concentration of ihc donor atoms.

I.

density.

2.

(1200°C)

3.

(1.11 eV)

4.

(6.25 x 1020 nr3)

How many donor atoms should be added per cubic metre of pure
germanium crystal such that an n-type semiconductor is formed whose
conductivity is 500 mho/cm. Given that the mobility of electrons in
n-type semiconductor is 0.385 m2V-ls *.
The conductivity of a semiconductor changes when the concentra¬
tion of electrons is varied by changing the position of impurity level.
Show that it passes through a minimum when the concentration of

electrons becomes ”, JUp / P„ where n(- is the intrinsic carrier con¬
centration, pn and represent the mobilities of electrons and holes
respectively. Dtcrminc the minimum value of conductivity.(2/iepn)

5.

(8.12 x 1024)

6.
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or B = pH (8.4)
where p is called the absolute permeability pf the medium. Like x, p is also
in general, a tensor; for the isotropic medium, however, it represents a scalar

. quantity having dimensions that of p0. It 'is more convenient to
introduce a dimensionless parameter pr which is called the relative pe
ability of the medium and is given by

same as

Chapter-Vin

MAGNETISM IN SOLIDS
M = M0 Mr (8.5)

Thus, Eq. (8.4) becomes
B = Mo Mr H (8.6)

From Eqs. (8.3) and (8.6), we get
Magnetism was observed as early as 800 BC in a naturally occurring

material called load stone which was used for navigation purposes. In the
modem concept, all materials, viz., metals, semiconductors and insulators,

aid to exhibit magnetism, though'of different nature.The presentchapter
reviews the magnetic terminology in brief and describes the various types

of magnetism in detail.
8.1 MAGNETIC TERMINOLOGY

When a solid is placed in a magnetic field, it gets magnetised. The
magnetic moment per unit volume developed inside a solid is called mag¬
netization and is denoted by M. There is another important parameter called
the magnetic susceptibility, %, which is a measure of the quality of the
magnetic material and is defined as the magnetization produced per unit
applied magnetic field, i.e.,

M, = 1 + X
For free space, i.e., in the absence of any material medium, M = 0, x = 0,
p = p0 and pr = 1, and from the above relations, we obtain

B = M0H

(8.7)

.ire •

(8.8)
8.2 TYPES OF MAGNETISM

According to the modem theories, the magnetism in solids arises due
to orbital and spin motions of electrons as well as spins of the nuclei. The
motion of electrons is equivalent to an electric current which produces the
magnetic effects. The major contribution comes from the spin of unpaired
valence electrons which produces permanent electronic magnetic moments.
A number of such magnetic moments may align themselves in different
directions to generate a net non-zero magnetic moment. Thus the nature of
magnetization produced depends on the number of unpaired valence elec¬
trons present in the atoms of the solid and on the relative orientations of the
neighbouring magnetic moments. The magnetism in solids has been clas¬
sified into the following five categories :

. (i) Diamagnetism
(ii) Paramagnetism

(iii) Ferromagnetism
(iv) Antiferromagnetism
(v) Ferrimagnetism

Diamagnetism is a very weak effect and is observed in solids which
do not contain any permanent magnetic moments. The existence of a small
non-zero magnetic moment in these materials is attributed to the orbital
motion of electrons. This magnetic moment is always directed opposite to
the applied magnetic field. The other types of magnetisms arise due to the
presence of permanent atomic or electronic magnetic moments. Paramag-

(8.1)X = M/H
where H is the strength of the applied magnetic field, also referred to as the
magnetic field intensity. As the vectors M and H can, in general, have
different directions, X >s a tensor. However, in isotropic media, M and H
point in the same direction and x is a scalar quantity. In the SI system, both
M and H are measured in amperes per metre (Am-1) and hence x is a
dimensionless quantity. If M refers to a gram molecule of a substance, the

ptibility is termed the molar susceptibility and is designated by xm- The
magnitude and sign of susceptibility vary with the type of magnetism as will
be discussed later.

The magnetic induction or magnetic flux density B produced inside
the medium as a consequence of the applied magnetic field H is given by

B = p0 (H + M)

where p0 is the permeability of the free space or vacuum and is equal to

4n x 10-7 Henry per metre (Hm-1). The quantity B is measured in Weber
per square metre (Wbm-2) or Tesla (T). Using Eq. (8.1) in (8.2), we obtain

B = MO(1+X)H

susce

(8.2)

(8.3)

228
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where Ze represents the nuclear charge and m is the mass of the electron. It
gives the value of 0>o as

\Solid State Physics

netism is also a weak effect but, unlike diamagnetism, the magnetic moment
is aligned in the direction of the field. Ferromagnetism is a very strong effect
and arises when the adjacent magnetic moments align themselves in the same
direction. In antiferromagnetism, the adjacent moments are equal and op¬
posite to each other and hence complete cancellation of moments takes
place. Ferrimagnetism is similar to antiferromagnetism except that adjacent
moments are unequal in magnitude and hence complete cancellation of
moments does not take place. The magnetic materials are classified accord¬
ing to the nature of the magnetism present. It may, however, be noted that
above a certain critical temperature, the distinction between various types
of magnetic materials disappears and all the materials become paramagnetic.
The various types of magnetisms have been described in detail in the
following sections.
8.3 DIAMAGNETISM

As indicated above, diamagnetism in a material arises due to changes
in. the atomic orbital states induced by the applied magnetic field. An
electron revolving in an orbit constitutes an electric current When a mag¬
netic flux linked with such an electric circuit is changed, an induced current
is set up in such a direction as to oppose the change in flux in accordance
with the Lenz’s iaw. The magnetic field of the induced currcjÿ is opposite
to the applied field and produces the diamagnetic effect The occurrence of
diamagnetism is manifested by the very small and negative value of the
magnetic susceptibility. Diamagnetism exists in all materials but is usually
suppressed due to the presence of stronger effects such as paramagnetism,
ferromagnetism, etc. The diamagnetism has been described quantitatively
by applying the classical and quantum theories.
8.3.1 Langevin’s Classical Theory

Consider an electron revolving around the nucleus in a circular orbit
with frequency coÿ. Since a moving electron is equivalent to a current, some
magnetic flux is linked with such a current loop. When an external magnetic
field is applied, the magnetic flux linked with thiscurrent loop tends tochange
which alters the current in the loop in such a way as to oppose the change
in flux. This change in current is manifested by the change in the frequency
of revolution of the electron. If a>0 is the frequency of revolution of the
electron in the absence of an applied field and p is the radius of the orbit,'
•ben we have

231230

Ze2
(8.10)

4TIE0mp3
In the presence of a magnetic induction B, the Lorcntz force on an electron
moving with velocity v is given by

F = e(v x B)
Assuming the magnetic field to be perpendicular to the orbit, the magnitude
of this force is

(8.11)

F = epcoB
If co is the frcqency of electron in the presence of the field, the force equation
can be written as

(8.12)

Ze2mco2p = - epcof?47te0p2
= mo)02p - epo>B . [Using Eq. (8.10)] (8.13)

where the minus sign with the Lorentz force represents the negative charge.
Thus

, eB ,
<Dÿ +-<0 - 0>oz = 0m

+ 4ml1or co = —2 m m

= ±j"K£) 2m
eB

eBFor -— « <D , we obtain
Im

eB
(8.14)Ze2y?WV V mco02p = (8.9)47JEÿp2 This shows that the freouenov of revolution ''fun elertnon chanoec Kv 3



Magnetism in Solids

Equation (8.17) now gives

232Solid State Physics232

eB
of — in the presence of the magnetic induction B. The ± sign in (8.14)

2m
signifies that the electrons with orbital moments parallel to the field arc
slowed down whereas those with moments antiparallcl to the field are speeded
up. This result is called the Larmor theorem. The chatlgc in frequency
produces an additional current which can be written as

/ = charge x revolutions per unit time

*?*<,*>. (8.19)
6m 6 m

For a solid consisting of N atoms per unit volume, each containing Zelectrons,
the expression for the diamagnetic susceptibility becomes

M N\i0Ze2 <r2> (8.20)Xitia r,// 6m

1,271 2m ) This is the classical Langevin result and shows that the diamagnetic suscep¬
tibility is independent of temperature.
8.3.2 Quantum Theory

Using quantum mechanics, it can be shown that, in the presence of a
magnetic induction B, the Hamiltonian (H of an atomic electron changes to
(H + Ti' where the term <H' may be treated as a small perturbation and is given

= (-«)

_ —4Tim

The magnetic moment of the current loop containing a single electron isgiven
by the product of the current and the area of the loop, i.e.,

(8.15)

by
i

e2B 2 c2ieh(8.16) <H' = - — - (V.A + 2A.V) + —A22m 2m
where A is the magnetic vector potential expressed by

B = V x A
If the magnetic induction is uniform, it can be described by the vector
potential A as

(8.21)

'Hie negative sign signifies that the induced magnetic moment points in a
direction opposite to the applied field. If B is not perpendicular to the plane
of the orbit, then p in Eq. (8.16) represents the projection of the radius of
the orbit on a plane perpendicular to the magnetic field. If an atom contains
Z electrons with their orbits randomly oriented, the total induced magnetic
moment becomes A = — Bx r

Ze2B 2M*=--ÿr<p " (8.17)
M " Bxz) + k(Bxy - tyr)] (8.22)

It the field points along z-axis, then
For the magnetic field pointing along the z-direction, we have

Bx = By = 0, Bz = B,
<p2> = <x2> + <y2>

is the mean of the squares of perpendicular distances of electrons from the
axis of the field. The mean square distance of electrons from the nucleus is

<n> = <x2> + <y2> + <z2>
and Eq. (8.22) gives

1 1
Ax = - 2yB' Ay = 2xB' Aÿ° (8.23)

For a spherically symmetric charge distribution, we have
<*2> = <y2> = <z2> Also,

„. dAx dAy dA,f<p2><r2> = = 0(8.18)

r
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requires the determination of electronic charge distribution within the atom.
It may, however, be noted that in thecalculations involving quantum mechan¬
ics, the concept of orbits is replaced by the wave function and the quantity
<rb> has a different significance. The experimental results agree fairly well
with the theoretically calculated values particularly for light elements and rare
gases, whereas large deviation?exist for ions containing a very lrrgc number
of electrons. The typical value for helium is about -1.9X10-6 which shows
that the diamagnetism is a very weak effect.
8.4 PARAMAGNETISM

Paramagnetism occurs in those atoms, ions and molecu'cs which have
permanent magnetic moments. In the absence of a magnetic field, these
magnetic moments are oriented randomly and no net magnetization is pro¬
duced. When a magnetic field is applied, these moments orient themselves
in the direction of the field which results in some net magnetization parallel
to the applied field. The paramagnetic materials have small, positive and
temperature-dependent susceptibility. The permanent magnetic moments of
ions result from the following contributions :

(i) The spin or intrinsic moment; ?f the electrons,
(ii) The orbital motion of the electrons,

<iii) The spin magnetic moment of the nucleus.
Paramagnetism is observed in :

(i) Metals

and

8 , 3 , 8
AV =A*fo+ÿdy+A*dz

Therefore, Eq. (8.21) becomes

ietiB (8.24)<H' = -v
2nt

In quantum mechanics, the angular momentum operator is given by

L = - iftr x V

(8.25)= - iti

Thus, it follows that the firsi term on the right hand side of (8.24) it
proportional to L;. The distance r is measured from the nucleus.

If we consider a unit volume of a substance containing N atoms each
having Z electrons, the second term in the expression (8.24) becomes

where <pb> represents the mean of the squares of radii of the projections of
orbits on a plane perpendicular to the magnetic field. Now if the magnetic
field induces a dipole moment in the material, the corresponding energy term
should be of the second power in B. Hence the term (8.26) may be regarded
as the energy term associated with diamagnetism of the material. Comparing

(8.26) with the diamagnetic energy, or - — Xdiaÿ we £et’

N\i0Ze2

<P2> (8.26)

(ii) Atoms and molecules possessing an odd number of electrons,
e.g., free sodium atoms, gaseous nitric oxide, etc.

(iii) A few compounds having an even number of electrons, e.g.,
oxygen molecule.

(iv) Free atoms and-ions hav¬
ing a partially filled inner
shell, e.g., rare earth and
actinide elements, ions of
some transition elements
such as Mn2+, etc.

8.4.1 Langevin's Classical Theory
Langevin considered a paramag¬

netic gas containing N atoms per unit
volume each having a permanent mag¬
netic moment g. The mutual interaction
between the magnetic dipoles was as-

B

‘ g cos 0 / /<p2> (8.27)" ~
4m /

d0Using Eq. (8.18), it becomes &//
= _*ÿL<r2> (8.28)t-dia 6m O

where <i2> represents the mean square distance of the electrons relative to
the nucleus. The result is identical to the one obtained from the classical
theory. Thus, in order to calculate %dia, we

Fig. 8.1. Magnetic dipole with
moment g cricnted at an angle P to

the applied magnetic field.must determine <rl> wiuen
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sumcd to be negligible. In the presence of a magnetic induction B, these
dipoles tend to orient themselves in the direction of the field in order to
minimize their energy. The thermal energy at ordinary temperatures, how¬
ever, resists such an alignment of dipoles. In thermal equilibrium, the dipoles
orient themselves at an angle 0 with the direction of the applied field as shown
in Fig. 8.1. The potential energy of each dipole in this position is given by

E = - p.B = - \iB cos 0
Using Maxwcll-Boltzmann distribution law, the number of magnetic dipoles
having this particular orientation is proportinal to

pficos 0

236
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*

Therefore, Eq. (8.30) becomes

£ÿ=Np
i;'eÿdy

ex+e~x — = N\x x — —1M = Np ex-e~x x

= Np L{x) (8.31)

HH 1.0 Xl 3
or expexp kT

0.8Also, according to statistical mechanics, the probability for a magnetic dipole
to make an angle between 0 and 0 + dO with the magnetic field, or the number
of dipoles, dn, having axes within the solid angle dco lying between two
hollow cones of scmianglcs 0 and 0 + d0 (Fig. 8.1) is given by

0.6

0.4( pZ?cos 0ldn oc exp
0.2

( pBcos0ÿl kT ) 2n sin0 d0 (8.29)= k exp
0 62 3 4 51

where k is a constant. Each one of these dipoles contributes a component of
magnetic moment p cos 0 to the magnetization, whereas the components
perpendicular to the field direction cancel each other. Hence the average
component of the magnetic moment of each atom along the field direction
multiplied by the number of atoms per unit volume, N, gives the magneti¬
zation M, i.e.,

x

Fig. 8.2. Variation of U(x) with x.
where L(x) is called the Langevin function. The variation of L(x) with

VBx = is shown in Fig. 8.2. For x« 1, i.e., at normal field strengths and

ordinary temperatures, the curve is almost linear and coincides with the
tangent to the curve at the origin which is equal to xTi. Thus, we have

L(x)|JC_o s — = -v 3 3kT

p£cos0 sin0expÿ-fe°sG j}Q|!cos0drt
M = Np<cos0> = N (8.32)Jo pBcos©Josin0 exp

kT Therefore, Eq. (8.31) gives
(8.30)>

3kTLef — =x,
kT The paramagnetic susceptibility is given as

lipAf = p0/Vp2
3kT

which shows that the susceptibility is inversely proportional to temperature.
It can be written as

and cos0 = y
-sin Q dQ - dy (8.33)Xpara = B
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with J. For each value of J, mj can have (27+1) values which means that the
magnetic moment of the atom can have (27+1) different orientations relative
to the field. The potential energy of such a magnetic dipoic in the presence
of a magnetic field B is, therefore, given by

E = "lj8PnB
According to the Maxwcll-Boltzmann distribution, the number of atoms
having a particular value of nij is thus proportional to

e~mjgnBB/kT
Considering a unit volume of a paramagnetic material containing a total of
N atoms, the magnetization in the direction of the field is given by

M - N x (Statistical average of the magnetic
moment component per atom along B)

-mjgÿBB/kT

We consider the following two cases :
(i) At normal flux densities and ordinary temperatures,

™jgPljB
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C
(8.34)A-para 'j-

_ 1‘oÿM2 1is a constant. The expression (8.34) is called the Curie

law and C is called the Curie constant. Thus we find that the Curie law holds
good for p/1« AT.

