SOLID STATE PHYSICS

This book presents a comprehensive study of important

topics of Solid State Physics for the undergraduate

students of pure and applied sciences and engineering

disciplines in a brief, coherent and lucid manner. The text is

divided into ten chapters incorporating crystal structure, X-

ray diffraction, bonding, lattice vibrations and free electron

theory of metals. It is followed by the physics of

semiconductors based on band theory of solids and

magnetic, dielectric and superconducting properties. The

text acquaints the reader with the fundamental properties of

solids starting from their properties. This book has the

following salient features :

® The coverage of basic topics is developed in terms of
simple physical phenomena supplemented with
theoretical derivations and relevant models which
provides strong grasp of the fundamental principles of
physics in solids in a concise and explanatory manner.

® |t incorporates interaction of electrons, phonons and
atoms in solids based on classical laws as well as
elements of quantum mechanics.

® A set of solved examples based on S.I. system of units
are given at the end of each chapter.

® A summary is given at the end of each chapter for a
quick review of the various topics.

® A set of questions and unsolved problems are given for
a better comprehension of every topic.
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PREFACE TO THE FIRST EDITION

A number of Indian universities have revised their curricula at the

- undergraduate level and have included various topics which earlier formed

&
L
ol

" duced, there had been a dearth of good books which strictly follow the revised

a part of the postgraduate curricula. Ever since the new syllabl were intro-

syllabi. A number of standard texts are available on Solid State Physics but

these are of advanced level. The present book is written specifically to meet

the requirements'of the undergraduate students and is in accordance with the
common prescribed syllabi of most of the Indian universities.

. The general approach and aim of this book is to provide a compre-
hensive introduction to the subject of Solid State Physics to the undergraduate
students in a coherent, simple and lucid manner. The coverage of basic topics
is concise, brief and self-explanatory. The topics such as Lasers, Magnetic
Resonances, and the Mossbauer Effect are excluded as their advanced treat-

. ment is generally covered at the postgraduate level. The text is divided into

ten chapters and each chapter is followed by a set of solved examples which
acquaint the students with the application of the various priggiples and
formulae used in the text and give them a feeling of the magnitude of the
physical quantities involved therein. The SI units are followed throughout the:
book and their conversions to other practical units are appropriately intro
duced. Some of the conversion factors are also listed in appendix I. A
summary of each chapter is given for a quick review of the topics. Each
chapter is concluded with a set of questions and unsolved problems to help
the students to comprehend these topics. A list of useful references is given
for the indepth study of the subject.
*  We hope that the undergraduate students will find this book useful as
well as concise for the subject of Solid State Physics. The comments and
feedback from the students as well as teachers about this book will be

gratefully appreciated, _

We thank our friends and families, particu;arly our spouses, for their

inspiration and encouragement. We also thapk the publxshcrs for quahty
pmmng and timely publication of this book. :

'RK. PURI

V.K. BABBAR

New Delhi
June 2, 1996
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CHAPTER - I

CRYSTAL STRUCTURE

1.1 INTRODUCTION

Matter, consisting of one or more elements or their chemical com-
pounds, exists in nature in the solid, liouid and gascous states. As the atoms
or molccules in solids are attached to one another with strong forces' of
attraction, the solids maintain a definite volume and shape. The solid state

physics is the branch of physics dealing with physical propertics of solids, |

particularly crystals, including the behaviour of clectrons in these solids. The

solids may be broadly classified as crystalline and -r'xon-cryslalliue depending -

upon the arrangement of atoms or molecules.

The crystalline state of solids is characterized by regular or periodic
arrangement of atoms or molecules. Most of the solids arc crystalline in
nature. This is due to the reason that the energy released during the formation
of an ordered structure is more than that released during the, formation of
a disordered structure. Thus crystalline state is a low encrgy state and is,
therefore, preferred by most of the solids. The' crystalhnc solids may be sub-
divided into single crystals and. polycrystalline solids. In single crystals, the

periodicity of atoms extends throughout the matenal as the ¢ase of diamond,

quartz, mica, etc. A polycrystallme material is an aggrcgate of anumbcr of

- small crystallites with random orientations separated by well-defined bound-

aries. The small crystalhtes arc known as grains and-the boundaries as grain
boundaries. ‘1t may. be notcd that although the pcfmdimty of individual
crystallites is mtcrruptcd at grain boundaries, yet the pol?ycryslallmc form

of a material may be more stable comparcd with its srpgte c-x:ystal form. Most
: of the metals and ceramics eﬂubn polycrystallme §truclur¢