For large values of x, i.c., for high flux densities and low temperatures,
L{x) approaches unity and Eq. (8.31) gives

M = Ap = Ms
This is the saturation condition which corresponds to the complete alignment
of the magnetic dipoles in the field direction; Ms is called the saturation
magnetization.
8.4.2 Quantum Theory

The classical theory assumes that the permanent magnetic moment of
a given atom or ion rotates freely and can possess any orientation with respect
to the applied magnetic field. According to quantum theory, since these
magnetic moments arc quantized, the magnetic dipole moment p and its
component pz in thedirection of Uic applied field cannot have arbitrary values.
We have, in general, a direct relationship between the magnetic dipole
moment p of an atom or ion in free space and its angular momentum J as

M = SBBJ

where C (8.39)3A

(8.35)

mj=+J -"•jgPBe= W £ (8.40)
T71J——J

« 1kT(
Therefore, the expression (8.40) can be approximated as(8.36)

eh
g\iB I -ml1_\_

_mjgPaBThe quantity pB is called the Bohr magneton and is equal to — in SI system
kT

M - N +7 (eh mjgViBBand-in CGS system of units; g is known as tire Landc's g-factor and
2me

is equal to 2 if the net angular momentum of the dipole is due to electron
spin and 1 if it is due to orbital motion only. In general, it has mixed origin
and is obtained from the expression ;

£ 1-
kT

+y
Zmy =0

mj=-J
■ Now,

7(7 + l) +5(5+ l)-L(L + l)
(8.37)* = 1 + 27(7 + 1)

i *4-2 £and
where S and L represent ■the spin and orbital quantum numbers of the dipole
respectively. The orientations of the magnetic moment p with respect to the
direction of the applied magnetic field are specified by the rule that the
possible components of p along the field direction are given by

Mz = - 8Vn'nJ
7-1, 7 is the magnetic quantum number associated

3ntj=-J ntj=Q

gVBB 7(7 + l)(27 + l)
• M = N -Jai 3

(8.38) (27 +1)
where m} — -7, -7+1
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which is ihc same as (8.43). For x» I. i.c., at low temperatures and strong
fields,

241
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/(/+1)
3kT

= hoA giJ{J+X)
B 3kT

_ BoNp)flV?B
3kT

is the effective number of Bohr magnetons and is given by

(8.41) coth x = 1
Bp) = 1

= N

and Eq. (8.46) becomes(8.42)
"kpara M = NgJ\\B

This result implies the state of magnetic saturation, i.c., all the dipoles get
aligned along the magnetic induction B. Thus, in this limit, the expression
(8.46) is analogous to the Langevin expression (8.31) with the difference that
the latter is applicable to freely rotating dipoles only. In fact, for / -> <», i.c.,
for a large number of allowed orientations of a magnetic dipole, we have

(8.49)

(8.43)T-paraor

where peff
(8.44)

Peff= 8>lJ\J+i) 2JX
colli —

expression (8.43) is identical to the classical expression (8.33) with

(8.45)

2J x
The

1 'B2 = Peff BB

also be deduced from Eq. (8.43) as described earlier.
coth +~y -> coth xand

The Curie law can
I

Bp) -» coth x - or L(x)

Thus the quantum results approach the classical ones. This is what is expected
as the classical theory allows all conceivable orientations. For other values
of J, however, the two results differ considerably.

The order of magnitude of paramagnetic susceptibility of a solid as
estimated from Eq. (8.48) at room temperature is about 10~7 which is quite
small. It increases by more than hundred times at 1 K. Equation (8.48) is
successfully employed to predict the values of susceptibility for various
paramagnetic crystals particularly rare earth ions. The valueof/ isdetermined
by applying the Hund’s rules W. However, Eq. (8.48) is unable to account
for the experimental observations of susceptibility for the ions of the iron
group. This is because of the presence of crystal field due to other ions which

mjgyipB
(ii) At low temperatures and strong magnetic fields, — is not

smaller than unity and it is not possible to make a series expansion of the
some algebraic manipula-cxponcntial terms in the expression (8.40). Aftei

lions, Eq. (8.40) yields
(8.46)M = NgJ\ijjBj (x)

8Jÿ.BB an(j w is thc Brillouin function defined as
where x = kT --UotoU2i±lcolh *£±1,- (8.47)W- 2/ 2J2J2 J

For x « 1, we have 0) Hund’s rules state that, for the ground state of atoms with incompletely
filled shells,
(i) the electron spins add up to give the maximum possible S consistent

with the Pauli's exclusion principle.
(ii) the orbital momenta combine to give the maximum value for L that

is consistent with (i)
(iii) the value of / is given by

J = \L - SI if a shell is less than half-filled
J = L + S if a shell is more than half-filled.
If the shell is just half-filled, L-Q and, therefore, / = 5

1 x
cothx = — + —x 3

Jt(7 + 1)

Thus the susceptibility becomes

p0M _ p0W(/ + l)g2Pfl _ BoNptffPB (8.48)
Ipara g 3kT3kT

I
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8.5.1 Weiss Theory of Ferromagnetism
The theory of ferromagnetism put forward by Weis« is centred about

the following two hypotheses :
(i) A specimen of ferromagnetic material contains a number of

small regions called domains which are spontaneously magne¬
tized.The magnitudeof spontaneous magnetization of the spec¬
imen asa whole isdetermined by the vector sum of the magnc'ic
moments of individual domains.

(ii) The spontaneous magnetization of each domain is due to the
presence of an exchange field, Bg, which tends to produce a
parallel alignment of the atomic dipoles. The field BE is as¬
sumed to be proportional to the magnetization M of each do¬
main, i.e.,

243Solid State Physics

cannot be neglected in comparison with the externally applied field. In
paramagnetic materials where the crystal field is negligible, Eq. (8.48) holds
good. But when it isstrong, it may break the rotational symmetry of thedipole
and affect its total angular momentum. Also, the average value of Lz may
reduce to zero which isknown asquenchingof the orbitalangular momentum.
In such a case, Eq. (839) should be written as

E=2mÿ
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[As g = 2]

(8.50)

kT, it yieldsFor

BE = XM (8.52)
where X is a constant called the Weiss-field constant and is
independent of temperature.$HOa (8-51)S(S+1)X_ 3kT

For example, for Mit3* ions, the value of x as obtained from the above
expression with S - 2 is in conformity with the experimental observations
where Eq. (8.48) predicts a zero susceptibility.

8J5 FERROMAGNETISM
Like paramagnetism, ferromagnetism is also associated with the pres¬

enceof permanent magnetic dipoles, but unlike paramagnetism, the magnetic
moments of adjacent atoms in this case are aligned in a particular direction

____
in the absence of the applied magnetic field. Thus a ferromagnetic

material exhibits a magnetic moment in the absence of a magnetic field.The
magnetization existing in a ferromagnetic material in the absence of an
applied magnetic field is called the spontaneous magnetization. It exists
below a certain critical temperature called the Curie temperature. The
alignment of magnetic moments below the Curie temperature is due to the
exchange interaction between the magnetic ions and will be described later.
Above the Curie temperature, the thermal effects offset the spin alignment

It may be noted that, in the above expression, we always use the
average values of B£ and M for a domain. The field Bg is also called the
molecular field or the Weiss field and is generally quite strong as compared
to the applied field B. For iron, for example, BE » 1000 T.Thus the effective
mangetic field on an atom or ion becomes

Bejj = B + BE = B+ XAf
In order to develop the theory of ferromagnetism, we shall use the quantum
theory of magnetization rather than the classical Langevin theory used by
Weiss originally.

Consider a ferromagnetic solid containing N atoms per unit volume
each having a total angular momentum quantum number 7. By analogy to
Eq. (8.46), we can write the expression for magnetization as

MÿNgJpgBjix)

(8.53)

(8.54)
where

The ferromagnetic substances acquire a large magnetization in the 27+1 uf27+ nBAx) =-coth-x* 27 1 27 J 27 tit).1--coth (8.55)presence of even a weak external magnetic field. They possess a large and
positive value of susceptibility which, in general, is not constant but varies
with field strength.The variation of magnetization with field strength exhibits
the well-known hysteresis curve. The examples of ferromagnetic materials
are the elements such as Fe, Ni, Co, Gd and by, and a number of alloys and
oxides such as MnBi. MnAs, Ci02, etc.

and

(8.56ÿkT kT
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x representing Eqs.
(8.60) and (8.61) arc
shown in Fig. 8.3.
Note that the Eq.
(8.60) represents a
straight line passing
through theorigin and
having slope propor¬
tional to T. At tem- P o
perature equal to the 0.4
critical temperature
Tc, this line is tangent
to the Brillouin func¬
tion at the origin. The
intersection of the two
plots at the point O
represents a positive
solution, but the mag¬
netization correspond¬
ing to this point is
unstable. Another point of intersection appears for T <TC which indicates
a non-zero value of M even for zero external field and hence corresponds to
spontaneous magnetization. It also follows that the spontaneous magnetiza¬
tion decreases with increase in temperature and vanishes beyond the temper¬
ature TQ which is known as the ferromagnetic Curie temperature. The
variation of spontaneous magnetization with temperature is shown in Fig.8.4.
It becomes maximum at 0 K when all the moments arc lined up in a particular
direction under the influence of the exchange field. This variation of Ms
enables one to classify the paramagnetic-ferromagnetic transition as a second
order phase transition, i.e., a transition characterized by an order parameter
(e.g. Ms in this case) which is non-zero only below Tc.
The Paramagnetic Region

Consider the magnetization in the region well above the Curie tem¬
perature. For T > Tc, the spontaneous magnetization is zero and an external
field will have to be applied to produce some magnetization. This field should,
however, be weak enough to avoid the saturation state. In such a state, we
find from Eq. (8.56) that x « 1 and we can write
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In case of spontaneous magnetization, B = 0 and Eq. (8.56) becomes
1244

1.0
(8-57)x = kT

0.8
xkT (8.58)

As T -> 0 or x -> oo, Bj(x) -» 1; the magnetic moments align themselves

parallel to the field and the magnetization M becomes the saturation mag¬

netization, Ms(0). Thus, from Eq. (8.59) give

Ms(0) = NgJpB

From Eqs. (8.58) and (8.59), we obtain

Ml. «,<»)'

.*, 0.6

(8.59)
0.2

xkT (8.60) o 0.2 0.4 0.6 0.8 1.0

TITC
Also, Eqs. (8.54) and (8.58) give

Fig. 8.4. Spontaneous magnetization versus
temperature for T < TQM(T)

0)
(8.61)= B{x)

T> TQ T=TC T<TCI.1.0

Plot of Eq. ( 8.61 )

MS(T) 0.8

Ms ( 0)

0.6•t
\_

S 0.4

5 *• Plot of Eq. ( 8.60 )

0.2

0

Fig. 8.3. Graphical solution of the simultaneous equations (8.60) and (8.61).

A point of intersection P determines the spontaneous magnetization MfT)
at a given temperature. No solution exists for T >TQ.

The magnetization M(7) at a given temperature can be obtained by

solvingEqs.(8.60)and (8.61)simultaneously.Theplots of M(T)/Ms(0) versus

f— VV 3JB/.x) s

Therefore, the expression (8.54) becomes

A
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atoms. Apparently, the strength of exchange interaction between the adjacent
atoms depends on the extent of overlap of their wave functions as well as
theÿelalive orientation of the electron spins but not on the spin magnetic
moments. Thus this is an electrostatic and non-magnetic type of interaction.

Using Heitlcr-London theory of chemical bonding, itcan beshown that
the total energy of a system of two atoms contains an exchange energy term
given by

M = Ng\iB (J+l)x/3

g/pfl(B+Uf)
x—-—-s '

(8.62)
kT

Thus,

(8.63)

Uij = ASj
where Sjand Sj represent the spins of the two atoms and 7, is the exchange
integral which is assumed to be the same for any pair of atoms. Its value
depends on the overlap of the charge distributions of the two atoms, i.c., on
the interatomic distance. In general, Je is positive for huge interatomic
distances and negative far smaller ones.The expression (8.67) is known as
the Heisenberg model of exchange energy. It also follows from (8.67) that
if Jt is positive, the parallel arrangement of spins exhibits lower energy and
hence is more stable as compared to the antiparallel arrangement, thereby
producing magnetization. In a similar way, it can be concluded that the
negative value of Jt does not favour magnetism.

(8.67)
which gives

PoM _ \L0TCI\ _ C
B ~ T-Tc

(8.64)X = T-Tc
where

T
_ xNgyBj(j+i)

C 3k

The expression (8.64) is known as the Curie-Weiss law. It satisfactorily
describes the temperature dependence of susceptibility in the paramagnetic
region provided the temperature is well above the Curie temperature. The
Curie temperature determined from the theory of spontaneous magnetization
differs by a few degrees from the experimentally determined value for the
paramagnetic region.

8.5T2 NatureandOriginof WeissMolecular Field t Exchange Interactions

The ,Weiss theory of ferromagnetism is
ferromagnetic domains which are spontaneously magnetized due to the pres¬
ence of an internal molecular field called theWeiss fieldor theexchange field,

Be The theory,however, does not explain the origin and nature of this field.
The Weiss field cannot be simply due to magnetic dipole-dipole interaction
between (he neighbouring dipoles as this would generate fields of the order
of 103G only whereas the actual field strengths are observed to be quite high.
For example, the Weiss field for iron is of the order of 107 G. It was
Heisenberg who first proposed in 1928 that the Weiss field was the conse¬
quence of the quantum-mechanical exchange interaction between the atoms.
This interaction arises due to the Pauli’s exclusion principle according to
which any change in the relative orientation of the two spins would disturb

(8.65)

(8.66)and

Co
' t

Ni

Fe Gd

0
'<j"3dMn,

based on the concept of
Cr

Fig. 8.5. Plot of exchange integral, Jt versus ratio of interatomic
separation to the radius of the 3d orbit, rÿrÿ

The exchange integral for iron group of atoms is found to be positive
inspite of thefact that the interatomicdistance for thisgroupisnot large.This
follows from the observations of Bathe and Slater which indicate that Jt is
positive if the ratio r jrÿ is greater than 3 but is not much larger than 3, r~
being thedistance between the atoms iand jand r-ÿ is the radiusof the unfilled
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8.5.3 Concept of Domains and Hysteresis
According to the Weiss theory described above, the exchange inter¬

actions between the neighbouring dipoles in a ferromagnetic material gen¬
erate an internal exchange field BE which aligns them in a particular direction.
It is, however, observed that a ferromagnetic material such as iron does not
exhibit a net magnetization unless it is placed in an external" field. Weiss
explained this by introducing the concept of ferromagnetic domains. Accord¬
ing to this concept, a single crystal of a ferromagnetic solid is divided into
a number of small regionscalled domains each one of which is spontaneously
magnetized by the exchange field. The magnetization vectors of different
domains arc, however, randomly oriented so that no net magnetization is
produced in the material as a whole. In the presence of an external magnetic
field, the domains pointing in the direction of the field grow at the expense
of those pointing in other directions, thereby resulting in some non-zero
magnetization in the material.
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3d-shcll. The variation of Je as a function of rjr}d is shown in Fig. 8.5. It
is apparent that the ratio rÿrJtl favours ferromagnetism for Fc, Co, Ni and
Gd whereas for Mn and Cr it docs not favour ferromagnetism. Thus elements
like Mn and Cr do not exhibit ferromagnetism.

Theexpression for theexchange field, B£,and the relationship between

Je and x can be obtained by following the procedure suggested by Stoner.
Assuming Je to be constant for all the neighbouring pairs and considering
contributions from the nearest neighbours only, we may write the exchange
energy of an rlh atom as

248

Ut = -7Je ISj.Sj (8.68)
j

where the summation is over the nearest neighbours of the r'th atom. Stoner
replaced the instantaneous values of the neighbouring spins by their time
averages. For z nearest neighbours, (8.68) can be written as

U, = - 2zJ' (S*<Sÿvv+VV)
For magnetization, M, along the z-axis, we have

M(8.69)
C

Domain rotation
M B<Sxj> = <Syj> = 0 and <SQ> = (8.70) ‘ Irreversible wall

displacement
A

2zJeSziM ~Hc Reversible wall displacement(8.71)(/, = - gNUs E O K H
It may be written as

(8.72)Ui = -«ÿSzi»BBE
G

B -E ~ NgVn (8.73)with
F

2z/e
The factor ,, 2 "> is a constant and is equal to X, i.e.,Ng Fa

Fig. 8.6. Typical hysteresis curve for a ferromagnetic material indicating the
predominant magnetization processes in different revions.

According to Neel, the origin of domain structure >' i ferromagnetic
solid rests in the principle of minimization of the total cncr-: of the material
which, apart from exchange energy, comprises the mag; 'he |Hd energy.
anisotropy energy, domain wall energy and magnctostric vr exchange en¬
ergy. As an example, the presence of free magnetic pole , at the ends of a
magnetized specimen generates an external field H which gives rise to the
magnetic fiejd energy equal to Vi H.B. This energy can be lowered by

, 2zJeX = — YTNgVe (8.74)

and Eq. (8.73) gives

BF = Ui
which is the same as (8.52).
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reducing the volume of the domain by subdividing it into neighbouring
subdomains, thereby reducing the field H and hence the magnetic field
energy. However, such a subdivision of domains cannotcontinue indefinitely
and is restrained by the fact that the formation of domain walls requires
additional energy. Thus, it can be concluded that, whereas the presence of
large domains is energetically unfavourable, a ferromagnetic material must
possess a domain structure consisting of a number of smaller domains which
corresponds to-a state of minimum energy.

All ferromagnetic materials exhibit the well known hysteresis curves;
a typical one is shown in Fig. 8.6. It is apparent that for T<T0 there are two
solutions for M (and hence for B) which trace the boundary of the hysteresis

. curve. These solutions can be obtained from the intersection of the plots of
Eq. (8.61) and the expression
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the portion OA of the curve is also reversible.’As the field increases, a greater
number of domains grow favourably which results in a large increase in
magnetization (portion AB). The boundary displacements in this region are
often large and irreversible. The growth of domains continues until the
favourable domains grow up to the maximum extent with their magnetization
vectors still pointing along the so-called easy directions of magnetization. As
the field increases further, the domains rotate from their easy directions to
the direction of the applied field; the magnetization increases slowly (portion
BC) and finally attains a saturation value Mf when all thedomains point along
the direction of the field. On decreasing the field, the magnetization docs not
follow the same path because the aligned domains do not regain their random
state of orientation easily: There exists some non-zero magnetization even
after removing the field altogether. This magnetization iscalled the remanent
magnetization or remanence, Mr The magnetization can be reduced to zero
by applying a reverse magnetic field known as the coercive field otcoercivity,
Hc A similar variation in the reverse magnetization is observed asthe reverse
field is first increased and then decreased. The closed loop CEFKC is called
the hysteresis loop. A similar loop is obtained by plotting B versus H except
that the line Clin this curve is never parallel to the field axis. The hysteresis
curves are quite important in determining the quality of a magnetic material
and selecting the material for a particular application.
8.6 ANTIFERROMAGNETISM
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i
-i* (#.75)

where the latter expression has been obtained from Eq. (8.62). The physical
cause of the phenomenon of hysteresis can be understood from the concept
of domains, the magnetization produced in a ferromagnetic solid in the
presence of an external magnetic field may be attributed to

(a) growth in the size of domains having favourable orientation
with respect to the applied field at the expense of those having
unfavourable orientation, and

(b) rotation of the directions of magnetization of various domains
along the field direction.

These two magnetization processes are illustrated below :

Antiferromagnetism originates when the spin moments of the
neighbouring atoms are ordered in an antiparallcl arrangement as shown in
Fig. 8.8 or when the exchange integral is negative. A crystal exhibiting
antiferromagnetism may be considered to be consisting of two interpenetrat¬
ing sublattices A and B, one of which is spontaneously magnetized in one
direction and the other is spontaneously magnetized in theoppositedirection.
This type of magnetism was first observed in the crystals of MnO. In the
absence of an external magnetic field, the neighbouring magnetic moments
cancel out each other and the material as a whole exhibits no magnetization.
However, when a field is applied, a small magnetization appears in the

' ff'x'itIVi ! VV

/ e✓V-N\
» \H

(c) Magnetization by
domain rotation

direction of the field which increases further with temperature. Such a( b ) Magnetization
by domain growth

Fig 8.7. The two fundamental processes of magnetization.
When asmall magnetic field isapplied across aferromagnetic material,

die domains pointing almost along the direction of the field grow at the
expense of die domains having opposite orientation, thus resulting in a small
magnetization as indicated by the initial portion (OA)of the hysteresiscurve.
Such displacements of domain boundaries are mostly reversible and hence

(a) Unmagnetized
behaviour is typical of an antiferromagnetic material. The magnetization
becomes the maximum at a critical temperature T#, called the Neel temper¬
ature, which is analogous to the Curie temperature in the paramagnetic or
ferromagnetic substances. Above this temperature, the magnetization de¬
creases continuously which is indicative of the paramagnetic state of the
material. The variation of susceptibility with temperature isshown in Fig 8.9
and is compared with the corresponding variations for the paramagnetic and
ferromagnetic substances. Unlike the ferromagnetic case, the susceptibility
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253of an antiferromagnetic substance is not

infinite for T equal to TN,but has a weak
cusp. The antiferromagnetic behaviour
can be explained with the help of the A
molecular Field theory which was ini¬
tially developed by Neel. A brief de¬
scription of this theory is given below.

Consider an antiferromagnetic
substance consisting of two sublattices
A and B such that an atom of one type has all the nearest neighbours of the
opposite type. The internal or molecular field acting on an atom can be
obtained by using the molecular field approximation developed by Weiss in
which the interaction between the various magnetic moments is considered.
In an antiferromagnetic substance, besides the nearest neighbour negative AB
interaction, there also exists the next nearest neighbour negative AA (or AB)
interaction which is quite weak as compared to the former. If a and P
represent the interaction parameters, i.c., the Weiss field constants for AA (or
BB) and AB interaction respectively, the internal fields present at A and B
sites, expressed in terms of flux densities, can be written as

DmA = ~ PMB
~ ~ PMA ~ <XÿB

where MA and MB arc the magnetizations of the corresponding sites. In the
presence of an external field B, the effective fields at A and B sites become

BA = B-OMA- VMB 1
BB = B -WA - aMB J

A 3*7 A
B A B A B

(8.78)
M r,u 3kT 0Fig. 8.8. Neighbouring antiparallel

spin moments of A and B sublattices
producing antiferronuignetism.

where

M2 = BI«2-/(ÿ+1)-
In these expressions, it has been assumed that the A-type atoms arc identicalwith B-type atoms and their densities are equal, i.c., NA= NB= N. The totalmagnetization M is, therefore, obtained as

M = MA + Mg

= — (BA+ Bb)3kT V A ’
= ~[2B-(«+mA+ MB)]

Nit2= ~r [2£-(a+p)A/]

[Using Eq. (8.77)]

(8.76)
(8.79)

This yields the expression for susceptibility as

(8.77)

Y = M* _
4 B

C'ATo determine the total magnetization, MA+Mg, of the specimen, we consider
the temperature regions below and above the Nec> temperature.

Ferromagnetism

(8.80)Wp2(a + P) T +Q
T+

3kAntiferromagnetismParamagnetism

1 T where
lSi t V

x II; c _ 2p0yvp2zz
3*‘To

° y=-C T
1 T

( Curie law }
z=T

( Curie -Weiss law )

-0 0
C = Nÿ2(a + P)and 0( T> Tn)z = t«.81)

The expression (8.80) satisfies the experimental data on susceptibility quite
well. It is analogous to theCurie-Weiss law given by Eq (8.64) for ferromagnetic
materials above the critical temperature except that it contains the termT+Q instead of T-Q (or T-Tc) in the denominator. The 1/x versus T curvesare shown in Fig. 8.10 to compare the antiferromagnetic behaviour with the

r+e 3k
Fig. 8.9.

(«7 T>TN
In this region, the specimen behaves as paramagnetic; the magnetiza¬

tions of the two sublattices can be written in accordance with Eq. (8.33) as

Jlr- ■
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below the Neel temperature. The susceptibility in the parallel direction, x«.
decreases continuously with deercase'in temperature and approaches zero as
T-> 0 K. This means that at 0 K, the internal field is so strong that it does
not allow thespinsof onesublatticc tochangethcirorientation along thespins
of the other sublattice even when an external field is present At 7=7ÿ
Xj. = X« = X- The variations of xÿ, Xu and X with temperature are shown in
Fig. 8.11.
8.7 FERR1MAGNETISM

Ferrimagnctism is identical to antiferromagnetism except that the
magnetization of tftc two sublatticcs have different magnitudes which result
in a non-zero value of net magnetization. This type of magnetism occurs in
materials such as ferrites which are basically the oxides of various metal
elements. The most common example is the one of magnetite or ferrous
ferrite, FcÿCÿ or FeO. FejOj. It has been found that for this particular ferrite,
one FC3+ ion occupies tetrahedral or A-site, i.e., it is tetrahedrally coordinated
to four oxygen anions while the other Fe3+ ion and the Fe2+ ion occupy
octahedral or B-sites, each being octahedrally coordinated to six oxygen
anions. The ions present at A and B sites constitute A and B sublattices
respectively and have opposite types of magnetizations. The net magnetiza¬
tion of a formula unit of Fej04 is, therefore, equal to the magnetization of
a single Fe2+ ion and is represented in Fig. 8.12. However, one unit cell of
magnetite having the spinel structure contains eight formula units of FejCÿ
in it and accordingly the net magnetization of a unit cell is equal to the sum
of the magnetizations of eight Fe2+ ions.

255254
andparamagnetic

ferromagnetic ones. It
be shown that the

Neel temperature, is
not identical with 0 and
the two are related as

can t /
1/x

If

v/s/Tv _ P~a
0 ” P +a

/(8.82) /
/

/
Thus the value of

TN depends on the
strength of AB and AA
(or BB) interactions. For

0, TN = 0. If a is

/1
/

/
/

eo-e Ta =
positive, < 0. Also,
7V increases with p. Fig. 8.10. Plot of lft versus T for para-, ferro- and

These results have been antiferromagnetic substances above their critical

verified experimentally
temperatures.

>

<ti) T<TN
In this temperature region, each of the two sublatticcs A and B is

spontaneously magnetized along its preferred direction of magnetization, but

the net magnetization is still zero. The application of an external field,

however, results in some
net megnetization.There
are two directions of the
applied field which are
of particular interest —perpendicular and
the other parallel to the
preferred direction. The
susceptibility in these
two directions are deter¬
mined separately and the
average is taken to
calculate the net suscep¬
tibility It can be shown
that the susceptibility in
the perpendicular direc- Fig. 8.11 Plot of % versus T/TNfor an antiferromag-

tion, XJL< independent crystal. Fpr T<T„, % is also a function of

Of temperature, ie„re- direction of external field relative to the preferred

mains almost constant
direc*M of magnetization.

. I*-i <«!*ÿ I NetXi Fe®+Fe3*
(5|*B) + mangetization

<4 MB)(SFB)
XXone A B B

X
Fig. 8.12. Magnetizations of die individual sites and the net

magnetization in one formula unit of Fefi+
It is thus easy to note that a ferrimagnetic solid resembles a ferromag¬

neticonein thesense that both possessspontaneousmagnetization. Also, both
exhibit hysteresis and almost identical magnetic properties. Neel attributed
the antiparallel arrangement of spins of A and B sites to the negative AB
interaction. Besides this, therealsoexist the negative AA and BB interactions
which are much weaker than AB interaction. The magnetic behaviour of
ferrimagneticSolids isexplainedon the basisof Neel’smolecular field theory;
the detailed description is beyond the scope of this book. Above the Curie
temperature, the magnetization at both the sites obeys the Curie-Weiss law,
whereas below this temperature thesaturation effectscome intoexistence and
the magnetizations are obtained using Eq. (8.46).

X||

1.0 1.50.5
77TN
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From Eq. (8.28), we have
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SOLVED EXAMPLES
Nli0Ze2 <ÿ>.Calculate the diamagnetic susceptibility of atomic hydrogen

wave function
Xdia =~ 6mExample 8.1

in the ground state at S.T.P. using the _ Nn0Ze2 4r1 2mV(r) =--jp exp

where aQ (= 0.46A) is the atomic radius.

Solution. The wave function for the ground state of hydrogen atom is

6.023xlQ26
2.24 xlO-2

Z= 1

aD = 0.46 x 10~10m

2.69x 1028 x 4ti x 10-7 x(l.6x 10"19)2(0.46 X 10“10)2

= 2.69 x 1028 m"3Here

1 r
W) = cxp

(««0) «0

Xdia = ~
of electronic charge distribution from the nucleus 2x9.1xlO'31

The mean square distance
is calculated as . = -1.01 x 10-6 (SI units)

Example 8.2. A paramagnetic gas with L = 0 and S = 1/2 contains N atoms
per m3. Obtain expressions for the atomic densities in the possible energy-
levels and the resultant magnetization. If the gas contains lu28atoms per m3,
calculate the populations of the levels and thq,magnetization at 300 K and
5 K for an applied magnetic flux density of 2.5 T.
Solution. Since L = 0, S = 1/2

</> = q'V2 'Edi¬

fy *r2\pr2dr= 471
0

-5M'S* J = 1/2, mj = ± Yi and g = 2
Therefore, there are two energy levels with energies given by

E = mjgpgB
Let Nif2 and N_i/2 representÿ the populations of the levels with

my = 1/2 and -1/2 respectively. Since population of a level E is proportional

2r— = tPut «0

r =-ÿt and dr = -ÿdt
(-£)•we haveto exp

<r2>
[~ÿh ( WBB)

l 2kT )S Nft = A exp -44 = d exp
Now

where A is a proportionality constant determined by the condition :
'jrVÿdf = 24
0 It gives

(in magnitude)<rl> = 3a2
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Afe = 5 x IO27 x = 4.97 -X 1027 m"3
1.00J'sKsi'l2kT )-4M N ex

N ;ÿ= Wu = 5 x 1027 x = 5.03 x 1027 m-31.00
A = (Vl»l

{2kT )(f£) ,2kT ) 2cosh2cosh2cosh

M = 9.27 x 104 x 5.6 x IO"3 = 519.1 Am"1
If p is the atomic moment, the magnetization is given by

M = »WJ*-Ny) =gÿBJ{N.m-Nm)
Similarly, at 5 K, we obtain

Nm = 3.38 x IO27 m~3
N_m = 6.62 x iO27 m~3
M = 3.0 x 104 Am"1

Example 8.3. Dy3+ has outer electronic configuration of 4f 6s°. Calculate
the magnetic susceptibility for a salt containing one kg mole of Dy3+ ions
at 300 K.
Solution. Number of unpaired electrons in Dy3+ = 5.
Application of Hund’s rules yields

fsKsttl-eupf-IHe?)I 2kT \ 2kT )exp

( 8VBB]
i,2Jtr J2cosh*

UkT j (8.83)= gytgJN tanh

Now S = 5(1/2) = 5/2
L = 3 + 2 + 1' + 0-1=5
J = L + S = 5/2 + 5 = 15/2

g = 2, 7 = 1/2

pB = 9.27 x IO"24 Am2
N = 1028 m~3
fl = 2.5 T
It = 1.38 x IO”23 JR"1

7(7+ l)+S(S+l)-L(L + l)g= 1 + = 1.3327(7+1)
The above expressions become

Now

-La For 1 kg mole of salt, N = 6.023 x 1026. Therefore,Ww=5x 1027
4'n x10"7 x6.023xlO26 x(9.27x IO-24)2 x(l.33)2 15f 15

X 3xl.38xlO-23 x300 * 2 { 2 +1J
( 1.68ÿ"VTI = 5.9 x lir4

Example 8.4. A ferromagnetic material with 7=3/2 and g = 2 has a Curie
temperature of 125 K. Calculate the intrinsic flux density near 0 K. Also,
calculate the ratio of the magnetization at300 K in the presence of an external
field of 1 mT to the spontaneous magnetization at 0 K.
Solution. At 0 K, the intrinsic flux density as given by Eqs. (8.52) and (8.59)

j

N_vi = 5 x 1027 -H?)
(?)M = 9.27 x 104 tanh

•is
At 300 K, we get
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4. Diamagnetic materials exhibit a small negative susceptibility given
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BE = XM = \MS (0) = by
get"Using Eq. (8.66), wc

N\i0Ze2 <ÿ>sxi.ssxurÿxÿs
g\iB(J + ») ~

2 x 9.27 x10-24 x (5/ 2)
6m3JkTc = 111.6 T

*£ =
where N represents the number of atoms per unit volume of the solid, Z the
number of electrons present in each atom, m the electronic mass and <rh>
the mean square distance of electrons relative to the nucleus.

5. Paramagnetic materials possess small permanent magnetic moments
which arc oriented randomly in the absence of the Field. The susceptibility
is small bdt positive.

6. According to the classical theory, the paramagnetic susceptibility
at normal field strengths and ordinary temperatures obeys the Curie law and
is given by

magnetization for T > Tcis obtained by using Eq. (8.64) as

CB
Ho(T-Tc)

we obtain

NgV|7(7+ l)B
3k{T-Tc)

The

M =

Using Eqs. (8.65) and (8.66),

(8.84)

- = £
3kT T

Also, t-para
Ms(0) = NgJ\iB_ &BB{J+I)

MX 0) ' 3k(T-Tc)
f_M

where C is the Curie constant; p being the magnetic moment3k

of each atom and k the Boltzmann’s constant. The quantum theory gives an
identical expression with p2 replaced by p2eg p2fl where pB is the Bohr
magneton and peÿ the effective number of Bohr magnetons in the magnetic
moment of a magnetic dipole. peg is related to the total angular momentum
quantum number J of the dipole as

X!0~3X(5/2)-242x9.27x10
3x 1.38 x10-23 x(300-125)

= 6.4 x 1(T*

SUMMARY Peff=S VJ(J + 1)

1 The magnetic moment per unit volume of a solid is called magne-

netization, M, produced per unit applied magnetic field, H,
t where g is the Lande’s g-factor.

6. Ferromagnetic materials consist of spontaneously magnetized re-
I gions called domains which are randomly oriented in the absence of an

applied magnetic field. The spontaneous magnetization vanishes above a
critical temperature called the Curie temperature when the ferromagnetic
materials become paramagnetic.

7. Above the Curie temperature, Tc, the susceptibility of a ferromag-
1 netic material obeys the Curie-Weiss law, i.e., :

tization. The mag
is called susceptibility, i.e.,

X = ivi/n

2. The total magnetic flux density, B, inside a magnetic material is

B = PD (H + M) = p0 (1 + X)H = MoPr H = pH

where p0, pr and p are absolute permeability of free space, relative perme¬

ability cf medium and absolute permeability of medium respectively.

3. Magnetism in solids arises mainly from the spins of unpaired

electrons. The other minor contributions arise due to orbital motion of

electrons and spins of nuclei.

C
X T-Tc

where C is the Curie-Weiss constant.
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netic materials.
What is exchange interaction? How does it help to explain magnetism
in iron group of atoms?
Explain the cause of hysteresis phenomenon in ferromagnetic
rials? What does area of the loop signify?
Explain the difference between the terms ‘Curie temperature’ and
‘Neel temperature’.
Explain the variation of susceptibility with temperature for anlifcr-
romagnetic materials.

8. An antiferromagnetic material comprises two magnetic sublattices
no netwith equal and opposite magnetic moments such that there exists

magnetization in the material. The magnetization, however, appears in the
presence of an applied magnetic field. It increases with temperature and
becomes maximum at a critical temperature called the Neel temperature, TN.
For T > Tn, the material behaves as paramagnetic.

9. A fcrrimagnetic material is identical to an antifcrromagnctic ma¬
terial except that the opposite magnetic moments of the neighbouring
sublatticcs have unequal magnitudes. It also resembles the ferromagnetic
material in the sense that both possess spontaneous magnetization and

6.

7. matc-

8.

9.

exhibit the phenomenon of hysteresis. LONG QUESTIONS
1. Distinguish between the characteristic features of diamagnetism,

paramagnetism, ferrimagnetism, antiferromagnetism and ferrimag-
netism. Give an example of each type of material. Comment on the
temperature variation of susceptibility for all types of materials.

2. Explain the origin of diamagnetism in materials. Obtain an expression
for diamagnetic susceptibility using the Langevin’s theory. What is
the significance of negative susceptibility?

3. Derive an expression for diamagnetic susceptibility using the quan-
theory. Discuss the temperature dependence of susceptibility.

4. Describe the Langevin’s theory of paramagnetism and obtain an
expression for paramagnetic susceptibility. Comment on the tempera¬
ture dependence of susceptibility.

5. Give anaccount for the quantum theory of paramagnetism and discuss
the low and high temperature cases. Explain how the orbital motion
of electrons in transition and rare earth metals is quenched. Write the
modified expression for susceptibility for the ions of iron group.

6. Give an account of the Weiss theory of ferromagnetism. Discuss the
temperature variation of saturation magnetisation. Explain hysteresis
and Curie point on the basis of this theory.

7. Explain how and why are the ferromagnetic domains formed? Draw
a typical B-H loop and describe the different magnetisation processes,
which lead to the forihation of a B-H loop. What are the advantages
and disadvantages of having a B-H loop in a material ?
Describe the Heisenberg’s exchange interaction. How does it explain
ferromagnetism? Relate the exchange integral to the Weiss constant
and the ferromagnetic Curie temperature.

VERY SHORT QUESTIONS

1. Define the following terms:

(i) Magnetisation (») magnetic susceptibility (iii) magnetic flux
density (iv) Permeability (v) Relative permeability.

2. Explain the meaning of the following terms in brief:

(i) Diamagnetism (it) Paramagnetism (iii) Ferromagnetism (iv)
Ferrimagnetism (v) Antiferromagnetism.

3. Define the Curie law for paramgnetism.

4. What is the basic cause of paramagnetism?

5. What is spontaneous magnetisation?

6. What are domains?

7. What is exchange field?

8. Explain the folowing terms briefly :

(i) Hysteresis (ii) Coercivity (iii) Remanence.

9. Whai is Neel temperature?

;. :i:i

SHORT QUESTIONS
1. What is diamagnetism? Why diamagnetic materials have negative

susceptibility?
2. What is the essential difference between the classical theory and the

quantum theory of paramagnetism?
3. Gi J theCurie law of paramagnetism. What is theCurie temperature?

4. Discuss the variation of spontaneous magnetisation with temperature
for ferromagnetic materials.

8.
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9. Describe the two-sublattice model to explain antiferromagnetism.
How docs this model account for the difference between the Neel
temperature TN and the Curie-Weiss temperature, 0?

PROBLEMS
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CIIAPTER-IX

DIELECTRIC PROPERTIES OF SOLIDS
Calculate the diamagnetic susceptibility of copper assuming that an
atom of copper contributes only one electron and the mean square
distance of electronic distribution from the nucleus is equal to the

1.

Dielectrics arc basically electric insulators which ordinarily do
contain any free charge carriers for conduction. They, however, contain
positive and negative charges which arc bound together and hence could be
affected by the applied electric fields. A brief description of the properties
of dielectric solids in the presence of an external electric field is given in this
chapter. These properties are important to understand the propagation of
electromagnetic waves through the material media and fabricate various
devices such as capacitors, microphones, etc.
9.1 POLARIZATION AND SUSCEPTIBILITY

When a dielectric is placed in an external electric field E0, the positive
and negative charges are displaced from their equilibrium positions by very
small distances (less than an atomic diameter) throughout the volume of the/

dielectric. This results in the formation of a large
number of dipoles each having some dipole

© moment in the direction of the field.The material
0 is said to be polarized with a polarization P

defined as the dipole moment per unit volume of
Q the material. As shown in Fig. 9.1, the effect of
© polarization is to reduce the magnitude of the
© external field EQ. Thus.the magnitude of the
© resultant field is less than the applied field, i.e.,
® E < Eq. In vector notation, we may write

not
radius of monovalent copper ion. The lattice constant of copper is
3.61 A and the radius of Cu+ is 0.96 A. (- 4.62 x HT6)

2. The electronic configuration of a Cr2+ ion is 3t/44s°. Calculate the
magnetic susceptibility for a salt containing one kg mole of Cr2+ ions

(1.25 x KT4)
(Hint : Orbital angular momentum of Cr2+ is quenched by the pres¬
ence of the crystal field).

3. Cu2+ has nine electrons in the 3d-shell. What magnetic field must be
applied to a salt containing Cu2+ ions at 1 K so that 90 per cent of
the ions arc in the ground state ?

4. The paramagnetism in copper sulphate arises mainly from the copper
ions with S = 1/2. Show that the magnetization is given by the
expression

>'
at 300 K.

(3T)

--E„

© _<3> <3>+(5ÿ (3)
“® ®+
~<3>
® ®+

©(#) ©M = N\IB tanh
©
©

5. Iron is a ferromagnet with the Curie temperature of 1043 K and an
effective moment of 2.2 pB per atom. Compute the internal field for
iron.

6. Europium oxide is ferromagnetic with the Curie temperature of 70 K.
„ An europium ion has J = 7/2 and g = 2.Calculate the internal magnetic

flux density. Also, determine the ratio of magnetization at 300 K in
(34.7 T, 4.38 x 10ÿ)

7. Nickel (fee) has a Curie temperature of 358°C and a lattice constant
of 3.52 A. A Ni2+ ion has 8 electrons in the 3</-shell. Assuming
quenching of the orbital angular momentum and using the Hund’s
rules and the Weiss theory, determine the saturation magnetization,
the Weiss field constant, the internal magnetic field and the Curie

(1.7 x 106 Am"1, 4.14 x ltf4, 704 T, 1.92)

©
©
©(2100 T)
©

EP E = E0 + Ep
Fig. 9.1. A dielectric slab fleld EP is callcd polarization field as it
placed in an electric field E„ tends to oppose the applied field EQ within the
produced by fixed charges material. For ordinary electric fields, the polar-
(encircled ) outside the slab, ization P is proportional to the macroscopic field
The internal polarization field E. In SI units, it is expressed as
Ep is assumed to be due to
fictitious bound clmrges at the
surface of the slab and is di- where eQ is the permittivity of free space and xe
reeled opposite to Eo.

(9-1)E

a field of 0.05 T to that at 0 K.

r = s0xeE (9.2)

constant for nickel.
is the electric susceptibility. Thus, except for a
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constant factor, the electric susceptibility is a measure of the polarization
produced in the material per unit resultant electric field.
9.2 THE LOCAL FIELD

Theelectric field acting at the site of an atom or molecule is, in general,
significantly different from the macroscopic electric field E and is called the
local field.This field is responsible for polarization of each atom or molecule

. of a.solid. For an atomic site with cubic symmetry, the local field is given
by the Lorentz relation, i.e.,

766
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where the summation is over all the atoms or atomic sites. In case of cubicsymmetry, Eqs. (9.3) and (9.7) yield

P = NaÿE+—
which, on rearranging the terms, gives

r 267

(9.9)3e0

y
_ P Na!EoXe~ t0E~ \_Na (9.10)(9.3)

3E0
Thus, apart from the macroscopic field, the local field also contains

a term which represents the field due to polarization of other atoms in the
solid. The expression (9.3) gets modified with shape of the specimen.
9.3 DIELECTRIC CONSTANT AND POLARIZABILITY

The electric displacement vector for an isotropic or cubic medium can
be defined as

Using Eq. (9.5), we obtain> '

Nalzaer = 1 + Na1-"
3e0

l+™>D = e0e,E = e„E + P
where er is called the relative permittivity or dielectric constant of the
dielectric. It is a scalar quantity for an isotropic medium and is always
dimensionless. The Eq. (9.4) can be used to define the dielectric constant as

EQE+P
E„E

Thus, like susceptibility, the dielectric constant is also a measure of the
polarization of the material. Larger the polarization per unit resultant field,
greater will be the dielectric constant of the dielectric.

The polarizability, a, of an atom is defined as the dipole moment per
unit local electric field at the atom, i.e.,

(9.4) 3sor er = (9.11)Na

This expression can be put in the form

er — 1 _ Na
er +2 3e0

as the Clausius-Mossotti relation. It relates the dielectricconstant to the atomic polarizability provided the condition of cubic sytry holds. In a more general form, it is expressed as

(9.5)= l + Xeer = (9.12)
This is known

mme-

= — ZNjajzr +2 3E0 j 1 1

9.4 SOURCES OF POLARIZABILITY

(9.13)
(9.6)P = a£loc

Thus polarizability is an atomic property whereas dielectric constant is a
macroscopic property which depends upon the arrangement of atoms within
the crystal. If all the atoms have the same polarizability and. there are N
number of atoms per unit volume, the polarization cjui be expressed ai

P = Np = NaEloc

u
(0 Electronic polarizability

(it) Ionic polarizability
(/ii) . Dipolar or orientational polarizability

The extent to which a particular polarizability contributes dependsnature of the dielectric and the frequency of the applied electric field.

(9(7)

The general expression for polarization is, however, given by

P=T,NJajEloc(j) (9.8) on the
■

{
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Substituting x = x0 sin (of, we obtain
m (~©2+©02) x0 = - e E

The amplitude of the dipole is given by

26?Solid State Physics268

9.4.1 Electronic Polarizability
(9.19)toe

The electronic
polarizability arises due
to the displacement of
the electron cloud of an
atom relative to its nu-

E = 0
E _ e Elocf>o =- © - ©

clcus in the presence of
an applied electric field
as showninFig.9.2.The
polarization as well as
thedielectric constant of 9.2. Electronic in the presence of an

external field.

which gives
Polarized atomUnpolarized atom

e" /m
(9.20)

a material at optical fre¬
quencies results mainly from the electronic polarizability. At optical frequen¬
cies, Eq. (9.13) may be written as

This expression gives the frequency dependence of electronic polarizability.
The corresponding expression based on the quantum theory is given by :

e211_L = _L £W<x:(electronic)
n2 + 2 3e0 j 11 A(9.14)

“'= m (9.21)

where zr has been replaced by n2, n being the refractive index.

Classical Theory of Electronic Polarizability

An electron bound harmonically to an atom exhibits resonant absorp¬

tion at a frequency given by

whereÿ is known as the oscillator strength of the electric dipole transition
between the atomic states i and j.
9.4.2 Ionic Polarizability

»

The ionic polarizability arises due to displacement of a charged ion
relative to other ions in a solid. Assuming the forces near equilibrium as
simple harmonic, the displacement Ax in the presence of an electric field E
is given by

<o0= #7m (9.15)

where (3 represents the force constant and m is the mass of the electron. If

x is thedisplacement of the electron under theeffect of the electric field Eloc,
then we have PA x = eE

where P is the force constant. Thus the ionic polarizability is determined as
(9.22)

-eEloc = Px = mco02x
The static electronic polarizability is calculated as

(9.16)

P eAx <r2a,- = — = -— = —'EE p
For P = 20 Nm-1, a( = 10-39 Fm2. The ionic contribution is important at low
frequencies. Thesodium chloride, for example, has zr=5.6 at low frequencies
whereas the value reduces to about 2.25 at optical frequencies.
9.4.3 Dipolar Polarizability

A molecule, such as H20, having a permanent dipole moment is called
a dipolar or polar molecule and a substance comprising such molecules is
called a dipolarsubstance.The dipolar polarizability is the property of dipolar
substances. In the absence of an external electric field, the dipoles have

(9.23)i 'e2
fijoc mtao

To obtain the t equcncy dependence of electronic polarizability, we
treat the system as a :>,,T.plc harmonic oscillator. If © is the frequency of the

local field, the field at any time t is given by Eloc sin ©t and the equation

of motion may be written as

(9.17)
Eloc

d2x (9.18)in— j + m®ox - ~ eEloc sin at
dt

■I
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Putting

271

random orientations and there
is no net polarization. Howev¬
er, when the field is present,
the dipoles orient themselves
along the field and produce ori¬
entational or dipolar polariz¬
ability. The thermal agitation
of the molecules tends to coun¬
teract the ordering effect of the
electric field and an equilibri¬
um state is reached wherein the
different dipoles make all pos¬
sible angles varying from zero
to it radians with the field di¬
rection. The potential energy
of such a molecule of dipole
moment p oriented at an angle 9 with the field direction (Fig. 9.3) is given

+ q qE
pE
■jZjjr, y = cosB and dy = -sin 0 dO,x =

P Eq. (9.27) becomes

-10 p\ ycÿdy
P=-3

j eÿdy
+1

£ _ f+e-* I
P e*-e~* x

q E -q or

Fig. 9.3. A molecule of dipole moment p
placed in an electric field El 1= coth x - — = L(x) (9.28)x

by where L(x) is called the Langevin function. The variation of Ifx) with x has
been shown in Fig. 8.2. For x« 1 or pE« kT, i.e., for fields not too large
and for temperatures not too iow, we have

U - - p.E = cos 9
According to the statistical mechanics, the number of dipoles having

orientations between 0 and 0 + dQ, i.e., which lie within the solid angle dQ

or 2nsin0d0 is proportional to

(9.24)

*««!-& (9.29)

( p£cos8'jl kT ) Using Eqs. (9.28) and (9.29), the polarization P becomes

_ NpH-a 2n sin0d0 (9.25)dQ or expexp

P = Np (9.30)Since a dipole making an angle 0 with the field direction contributes a
component of dipole moment p cos 0 parallel to the field, the contribution
of the above number of dipoles to the total polarization is

?kT
The dipolar polarizability per molecule is, therefore, given by

a =l._P1
d E ~ 3kt

Thus the existence of dipolar polarizability depends on whether the molecules
possess a permanent dipole moment. The dipolar polarizability also depends
on temperature in accordance with Eq. (9.31). At room temperature, ad -
10-39 pm2 which is comparable to electronic polarizability.
9.5 FREQUENCY DEPENDENCE OF TOTAL POLARIZABILITY

f pEcosQ)
l kT )cos 0 sin 0 dQ (9.26)2np exp (9.31)

The average contribution to polarization is, therefore, given by

_ _ P_ Total polarization due to all the dipoles
N Total number of dipoles

cosOsinO dQ The total polarizability of a dielectri is given by the expression :

- (9.32)
(9.27)e-pBr5} a = ae + a,. + ctd

It decreases with increase in frequency as shown in Fig. 9.4. This type of
5in0 dQ
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with increase in temperature.
Ferroelectricity is observed in a number of substances; the most famil¬

iar ones arc barium titanatc (BaTi03) and the. Rochelle salt (N$KC4H406.
4H20). The ferroelectric crystals may be classified into two main groups—the order-disorder group and the displacive group. In the order-disorder class
of fcrroclcctrics, the ferroelectric transition is associated with individual
ordering of ions. These are the crystals which contain hydrogen bonds and
in which the motion of protons is related to the ferroelectric properties. The
examples arc potassium dihydrogen phosphate (KH2P04), rubidium hydro¬
gen phosphate (RbH2P04), etc. The displacive group of ferroelectric.1: is the

in which the ferroelectric transition is associated with the displacement
of a whole sublatticc of ions of one type relative to a sublattice of anotiicr
type. The crystals of this class exhibit structures whicK arc closely related

Solid State Physics '273272

variation of polarizability can beexplained on the basisof the relaxation times
of the various contributing polarization processes. When the frequency of the

applied field is quite large as compared to the inverse of the relaxation time

for -a particular polarization process, the contribution of that process to -
polarizability is negligible. As relaxation lime is maximum for the dipolar

and minimum for the electronic process, the dipolar contributionprocess
disappears first followed by ionic and electronic contributions.

UHF
to micro
waves

UVIR
one

I
'<d

I
I1

",

f :c>
I 1 (D Ba2+

O O2-

• n4*

a.
Ot .O

! ''Oa
£

6Frequency

Fig. 9.4. Frequency dependence of various contributions to polarizability.

9.6 FERROELECTRICITY
Ferroeler'ricily is the phenomenon which refers to the state of spon-

polarization, i.e„ polarization of the metcrial in the absence of an
electric field. It is thus analogous to ferromagnetism which represents the state

of spontaneous magnetization of the material. The crystals exhibiting fcrro¬
electricity are called the ferroelectric crystals. In such crystals, the centres

of positive and negative charges do not coincide with each other even in the

absence of the field, thus producing a non-zero value of the dipole moment.
,The variation of polarization with electric field is not linear for such crystals

but forms a closed loop called the hysteresis loop. The ferroelectricity dis¬
appears above a certain critical temperature called (he transition temperature

or the Curie point, Tc when the material gets transformed from ferroelectric
to paraelectric state as indicated by a rapid decrease in the dielectric constant

Fig. 9.5. Structure of BaTiOj for T > Tc.
to the perovskite End iimenite structures. The examples arc BaTiOj, KNbOÿ,
LiTaOj, etc. Consider the case of BaTi03crystal. Below the Curie point (380
K), it exhibits the perovskite structure as shown in Fig. 9.5. The unit cell is
cubic with Ba2+ ions occupying the corners, O2- ions occupying the face
centres and Ti4* ion occupying the body centre of the cube. Thus each Ti4+
ion is surrounded by six O2- ions in an octahedral configuration. For T -• Jc,the centres of gravity of positive and negative charges exactly coincide with
each other to produce no net dipole moment. However, for T<TQ, the Ti4+
nnd Ba2+ ions slightly move upwards while the O2- ions slightly
downwards and the structure becomes tetragonal with centres of positive and
negative charges not coinciding with each other. This produces the sponta¬
neous polarization in the crystal.

taneous

move
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SUCH' a variation of dielectric constant with temperature is close to that
observed experimentally in the paraelectric stale.

9.7 PIEZOELECTRICITY
In cctain crystals, the application of an external stress induces a net

dipole moment which produces the electric polarization with the polarization
charges appearing on the surfaces of the crystals. Such crystals arc called the
piezoelectric crystals and the phenomenon is known as the piezoelectricity.
Some examples of such crystals arc quartz, the Rochelle salt and tourmaline.
The inverse effect is also observed, i.c., the application of an electric field
produces strains in the crystal.

In schematic one-dimensional notation, the piezoelectric equations arc
P = Zd + e0 E X
e = Zs + Ed

275
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In fact, the ferroclcctricity in BaTi03 arises from induced electronic
and ionic dipole moments. Rewriting Eq. (9.13) for the dielectric constant,

we get

274

1+
(9.33)Er = 1

where dj is (he electronic plus ionic polarizability of theyth ion and Nj is the
number of jth ions per unit volume. The expression (9.33) has been obtained

p
by assuming that the local field at all the atoms is equal to E + -— . From

3E0
Eq. (9.33), we find that, for

] (9.39)

where P represents the polarization, Z the stress, d the piezoelectric strain
constant, E the electric field, x the dielectric susceptibility, e the clastic strain
and s the elastic compliance constant. The first one of the equations (9.39)
exhibits the development of polarization by an applied stress and the second
one shows' the development of clastic strain by an applied electric field.
Generally, very large electric fields are needed to produce very small strains.
In quartz, for example, an electric field of about 104 Vm'1 produces a strain
of about 1 in 108 only.

P=0 22

'ZNjCLj _
3eo,

j

the dielectric constant becomes infinite which permits a finite polarization in
the absence of the applied field. Ti»» is the condition for the so-called
polarization catastrophe. In polarization catastrophe, the local electric field
arising from polarization increases faster than the elastic restoring force on
an ion in the crystal, thereby producing an asymmetrical shift in ionic
position. The shift is, however, limited to finite displacements by the higher
order restoring forces.

In Eq, (9.34), the value of er is sensitive to small departures of
from the critical value of 3eQ. Putting

if*"-'-*•
where s « 1, in expression (9.33), Ihe dielectric constant becomes

(9.34)

i iP = 0' o2 P= 0
i !©"© © ©‘; .© © © ©!. ■©©©©■
j ;© © © ©;

;© © © ©;
;© © © ©!
;© © © ©!
:© © © ©:

p /

Si3

0? " — " 02 o2 "--- o2(9.35) tt
StressedStressed UnstressedUnstressed

11 (a) (b)
Fig. 9.6. Effect of crystal symmetry on piezoelectricity.

(a) Quartz crystal with no centre of inversion shows piezoelectricity.
(h) A crystal with centre of inversion shows no piezoelectricity.

The occurrence of piezoelectricity is the result of displacement of ions
in certain crystals under the effect of the applied stresses. In such crystals,
die ions are so displaced that their charge distribution loses the original
symmetry as shown in Fig. 9.6a. In certain oilier crystals (Fig. 9.6b), where
the symmetry of the charge distribution is not disturbed even after distortion,
no piezoelectricity is observed. The latter type of crystals arc those which
possess the centre of inversion. Thus the absence of the centre of inversion

(9.36)--2= -
We assume that s varies linearly near the critical temperature as

s

T-Tc (9.37)

where is a constant. This type of variation of s or £ Njaj might result
j

from normal thermal expansion of the lattice. From Eq. (9.36), we obtain

s = $

5er = (9.38)T-TC
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, is the pre-requisite for the occurrence of piezoelectricity. It may also be noted

that ali ferroelectric crystals arc piezoelectric but all piezoel ectric crystals arc

not necessarily ferroelectric. An example of the former type of crystals is

barium tilanatc and that of tlic latter type of crystals is quartz.

Piezoelectric materials arc used to convert electrical energy into

mechanical energy and vice versa, i.c., they act as electro-mechanical trans¬

ducers.They arc used in devices such as gramophone pick-ups, microphones,

strain gauges ultrasonic generators; etc.

SUMMARY276

1. A dielectric material gets polarized in the presence of an external
electric field E. The polarization P is defined as the dipole moment per unit
volume of the material and is related to the clcctricsuseeptibility, %e> as

P = *oX<E
2.The electricdisplacement vector D for an isotropic orcubic medium

is defined as
D = e0e,E = e0E + P

where er is the relative permittivity or dielectric constant of the dielectric and
is related to the electric susceptibility as

er= l +%e
3. The electric field acting at the site of an atom or molecule is called

the local field. This is responsible for polarization of the individual atoms or
molecules in the solid. For an atomic site with cubic symmetry, it is given
by the Lorcntz equation :

SOLVED EXAMPLES
Example 9.1. Determine the percentage of ionic polarizability in the sodium

chloride crystal which has the optical index of refraction and the static

dielectric constant as 1.5 and 5.6 respectively.

Solution. From the Clausius-Mossotli relation, we have

gf-1 (9.40)

Eloc = E + T~,oc 3e0
4.The atomic polarizability, a, is defined as the dipole moment, p, per

unit local electric field at an atom and is given by the relation :

P = aEloc
5. The polarizability is an atomic property whereas the dielectric

constant is a macroscopic property of the material. The two parameters are
related to each other by the Clausius-Mossotli relation given as

er-l _ Na
er+2 ~ 3ea

6.The net polarizability of adielectric material results from three main
contributions — the electronic polarizability, ionic polarizability, and dipolar
or orientational polarizability. At low frequencies of the applied electricfield,
all the three contributions are present. As the frequency increases, the dipolar
contribution disappears first followed by ionic and electronic contributions
at higher frequencies. At optical frequencies, the polarization is mainly due
to electronic contribution.

7. Ferroelectric materials are those which exhibit spontaneous polar¬
ization, i.e., polarization in the absence of an applied field. These are anal¬
ogous to ferromagnetic materials. They possess a Curie point and exhibit
hysteresis loop, ifio examples are barium titana' the kt

er +2 3s0
the electronic and ionic contributions to polariz-Ilcrc ae and us¬

ability respectively. At optical frequencies, Eq. (9.40) becomes
arc

n2-l _ Nae
n2+2 3e„’

.where n is the index of refraction. From Eqs. (9.40) and (9.41),

(9.41)

we obtain

(V— 0 ivt _
U2+2jU-u

(9.42)
«e +cq

The right hand side of Eq. (9.42) is the fraction of electronic polarizability.

Thus the percentage of ionic polarizability is

x 100

\\
■

teH-hS;)
-H&)P]x 100

(l.5)2-l|[5.6+2’
5.6-1.

x 100= 1- (1.5)2 +2
c.

= 51.4%
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8. Explain the meaning and origin of piezoelectricity. Justify the state¬
ment “ All ferroelectric crystals arc piezoelectric, but all piezoelectric
crystals arc not necessarily ferroelectric.

PROBLEMS
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8. Piezoelectric crystals arc those which arc polarized under the
application of an external stress. The examples arc quartz, the Rochelle salt,
tourmaline, etc. The inverse effect is also observed, i.c., the application of
;m electric field produces strains in such crystals. The absence of the centre
of inversion is the pre-requisite lor the occurrence of piezoelectricity.

9. All ferroelectric crystals arc piezoelectric, but all piezoelectric
crystals arc not necessarily ferroelectric. Examples of ferroelectric and
piezoelectric crystals arc barium tilanate and quartz respectively.
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1. The optical index of refraction and the dielectric constant for water
arc 1.33 and 8.1 respectively. Determine the percentage of ionic
polarizability. (71%)

2. Calculate the polarization of a BaTi03 crystal using llic structure as
shown in Fig. 9.5. The structure transforms from cubic to tetragonal

i below the Curie point with lattice parameters c and a.equal to 4.03A
and 3.98 A respectively. The displacement of titanium ion is opposite
to that of oxygen ions. The magnitude of displacement is 0.06 A for
titanium, 0.06 A for oxygen ions on the side faces and 0.08 A for
oxygen ions on the top and bottom faces of the cube. The displacc-

(0.16 cm-2)

VERY SHORT QUESTIONS

Define the following terms:
Polarisation, electric susceptibility, local field, dielectric constant,
electric displacement vector, polarisability, spontaneous polarisation.

Enlist the various contributions to total polarisability.

Explain the following in brief:
Ionic polarisation, electronic polarisation, orientational polarisation.

Which type of polarisation is the most effective in the visible region?

What is ferrocleclricity? Give an example of ferroelectric crystal.

What is piezoelectricity?
Give an example of a crystal that is piezoelectric but not ferroelectric.

How is dielectric constant related to electric susceptibility ?

SHORT QUESTIONS
Derive die Clausius-Mossotli relation expressing the relationship
between dielectric constant and atomic polarisability.

What is dipolar polarisability? Obtain an expression for dipolar
polarisability of a dielectric at moderate temperatures.

What is electronic polarisability? Derive an expression for electronic
polarisability using the classical theory.

Why is ionic polarisability found to be rather insensitive to tempera¬
ture 7 Give a possible explanation.
How docs the total polarisability depend on frequency?

Why do piezoelectric crystals having centre of inversion show no
piezoelectricity?

Describe the characteristic properties of ferroelectric materials. What
is meant by polarisation catastrophe?

1.

ment of barium ions may be neglected.2.
3.

4.
5.
6.
7.
8.

1.

2.

3.

4.

5.
6.

' 7.
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ply voltage. However, due to the requirement of very low temperature, it was
not feasible to manufacture such devices.' It is both difficult and expensive
to attain the liquid helium temperature and maintain h for a long time.Thus
soon after the discovery of superconductivity, a lot of research work was
undertaken to develop a superconducting material having as high critical
temperature as possible. A number of materials including various metals,
alloys, intcrmctallic and interstitial compounds, and ceramics were employed
for this purpose. Besides all these efforts, the maximum critical temperature
(Tc) of only 23 K was achieved in Nb3Gc, an intermetallic compound of
niobium and germanium in the year 1977. Thus the scientists had almost
given up the hope of producing superconducting devices for which it was
necessary to have a superconductor with the transition temperature equal to
or higher than 77 K, the liquid nitrogen temperature, if not the room tem¬
perature.

CHAPTER - X

SUPERCONDUCTIVITY

10.1 INTRODUCTION AND HISTORICAL DEVELOPMENTS
The field of superconductivity has emerged as one of the most exciting

fields of solid state physics and solid state chemistry during the last decade.
The phenomenon was first discovered in 1911 by Kamcrlingh Onnes in
Leiden while observing the electrical resistance of mercury at very low •
temperatures close to 4.2 K, the melting point of helium. It was observed
that the electrical resistance of mercury decreased continuously from its
melting point (233 K) to 4.2 K and then, within some hundredths of a degree,
dropped suddenly to about a millionth of its original value at the melting
point as shown in Fig. 10.1. Similar results were obtained by using various
other metals such as Pb, Sn and In. The phenomenon of disappearance of
electrical resistance of material below a certain temperature was called su¬
perconductivity by Onnes and the material in this state was called a super¬
conductor.

in 1986, Bednorz and Muller reported their discovery on the La-Ba-
Cu-O system of ceramic superconductors which showed Tc equal to 34 K.
Thus, contrary to the previous findings, a new class of ceramic superconduc¬
tors was discovered which showed critical temperature considerably greater
than that of the metallic superconductors.They named these materials as high-

Tc ceramic superconductors. They were awarded the Nobel Prize in 1988 for
such an important discovery which created an unprecedented world-wide
interest in the field of oxide ceramic superconductors. In 1987, a ceramic
superconductor of the composition YBa2Cu307 was discovered which showed

Tc equal to 90 K. In 1988, the value of Tc further shot up to about 125 K
for thallium cuprates. Table 10.1 gives some data on superconductors in
chronological order.

It would be apparentfrom the following discussions that the supercon¬
ducting state is a distinct phase of .matter having characteristic electrical,
magnetic, thermodynamic and other physical properties. The most easily
observed characteristics of bulk superconductors arc the zero electrical re¬
sistance and the perfect diamagnetism. We describe below the empirical
properties of superconductors; the relevant .theory will be presented in a

.subsequent section.

10.2 ELECTRICAL RESISTIVITY
Asdescribed earlier, a superconductor exhibits noelectrical resistance.

The resistance of a superconductor suddenly drops to an extremely small

The discovery of superconductivity aroused considerable interest in
this field since the mate¬
rials with no electrical
resistance, and hence
negligible heat, losses,

could be exploited to
fabricate powerful and
economical devices
which consume very lit- a
tie amount of electrical ”
energy. For example, an a
electromagnet made up
of a superconducting
material can fuhetion for
years together even af- Fig. 10.1. Temperature dependence of the resistance of
ter removal of the sup-

Normal
metal0.2

I1o
t©

8 0.1
Superconductor

( Hg )a>

104.2 5
T{ K)

a normal metal and a superconductor like Hg.
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value near the transition temperature as shown in Fig. 10.1. The careful
investigations have shown that the resistivity of a metal in the superconduct¬
ing state drops to less than one part in I017 of its value in the normal state.

TABLE 10.1. Properties of some selected superconductors
in chronological order

282 283Superconductivity

B = p„(H + M) = 0
II = - Mi.c.,

Therefore, the susceptibility is given by

X - M/H = -1
which is true for a perfect diamagnet.

(10.1)

Type H;
(MAnr1)

ClassTc (K) Material Crystal
Structure

Year

tH
4.2' Magnetic

IflP
Hg Metal

Metal
Metal

Tetragonal1911 1 0.033
I 0.064
II 0.164

■:2Cooling Field
6.2 Pb fee1913 field

bee1930 9.25 Nb T>Te
p*0 T<TC

p = 0NbN Interstitial NaCl
compound

VjSi Intermctallic [5-lungsten
compound (WjO)

Nb3Sn Intermetallic W30
compound

Alloy

Ceramic Perovskitc

1940 15 II 12.2

H H171950 II 12.4 - SICooling Field1954 18 II 18.5 ►
removed

1960 Nb-Ti
0.7 SrTiOj

1970 20.7 Nb3 (Al, Ge) Intermetallic W30
compound

Nb3Ge Intermetallic W30
compound

34 Lal g5Ba0 |5CuO4 Ceramic
1987 90 YBaÿUjO, Ceramic

1988 108 Bi cuprates Ceramic Orthorhombic II
1988 .125 T1 cuprates Ceramic Orthorhombic II

10 bee II 11.9
T>TC1964 II Small T<TC

Fig. 10.2. A superconductor showing a perfect diamagnetism
independent of its history.

It is interesting to note that the perfect diamagnetic behaviour of a
superconductor cannot be explained simply by considering its zero resistiv¬
ity. Such a perfect conductor would behave differently under different
conditions as illustrated by Fig. 10.3. Since the resistivity, p, is zero for a
perfect conductor, the application of Ohm’s law ( E = pJ) indicates that no
electric field can exist inside the perfect conductor. Using one of the Max¬
well's equations, i.e.,

II 34.0

1977 23 II 29.6

Tetragonal II
Orthorhombic II

1986 43
111

'extrapolated to O K. Hcl for type II materials. (1 Oersted = 79.6 Am-1)

10.3 PERFECT DIAMAGNETISM OR MEISSNER EFFECT
Meissner and Ochsenfeld discovered in 1933 that a superconductor

expelled the magnetic flux as the former was cooled below Tc in an external
magnetic field, i.e., it behaved as a perfect diamagnet. This phenomenon is
known as the Meissner effect. Such a flux exclusion is also observed if the
superconductor is first cooled below Tc and then placed in the magnetic field.
It thus follows that the diamagnetic behaviour of a superconductor is inde¬
pendent of its history as illustrated by Fig. 10.2. It also follows from this figure
that the Meissner effect is a reversible phenomenon. Since B = 0 inside the
superconductor, we can write

dB
V x E =- dt

we obtain
B = constant

Thus the magnetic flux density passing through a perfect conductor becomes
constant. This means that when a perfect conductor is cooled in the magnetic
field until its resistance becomes zero, the magnetic field in the material gets
frozen in and cannot change subsequently irrespective of the applied field.
This is in contradiction to the Meissner effect-

Thus we conclude that the behaviour of a superconductor is different*
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through the loop remains un¬
changed as indicated by the
Amperes' theorem.This means
that the current density must
increase as the loop shrinks.
For zero loop area, the current
density should become infinite
which is physically not possi¬
ble. Thus the supcrcurrcnts
cannot become abruptly zero
as one moves from the surface
to the interior of the supercon¬
ductor. This is possible only if
the applied magnetic field pen¬
etrates the superconductor up
to a small thickness near the surface. This, infact, has been verified exper¬
imentally. The penetration of the external magnetic field inside a supercon¬
ductor is depicted in Fig. 10.5. The field decreases exponentially inside the
superconductor and is, according to London, given by the relation

fronr that of a perfect conductor and the superconducting state may be
considered as a characteristic thermodynamic phase of a substance in which
the substance cannot sustain steady electric and magnetic fields. Hence the
two mutually independent properties defining the superconducting stale arc
the zero resistivity and perfect diamagnetism, i.e.,

E = 0 and B = 0

A. D

Ho
(1.0.2)

B
A B,„=0ec=H(.He

Cooling Magnetic vField--ÿ

removedfield

Conductor
p*0

Perfect
conductor *• ■ ■

p = 0 Fig. 10.4. A superconductor placed in an
external magnetic field.H

II %Cooling Field

‘removed'

* p*0 p = 0

hr)He(x) = He{0) exp (10.5)Fig. 10.3. Magnetic behaviour of a perfect conductor.

10.4 SUPERCURRENTS AND PENETRATION DEPTH
Here He(0) represents the magnetic field
at the surface and XL is called the char¬
acteristic lengthor the penetrationdepth
of the field. Thus the penetration depth
is defined as the distance inside a super¬
conductor where the magnetic field re¬
duce to 1/e of its valueat thesurface. For
superconductors below the critical tem¬
perature, A.ÿ-103 to TO4A. Thus, with
the introduction of the idea of field
penetration, it becomesapparent that the
supcrcurrcnt density remains finite ev¬
erywhere and the Eq. (10.4) gives the
total surface supercurrent.

The penetration depth depends on F,«- 10-5- Penetrationof anexternal field

temperature; a typical variation is shown (-B/PJ inside a superconductor.

in Fig. 10.6. When a specimen of tin is The fluxdensity. B,doesnot,fall abruptly

placed in a weak magnetic field, the lo zero the superconductor but

penetration depth changes only slightly Creases exponentially.

Consider a superconductor with a plane surface placed in an external
magnetic field He (or BJ\x0) acting parallel to the plane surface as shown in
Fig. 10.4. Consider a rectangular loop ABCD with sides AB and CD lying
outside and inside the superconducting regions respectively. An application
of the Ampere's theorem, i.e.,

t
a

/*B.dl = p0/ (10.3)
Superconductor

to the loop ABCD indicates that a current / must flow perpendicular to the
loop pointing inside the plane of the paper. Since B = 0 inside a supercon¬
ductor, Eq. (10.3) gives

p0He(AB) = ii0l
Surface current per unit length = Hf = BJ po

This current flows along the surface of the superconductor and produces a
magnetization M which exactly cancels He inside the superconductor. Since
a superconductor has zero electrical resistance, this current will remain
almost constant and can flow indefinitely. Such currents are known as
supercurrents.

If the width AD cr BC of the rectangle .A BCD is reduced, the current

(10.4)
o Distance, x ►k|_

fa
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4S the temperature rises until the critical temperature is reached where it
increases sharply. Thus at and above Tc, the field penetrates the metal
completely.
10.5 CRITICAL FIELD AND CRITICAL TEMPERATURE

In 1913, Kamcrlingh
Onnes observed that a super¬
conductor regains its normal
state below the critical temper¬
ature if it is placed in a suffi¬
ciently strong magnetic field.
The value of the magnetic field
at which the superconductivity
vanishes is called the threshold
or the critical field, //t., and is
of the order of a few hundred
oersteds for most of the pure
superconductors. This field
changes with temperature. Thus
we find that the superconduct¬
ing state is stable only in some
definite ranges of magnetic
fields and temperatures. For
higher fields and temperatures,
the normal state is more stable. A typical plot of critical magnetic field versus
temperature for lead is shown in Fig. 10.7. Such a plot is also referred to as
the magnetic phase diagram. These types of curves arc almost parabolic and
can be expressed by the relation

287. Superconductivity

follow the Meissner effect. We describe
below these two types of superconductors.
10.6.1. Type I or Soft Superconductors

Type I
Pb ( 4.2 K )

50
The superconductors which strictly T

follow the Meissner effect are called type E 40

I superconductors. The typical magnetic 30
behaviour of lead, a type I superconductor, 5
is shown in Fig. 10.8. Tncsc superconduc¬
tors exhibit perfect diamagnetism below a
critical field Hc which, for most of the
cases, is of the order of 0. 1 tesla. As the

3

1 20E

10 zSuperconducting
£ 2

10 20 30 40 Hc 50
H ( kArrr1 )■S applied magnetic field is increased beyond

Ht., the field penetrates the material com¬
pletely and the latter abruptly reverts to its F'S- 10-8- Magnetization curve of

pure lead at 4.2 K.

I

Jc normal resistive state. These materialsgive
away their superconductivity at lower field
strengths and arc referred to as the soft superconductors. Pure specimens of
various metals exhibit this type of behaviour. These materials have very
limited technical applications owing to the very low values of Hc.

1
CL

10 A1 2 3
T(K) h:

10.6.2. Type II or Hard Superconductors
These superconductors

do not follow the Meissner ef-
Fig. 10.6.* Variation of penetration depth with

temperature for tin. Type II
Pb- Bi ( 4.2 K )feet strictly, i.e., the magnetic

field does not penetrate these
materials abruptly at the critical _
field.The typical magnetization ' 40

for Pb-Bi alloy shown in < 3Q

He
50 I

HC1 /curve
Fig. 10.9 illustrates the magnet- jr
ic behaviourof such asupcrcon- 1 20
ductor. It followsfromthiscurve

it III —T21--=•Hc = Hc(0) (10.6)Tc Hc( 0) Hcz10Normal that for fields less than Hcl, the
materialexhibitsperfeetdiamag-
netism and no flux penetration
takes place. Thus for H < Hc],
the material exists in the super¬
conducting state. As the field
exceeds Hcl, the flux begins to
penetrate the specimen and, for

I1 • 1where Hc(0) is the critical field
at 0 K. Thus, at the critical
temperature, the critical field HC
becomes zero, i.e.,

HC(TC) = 0 (10.7)
10.6 TYPE I AND TYPE H

SUPERCONDUCTORS

20 40 60 80 100 120
H( kAm-1)

Fig. 10.9. Magnetization curve of a lead-
bismuth alloy at 4.2 K.

I : Superconducting state
H = Hc2, the complete II : Vortex or mixed or intermediate state
penetration occurs and the III : Normal state
material becomes a normal conductor. The fields Hc] and Hc2 are called the
lower and uppercritical fieldsrespectively. In theregion between thefields Hcl

Superconducting

TcT

Fig. 10.7. Variation of Hc with T for Pb.

Superconductors have been classified as type I and type II depending
upon their behaviour in an external magnetic field, i.e., how strictly they
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and Hc2, the diamagnetic behaviour of the material vanishes gradually and the

flux density B inside the specimen remains non-zero, i.c., the Meissner effect
is not strictly followed.The specimen in this region is said to be existing in the

vortex or intermediate state which has a complicated distribution of supercon¬
ducting and non-supcrconducting regions and may be regarded as a mixture of
superconducting and normal states.The typeIIsuperconductorsarcalsocalled

the hard superconductors because relatively large fields arc needed to bring

them back to the normal state. Also, large magnetic hysteresis can be induced
in these materials by appropriate mechanical treatment. Hence these materials
can be used to manufacture superconducting wires which can be used to
produce high magnetic fields of the order of 10 tesla. Apart from some metals
and alloys, the newly developed copper oxide superconductors belong to this

category and have Hc2 of about 150 tesla.

Superconductivity

This range is called the coherence length.
288 289

Tc
1.5

A£r 1.0

AT

i Normal-5 iE
K 0.52.0 Tc
OI

1.5
T
5«: 0 1.51.00.5T
| 1.0 7*{K2)

Fig. 10.11. Specific heat of gallium near Tc The normal state has been obtained
from the superconducting state by applying a magnetic field of

200 gauss which is greater than Hc for Ga.

E

l 05 "

10.7.2. Specific Heat
The variations of specific heat with temperature for gallium in the

superconducting and normal states are shown in Fig. 10.11. The latter statecan be achieved from the former by applying a magnetic field H greater thanHc.Such a small field has no effect on the specific heat of the normal metal.For the normal metal, the specific heat obeys the following relationship :
(10.8)

Thus the plot of CJT versus T2 is a straight line as shown in Fig. 10.11. Thefirst termon the right hand sideof (10.8) represents theelectronic contributionto the specific heat while the second one represents the contribution of latticevibrations at low temperatures. Since the latter contribution remains unaffect¬ed in the superconducting state, it is obvious that only the electronic specificheat changes in the superconducting state. Also, unlike in the normal state,
the electronic specific heat, Ces, in the superconducting state does not showlinear variation with temperature; rather it varies exponentially as

1.0 1.20.80.60.2 0.4
Temperature ( K )

Fig. 10.10. Entropy versus temperature for aluminium.

10.7 THERMODYNAMIC AND OPTICAL PROPERTIES
10.7.1 Entropy

A marked decrease in entropy is observed during normal to super¬
conducting transition near the critical temperature which indicates that the
superconducting state is more ordered than the normal state. The plots of
entropy versus temperature for aluminium in the normal and superconduct¬
ing states are shown in Fig. 10.10. It has been established that it is the
electronic structure of a solid which is mainly affected during the super¬
conducting transition. Some or all the thermally excited electrons in the
normal state are ordered in the superconducting state. Such an order may
extend up to a distance of the order of 10-6 m in type I superconductors.

CÿyT+pr3

'

__
AJ
Wc« x CXP (10.9)
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ular frequency.Thus the
energy gap is a charac¬
teristic feature of all su¬
perconductorswhich de¬
termines their thermal
propertiesas well as their
response to high fre¬
quency electromagnetic
fields. The existence of
an energy gap is ac¬
counted for in the DCS
theory.
10.8 ISOTOPE ,

EFFECT
It wasobserved in

the year 1950 that the tran¬
sition temperatures of a
superconductor varies with
its isotopic mass M as

Tc oc AT*
or TJAm - constant

(10.11)
Thus larger the isotopic
mass, lower is the transi¬
tion temperature. For ex¬
ample, the transiton tem¬
perature of mercury chang¬
es from 4.185 K to 4.146
K when its isotopic mass fig. 10.14. Variation of energy gap, A(T), with
is changed from 199.5 to
203.4 amu.

291
i.c„ the plot of In Cts
versus 1IT is a straight
line. One such plot for
superconducting gallium
is shown in Fig. 10.12,
where Cesl yTc is plot¬
ted (on a log scale) ver¬
sus Tcl T taking A =
1AkBTc for Ga.Thus the "3
exponential dependence
of Ces on 1IT is evident.
This typeof dependence
suggests that it requires
a finite energy to excite
an individual electron in
asuperconductor where¬
as no such energy is re¬
quired in a normal met¬
al. This implies the ex¬
istence of an energy gap Eg in a superconductor which is discussed below.
The quantity A is related to Eg and is often called the energy gap parameter.

10.7.3. Energy Gap
As described above, the temperature dependence of electronic specific

heat indicates the existence of an energy gap Eg in a superconductor. This
energy gap is of entirely different nature compared with the energy gap in
insulators. The-gap is tied to the lattice in an insulator whereas it is tied to
the Fermi gas in a superconductor. The gap separates the lowest excited state
in asuperconductor from the ground state as shown in Fig. 10.13and is related
to A as

1.0
immmmm e9=2A

■

Filled

f
s

0.1

Normal
metal

Superconductor

(a) (b)0.01

Fig. 10.13. (a) Conduction band in the normal metal
(b) Energy gap at the Fermi /eve/ in the

superconducting state.
. t - '"V*‘I0.001

0 1 2 3 4 65rcn
Fig. 10.12. Electronic specific heat, Cef of supercon¬

ducting gallium at temperatures well below Tc .

1

Am
A ( 0 )

0 1
TITC

Eg = 2A (10.10)$
temperature for a superconductor.Therefore, for gallium,

Eg = 2 x 1.4 kBTc = 2.8 kBTc ~ lCT4 eV
The electrons present in the excited states behave as normal electrons

and create resistance whereas those present below it behave assuperconduct¬
ing electrons. The energy gap varies with temperature. It is maximum at 0 K
and decreases continuously to zero as the temperature is increased to the

• critical temperature as shown in Fig. 10.14. Thus, at O K, there are no
electrons above the gap and at T = Tc, all the superconducting electrons
become normal electrons. Due to the presence of an energy gap, the super¬
conductors respond to high frequency electromagnetic radiations of a partic-

Now it is known that the mean square amplitude of atomic or lattice
vibrations at low temperatures is proportional to Af44 and the Debye temper¬
ature, 0D, of the phonon spectrum is related to M as

0DAf1/2 = constant
From Eqs. (10.11) and (10.12), we obtain

(10.12)

TJQD = constant (10.13)
or, in general, it can be written as
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(M) The ac Jo-
sephson effect
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Tc oc0ooc M~m (10.14)

The Eqs. (ÿ0.13) and
(10.14) indicate that the
lattice vibrations are
likely to be involved in
causing superconductiv-

PIf a dc voltage is
applied across the junc¬
tion, rf current oscilla¬
tions of frequency / = /— ► 2
2eV/h are set up across
it. For example, a dc
voltage of lpV produc¬
es a frequency of 483.6
MHz. By measuring the
frequency and the volt¬
age, the value of e/h can be determined. Hence this effect has been.utilizedto measure e/h very precisely and may be used as a means of establishinga voltage standard. Furthermore, an application of //voltage along with thedc voltage can result in the flow

*' * Magnetic flux -h
/

0.B
A a

/2\ ity, i.e., the electron-

J phonon interactions
might be playing an im-

Superconducting portant role for the oc¬
currence of supercon¬
ductivity. This led
Frohlich to show that
two electrons in a metal

Josephson
junction

Q

Fig. 10.16. A SQUID.
ring

fig. 10.15. Magnetic flux through
a superconducting ring. I o current through the junction.

» can effectively attract

each other, the attraction being mediated by lattice vibrations. Later, in 1957,

Bardeen, Cooper and Schrieffer developed a complete atomic theory of

superconductivity which was based on the formation of such electron pairs

known as Cooper pairs and the coherent superposition of the pairs into a
single quantum state.

10.9 FLUX QUANTIZATION
London, in 1950, speculated that the magnetic flux passing through

asuperconducting ring (Fig. 10.15)or a hollow superconducting cylinder can

have values equal lo nh/e (nhc/e in cgs units) where n is an integer. This flux

quantization in the non-superconducting region is simply the consequence of

the fact that the non-superconducting region is surrounded by the supercon¬

ducting region.Theflux quantization has been confirmed experimentally but

the quantum of flux has been found to be h/2e rather than hie. This unit of

flux is called a fluxoid and is nearly equal to.2.07 x 10-15 Weber.

10.10 THE JOSEPHSON EFFECTS AND TUNNELLING
remarkable effects associated with the tun-

(“9 Macroscopic quantum interference
Thiseffect describes the influence of the applied magnetic field on the

supercurrent flowing through the junction. According to this effect, if a dc
magnetic field is applied through a superconducting circuit containing twojunctions, the maximum supercurrent shows interference effects which de¬
pend on the intensity of the magnetic field.

Consider the arrangement shown in Fig. 10.16 which is known as the
’ superconducting quantum interference device (SQUID). It consists of a ringof superconducting material having two side arms A and B which act as anentrance and exit for the supercurrent respectively. The insulating layers Pand Q may, in general, have different thicknesses and let the currents through

these layers be lx and /2 respectively. The variations of /, and /2 versus themagnetic field as obtained by Jaklevic, Lambe, Mercercan and Silver areshown in Fig. 10.17. Both and /2 vary periodically with the magnetic field,
the periodicity of /j being greater than that of /2. The variation of /2 is aninterference effect of the two junctions while that of Ix is a diffraction effectthat arises from the finite dimension of each junction. Since the current is
sensitive to very small changes in the magnetic field, theSQUID can be usedas a very sensitive galvanometer.

The Josephson effects are the consequence of the fact that the super¬
conductor is characterized by a single wave function. The flow'of a super-
current takes place between any two points where the wave function has
different phases.Thechange in phasecanalso bebroughtabout by the applied
electric and magnetic fields. The states having different'phascs can be super-

Josephson observed
nelling of superconducting electrons through a very thin insulator (1-5 run)

sandwiched between two superconductors. Such an insulating layer forms a

weak link between the superconductors which is referred to as the Josephson

junction. The effects observed by Josephson are given as follows :

(i) The dc Josephson effect

According to this effect, a dc current flows across the junction even

when no voltage is applied across it

some

III
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(Hi) 'The critical temperature and the critical magnetic field of a
superconductor change slightly under the influence of an ap¬
plied stress. A stress which increases the dimensions of the
specimen increases the transition temperature and produces a
corresponding change in the critical magnetic field.

(iv) The introduction of chemical impurities modifies almost all the
superconducting properties particularly the magnetic ones.

(v) The elastic properties and the thermal expansion coefficient
remain unaffected below and above Tc.

(vi) The thermal conductivity of a material changes discontinuously
during the transition from normal to superconducting state or
vice versa. It is smaller in the superconducting state in case of
pure metals but larger in case of some alloys. In each state,
however, it increases continuously with temperature up to the
critical temperature.

(v/i) The superconducting stale does not exhibit any thermolectric
effect.

(vi/’O No changes in photoelectric properties are observed.
(ix) No appreciable changes in the reflectivity are observed in the

visible and infrared regions.
(x) The zero resistance of superconductors changes slightly at very

high frequencies (above 10 MHz) of the alternating current.
10.12 THEORETICAL ASPECTS
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' imposed by using an arrangementasshown in Fig. 10.1,6.Thus the Joscphsqn
effectsexhibit thequantum interference phenomenon on a macroscopicscale.
The word "quantum* signifies that the entire superconductor is in a single

quantum state and "interference" signifies that the measured properties de¬

pend on the phase of the state which can be changed by applying electric and

netic fields, and the states with different phases can produce interferencemag
effects.

/•i

>2
1_1J_I_L11
590100 200 300 400-500 -400 -300 - 200 -100 0

Magnetic field ( milligauss )

Fig. 10.17. Dependence of supercurrents on the magnetic flux
through the SQUID arrangement.

10.11 ADDITIONAL CHARACTERISTICS
Besides the above-mentioned properties, some other characteristic

features of superconductors are listed as follows :

(i) Thecrystal lattice remains unchanged during the transition from
normal to superconducting state. This follows from the ob¬
served positions of x-ray.diffraction lines which remain
changed below and above the transition temperature. Also, the
absence of any appreciable change in the intensities of diffrac¬
tion lines indicates that the change in the electronic structure,

if any, is very small.
(ii) Some of the properties of superconductors are modified when

the size of the specimen is reduced below 10-14 cm approxi¬
mately. For example, the magnetic permeability of very small
specimen is non-zero and increases further as the temperature
approaches Tc.

A number of theories have been proposed to explain the phenomenon
of superconductivity with varying success. These are, for example, the phe¬
nomenological theory by London and London (1935), semiphenomenological
theory of Ginzburg and Landau (1950) and the microscopic theory by Bardeen,
Cooper and Schrieffer (1957), also called the BCS theory. Of these theories,
the BCS theory is the most successful one and explains all the properties of
superconductors except those of high-7ÿ ceramic superconductors. Bardeen,

, Cooper and Shrieffer were awarded the Nobel prize in 1972 for this work.
The BCS theory is briefly presented in the following section.
10.12.1. The BCS Theory

The superconducting state of.a metal may be considered to be result¬
ing from a cooperative behaviour of conduction electrons. Such a cooper¬
ation or coherence, of electrons lakes place when a number of electrons
occupy the same quantum state. This, however, appears to be impossible
for both statistical and dynamic reasons. Statistically, electrons are fermions

un-

ill
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interaction is the strongest when the two electrons have equafand opposite
momenta and spins, i.e., k2 = -kj and Sj = -s2. Such a pair of electrons is
called the Cooper pair as L.N. Cooper first discovered that it wasenergetically
favourable for such electrons toenter into an attractive interaction of this type.

It is now obvious that the mass of an ion has an important role in
superconductivity. The smaller the mass of ions, the larger is the energy of
phonons emitted and hence larger should be the transition temperature. The
same conclusion is drawn from the isotope effect discussed earlier. In fact,
it was the isotope effect which led Frohlich to consider the electron-phonon
interaction as the possible cause of supercoductivity.

(«) Cooper pair
As described above, a Cooper pair is formed when the phonon me¬

diated attractive interaction between two electrons dominates the usual repul¬
sive Coulombic interaction. The energy of such a pair of electrons in the
bound state is less than the energy of two unbound or free electrons. The
difference in energy is the binding energy, EB, of the electron pair and is
basically the same as the energy gap parameter, which was discussed in Sec.
10.7.2. Its typical value is of theorder of 10-3eVor about 10 K in temperature
units. The binding is the strongest when the total momentum of die pair is
zero and the pairs are in a spin singlet si with symmetrical spatial wave
function. Cooper calculated the size of the Cooper pair as

hvF■'•’TZ
wher vF is the characteristic velocity of an electron in a meta/and is called
the Fermi velocity. In metals, vF is related to the conduction electron con¬
centration and is typically of the order of 106 ms-1. Using this value of vF
along with EB equal to 10-3 eV in Eq. (10.15), we obtain r0 = 4 x 10-7 m.
This is rather a large value compared to the typical distance between two -
electrons which is of the order of IQ-10 m. Hence the Cooper pairs overlap
with each other considerably and the coherence between them becomes
important. It was shown by Barden, Cooper and Schrieffer that the energy
of the system is the lowest when total momentum of each pair is the same
and is zero. This is the single quantum-mechanical state into which the
electron pairs condense. The flow of Cooper pairs constitutes thersupercur¬
rent.
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and hence occupy the quantum states singly. Secondly, the repulsive force

among electrons tends to take them away from one another. In metals, J

however, the repulsive forces are not very strong owing to screening. Ac¬
cording to the BCS theory, both
these difficulties can be overcome
undercertain circumstances. In such
a case, the electrons attract each
other in a certain energy range and
form pairs. A pair of electrons be¬
haves like a boson. Thus a number

ki-q k2+q

ki q k*
of pairs can occupy the same quan-

state which causes coherence
among electrons. The complete
BCS theory is too technical to be
described here. We present below

physical arguments and ideas
underlying this theory.

(0 Electron-phonon interaction
Frohlich, in 1950, realized that electrons could attract each other via

distortion of the lattice. When an electron moves through acrystal, it produces

lattice distortion and sets the heavier ions into slow forced oscillations.Since

the electron moves very fast it leaves this region much before the oscillations

die off. Meanwhile, if another electron happens to pass through this

distorted region, it experiences a force which is one of attraction and is of

the type of polarization force. This attractive force lowers the energy of the

second electron. The repulsive force between the electrons is small since the

Coulomb's repulsion is instantaneous while the attraction mediated by lattice

distortion is highly retarded in tinte.ÿTherefore, the attraction caused by

a weak latticedistortion can overcome a stronger Coulomb's repulsion. Thus

effect is the attraction of two electrons via a lattice distortion (or

pair of electrons known as the Cooper pair.

turn

Fig. 10.18. Electron-phonon-electron
interaction. I

some

can (10.15)

even

the net
phonon) to form

In quantum-mechanical terms, the first electron of wave vector kj

creates a virtual phonon q and loses momentum while the second electron

of wave vector k2acquires this momentum during itscollision with the virtual

that the overall momentum remains conserved. This is depicted
involved are called virtual phonons due to their

a

phonon so
in Fig. 10.18. The phonons __
very short life time which renders it unnecessary to conserve energy during

interaction in accordance with the uncertainty principle. Infact, the nature of

the resulting electron-electron interaction depends on the relative magnitudes

of the electronic energy change and the phonon energy. If the phonon energy

exceeds the electronic energy change, the interaction is attractive. Also the

(iu) Existence of energy gap
The Cooper pairs are bound together by a very small energy, A , and

fjprm a new ground state which is superconducting and is separated by an

*
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energy gap 2A from the next lowest excited state above it. The Fermi level

lies at the middle of the gap. The normal electron states lie above the energy

and the superconducting electron states lie below the gap at the Fermi

298

1 1
gap

t . tsurface.

STFermi surfaces
of energy Ef Uj

0
0E £FE

(a) <b)

Fig. 10.20. (a) Probability of occupacy, P(E), of an orbital of kinetic energy E
versus the energy E in the ground stale of the non-interacting Fertrti gas

(b) The BCS ground state differing from the Fermi state in a region
of width - Eg (Both curves are at 0 K).

10.13 HIGH TEMPERATURE CERAMIC SUPERCONDUCTORS
Asdescribed in Sec 10.1,a new classof oxideceramic superconductors

having the critical temperature greater than 30 K was discovered by Bednorz
and Muller in 1986 which ushered in a new era in the field of superconduc¬
tivity. These are called high-Tc superconductors. The first group of such
superconductors discovered was La2_xMxCu04 (M = Ba, Sr. Ca) with Tc
ranging from 25 to 40 K and is usually referred toas '214' system. Thissystem
possesses K2NiF4 structure with an orthorhombic distortion. This discovery
was followed by thediscovery of another important system having the general
formula LnBaXujO, .(Ln = Y. Nd.Sm, Eu, Go. Dy, Ho, Er, Tm, Yb) with
x « 0.2. This is called '123' system and has orthorhombic structure. In 1988,
several other non-rare earth based copper oxide systems involving Bi and T1
were discovered which showed superconductivity between 60 K and 125 K.
Some data on superconductors in chronological order is given in Table 10.1.

Many of the properties of these conventional high-7ÿ superconductors
are identical to those of conventional low-7ÿ metallic superconductors. These
include, for example, theexistence of energy gapover the entireFermi surface
below Tc and the Josephson tunnelling. These superconductors, however,
possess certain properties which do not match with those of conventional
ones. These are, for example, small isotope effect, small coherence lengths
(~ a few lattice spacings) and unconventional temperature dependencies of
normal state response functions. Also, the pressure is found to increase the

temperature in high-7ÿ superconductors, whereas usually an oppo¬
site effect is observed in conventional superconductors. Thus there appears

*vs *, *

(h)
(a)

interacting Fermi gas (a).

**ÿ*«*-—•

BCS ground state
The BCS ground state differs from the ground

interacting Fermi gas as shown in Fig. 10.19. In the non-interacting Fermi

gas, all the states below the Fermi surface are occupied and all above it are

vacant. The lowest excited state is separated from the ground state by an

arbitrary low excitation energy, i.c., onecan form an excited state by taking

an electron from the Fermi surface and raising it just above this surface. As

described earlier, the phonon assisted attractive interaction between electrons

gives rise to the BCS ground state which is superconducting. This state is

separated from the lowest excited state by a finite energy gap Eg. The

formation of the BCS ground state can be understood from Fig. 10.20. The

BCS state appears to have a higher kinetic energy than the Fermi state, but

the attractive potential energy (not shown) of the BCS state acts to decrease

the total energy of the BCS state relative to the Fermi state. Thus the BCS

state is more stable than the Fermi state and superconductivity persists. The

particle orbitals near EF in the BCS state resemble some¬

what like that obtained from the Fermi-Dirac distribution at a finite temper¬

ature. However, in the BCS state, the one particle orbitals are occupied in

pairs which are called Cooper pairs. If an orbital with wave vector k and spin

up is occupied, then the one with wave vector - k and spin down is also

upied. Likewise, if k (t) is vacant, then - k (4-) is also vacant.

state of the non¬

occupancy of one-

occ
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to be something essentially new in these high-7ÿ superconductors which has

not yet been clearly understood.The identification of the possible conduction

mechanism in the high-rc superconductors is perhaps the most challenging

in condensed matter physics these days.
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-°O64HS)’]‘0.037 MAm"1

Example 10.2. The transition temperature of mercury with an averageatomic mass of 200.59amu is 4.153 K. Determine the transition temperatureof one of its isotopes, goHg204
Solution. The transition temperature of a superconductor isisotopic mass as

problem
10.14 APPLICATIONS

Low temperature liquid helium superconductors have been used to

fabricate high field magnetsand someelectronic and radio frequency devices.

The superconducting magnets have been employed in NMR spectrometers

and NMR imaging used in medical diagnostics. Superconductors have been

used to produce various devices based on superconducting quantum effects.

These include SQUIDS and Josephson devices such as square law detector,

parametric amplifier and mixer. The SQUID magnetometer can detect mag¬

netic fields of less than 10" 4 Am-1 and is used for testing the new ceramic

superconductors. Besides these, superconductors have also been used to

produce electromagnetic shields and magneile levitating trains. Most of the

applications based on liquid helium superconductors make use of Nb alloys,

particularly NbTi, owing to their ductile nature and ability to carry moderate

currents. The utility of low temperature superconductors is limited because

of the requirement of liquid helium temperature which is a great economic

disadvantage.

The high-7ÿ oxide superconductors with 7ÿ > 77 K have advantage

over low-7ÿ superconductors in the sense that liquid nitrogen can be used as

a coolant which greatly reduces thecost. In addition to this, the liquid nitrogen

serves as a better coolant than helium because of its larger heat capacity.

However, due to their low current densities and ceramic nature, the utiltity

of oxide superconductors is limited. These materials are being used to build

prototype liquid nitrogen cooled motors or generators operating at modest

currents and magnetic fields. The SQUIDS fabricated using these supercon¬

ductors find application in medical diagnostics, under sea communications,

submarine detection and geophysical prospecting. It is apparent that the

discovery of new superconductors with large current densities and Tc near

room temperature will bring revolution in the scientific world.

SOLVED EXAMPLES
Example 10.1. Lead in the superconducting state hascritical temperature

6.2 K at zero magnetic field and a critical field of 0.064 MAm"1 at 0 K.

Determine the critical field at 4 K.

Solution. Using Eq. (10.6), we have

related to its

1

which gives

Tci

IK -4153/20059K 4'151~204~X2=n,or = 4.118 K

SUMMARY
1. A superconductor is characterized by two independent properties,viz., zero electrical resistance and perfect diamagnetism.
2. The phenomenon of flux exclusion in a superconductor is calledthe Meissner effect. It is independent of the history of superconductors andis reversible.
3. An applied magnetic field penetrates a superconductor up to adistance called the penetration depth. The resulting surface currents arcknown as supcrcurrcnts. The field penetration is quite small for T < Tc andis complete for T > Tc.
4. The superconducting state is stable only below a particular appliedmagnetic field called the critical field. This field decreases with increase intemperature so long as T <TC and becomes zero when T equals Tc.5. Thereexist two types of superconductors — type I or soft and typeII or hard superconductors. Type I superconductors behave as perfect su¬perconductors below a critical field.Hc and as normal cunductors above itType II superconductors hav

of

t
t iT]

Hc = Hc(0) V-|Yc
e two Critical fields, Hcl and Hc2. Supercon-f
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16. Enlist llic main applications of superconductors.

■ 17. Wbat is a fluxoid?
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ducting and normal states exist below and above tbc fields Hci and Hcl
respectively whereas a vortex state exists in tbc range between Hcl and Hc2.

6.The superconducting slate is more ordered than the normal state.

This order may extend up to a certain range called the coherence length.

7. Experiments on specific heat, infrared absorption and tunnelling

cst theexistence of an energy gap which separates the superconducting

SHORT QUESTIONS
1. Show that when a superconductor is placed in an external magneticfield, the field must penetrate up to a ertain depth inside the super¬conductor. Hence define the penetration depth.2. What arc soft and hard superconductors?
3. How do entropy and specific heat vary with temperature for aconductor?
4. How docs the energy gap in superconductors differ from the cncgap in insulators? How does it vary with temperature forduclprs? .
5. Describe die Joscphson effect underlying a SQUID. Discuss applica¬tions of SQUID.
6. Describe the isotope effect in superconductors.7. Explain how tire electron-phonon interaction helpsCooper pairs.
8. Explain the concept of the BCS ground state.9. Compare die main properdes of high-7ÿ superconductors widi thoseof conventional superconductors.

sugg
electrons from the normal electrons.

8. The flux passing through the non-supcrconducting region of a

. supcrconducdng ring is quantized; the quantum of flux is called a fluxoid

and is equal to h!2c, where h is the Planck's constant and e die electronic
super-

rgy
charge. supcrcon-

9 The BCS theory accounts for a superconducting stale by consid-

g the Cooper pairs. A Cooper pair is a pair of electrons
cring coherence amon
having equal and opposite momenta and spins.

VERY SHORT QUESTIONS to produce die

1. What is superconducdvity?
2. What are high-7ÿ superconductors? Give one example.

3. Give any three main characteristics of superconductors?

4. What is Meissner effect?
5. What is the magnedc suscepdbilily of a superconductor?

LONG QUESTIONS
1. What are superconductors? What is the difference between aconduc¬tor cooled to OK and a superconductor? Show that the material getscooled when its superconducdvity is destroyed by a magnedc field.2. How do die electrical, magnedc, thermodynamic and opdeal proper¬ties of superconductors differ from those of normalsamp potential applicadons of superconductors.
3. . Explain the difference between type I and type II superconductorsusing the Meissner effect Prove that the Meissner effect and thedisappearance of resistivity in a superconductor arc mutuallylent

6. What arc supcrcurrcnts?
7. Define penetradon depth for a superconductor. What is its value at

the cridcal temperature? •

8. What is cridcal field and what is its value at the cridcal temperature?

9. Which type of superconductorsdoes not follow the Meissner effect
conductors? Give

strictly?
10. What is vortex state of a superconductor?

11. What is the effect of an external magnedc field on the superconduct¬

ing state of a material?
12. What is coherence length?

13. What is the meaning of SQUID?
14. What is a Cooper pair?

15. Wbat are high-7’c superconductors?

consis-
4. Givea qualitative descripdon of the BCS theory, how docs it accountfor die superconducting slate?

PROBLEMS
1. The cridcal temperature of a superconductor at zero magnedc field
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at which the critical field becomes
(0.707 Tc)is Tc. Determine the temperature

half of its value at 0 K.

The criticalfields at 6 K and 8 K for a NbTi alloy arc 7.616 and 4.284

MAm-1 respectively. Determine the transition temperature and the

cirtical field at 0 K. (10 K, 11.9 MAm'1)

Determine the frequency of the electromagnetic waves radiated by a
Joscphson junction across which a dc voltage of 0.5 mV is applied.

(2.41xlOn Hz)

APPENDIX - 1
2.

TABLE OF PHYSICAL CONSTANTS AND
CONVERSION FACTORS

Speed of light in vacuum
Plank’s constant
Plank’s constant / (2n)
Electron rest mass
Electron charge

3. 2.998 x 10« ms-1
6.626 x 10-M Js
1.055 x 10-54 Js
9.1096 x 10-31 kg
1.602 x 10-|9C

= 4.803 x 10-10
1.6726 x IQ-27 kg
6.0225 x 1023 mole-1
1.6605 x 10-27 kg
9.274 x 10-» Am2
5.509 x 10-27 Am2
1.3806 x 1023 JK-'
= 8.614 x 10-5 eVK-'
8.314 J mol-'K-'
4JI x IQ-7 1-inr1
= 1.257 x 10-6 Hm-'
8.854 x 10-12 Fm-'

c
h

h = fi/(27i)
m,mt

e
e.s.u.Proton rest mass

Avogadro’s number
Atomic mqss unit
Bohr magneton

Nuclear magneton
Boltzmann constant

m,
N,NA
a.m.u.

MB = eh (2m )
MM ~ eh/(2mp)

k, k„

Gas constant
Permeability of free space

R
Mo

Permittivity of free space E«
1 Pa = 1 Nm-J = 10-5 bar
1 tore = 1 mm of Hg = 133.3 Pa
1 atm = 0.101325 MPa
1 calorie = 4.18 J
1 eV = 1.602 x Id-19 J = 1.602 x 10-12 erg
1 eV/entity = 96.49 kJmol-' (of entities)
1 cm2/volt-sec = 10"* mÿV'1 s’1
1 C 2.998 x 10* e.s.u. (charge)
1 Am*1 = 4ti x 10"3 Oe (magnetic field intensity)
1 Am'1 = 10"3 e.nuu. (magnetization)
1 /» fcj. unit = M(4n) e.m.u. (volume susceptibility)
1 T -- 1 Wbm-2 =1 Vsm 2 = 10« G

t
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Dulong and Petit’s law
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Ferroelectricity
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Flux quantization
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78 Free electron gas model
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Grain boundaries
Group velocity
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structure
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Hysteresis
Hysteresis loop
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Interplanar spacing
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229, 242
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304 - electronic

- hole
229,251 - intrinsic semiconductor

58 - temperature dependence 207
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9,10,12 Curie law

240 Curie temperature
55, 109, 186 Curie-weiss law

57 Current density
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91 Debye approximation

Debye function
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201 Debye T3 law

Debye temperature
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- susceptibility
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Band theory
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Bohr magneton
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- bcc lattice
- fee lattice
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247 concentration 201, 204, 212- temperature dependence 206247205
247 Ionic bond205 79308
186 Ionic crystals
66 Isotope effect
22 Josephson effects

Kroning-Penney model
Lande’sg-factor

164 Langevin function 237,271
Larmor theorem

297 Lattice

136 79Bulk modulus
Carrier

- generation
- recombination

Central field repulsive potential 86
Clausius-Mossotti relation
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Coherence length
Cohesive energy
Conduction band

- electron concen¬
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140 180
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