The non-crystalline or aniorphOus solids are chamctcnz‘cd by ‘the
completely random arrangcment of atoms or moiecules. The penodxcny, if
at all present, extends up to a distance. of a few atomic. diametérs only. In

other we.ds, these solids exhibit short range order. Such type of materials
_ are formed when the atoms do not get sufficient time to.undergo a periodic

arrangement. Glass is an cxample of amorphous’ malenals Most of thc

‘ plasucs and rubbers are also amorphous.

The science which deals with the study of geo_mcttiqe'l' forms and ¥
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phy prope Yy i Yy
h i ine soli lled crystallography. The stud

i of crystalline solids is ca . ;
{ Slcillll(r)gra[r);:c;sis necessary to understand the strong correlation between
of cryste

its physi i sent chapter
the structure of a material and its physical propertics. The pre p

o e R
deals with some of the basic concepts of crystallography which are fun
cals : 1 i
f solid state physics.
damental to the study o ' ‘
12 CRYSTAL LATTICE AND TRANSLATIQN VECT(')I?S
‘ Before describing the arrangement of atoms in a crystal, it is ah\l;::zlsl
9 . : imagi ‘points in space W
‘ ) i f imaginary points in Sp ;
ient to describe the arrangement 0 . : -
Convc:l‘c:;:itc relationship with the atoms of the crystal. This scf 0:; miggasnucz
ha%'at forms a framework on which the actual crystal struct:;lrc 1sd fxs; n.siona]
e A infini f amaginary points in threc-dim
t of infinite number of mmaginary poir : :
. mt‘:‘i;‘;‘::h point having identical surroundings is known as pount lattice
space -

e.
7 Spac’lf,hcl:a:;; ‘identical surroundings’ means lhz}t the l.auice h;slt]h:lz::x;:
hen viewed from a point r in the l.attxce as 1t. has whe &
el 1t r' with respect to some arbitrary origin. This is _possx. :
o .any og‘cr"po::gntains a small group of points, called pattern‘unzt. w!nc.h
i l:st?tze‘ilfuiicall directions by means of a translation operation T given
repea ; |
: \
. T=na+nb+nc ‘ : (fl:(;
where n,, n, and 11, are arbitrary integers and thi\;:::vt:rs a, b and ¢ are cal
the fundamental translation vectors. Thus, w2 , i
r=r+T=r+na+nb+ngc et d
. i int r' ¢ obtaine
In a perfect lattice, Eq. (1.2) holds fgrz:)nd, :.t:).;’pg:::t :p :lz::alt)ion s
. : operation (1.1). However, in. an
imperfect lattice, it is not possible
to find a, b.and ¢ such that an
arbitrary choice of n,, n, and 1,
makes r' identical to r. The trans-
lation vectors a, b and ¢ are als_o
called the crystal axes or basis
vectors. and shall be described lat-
£r: o

/

: (R) i
. > e D
b il (4 4
!2 v/‘; ] :

3 —
Oy e 1)

Consider; for simplicity, a
part of a two-dimensional latlicet as
shown in Fig 1.1. The. translm.xon
Fig. 1.1. Primitive (a, b‘:) and non-  vectors a aqd - c?; ‘:e :::Ze; (;:S ld
primitive (a, b,) translation vectors -~ numper of ways. 0 suc i

n a two-dmensional lattice. bilities are shown in this figu

&
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3
wherc two scts a,b, and a,, b, of translation vectors are drawn. Consideripg

first the translation vectors a, and b, the point R' can be obtained from R
using the translation operation given by j
: T=0a+ 1b, ¥
which contains integral cocfficients. Thus R' is related to R by the cquation
' R'=R+T=R+0an+1b
Such translation vectors which produce a translation operation containing
~ integral coefficients are called primitive translation vectors. Referring to the

~ second set of translation vectors 2, and b,, the point R’ can be obtained from
R by using the equation

1 1 B
R'=R + 28t Ebz 4 '
which contains non-integral cocfficients of a
. veetors for which the translation o
. are called non

, and b,. Such (ranslation
peration contains non-integral cocfficients
-primitive translation vectors. Either type of translation vee-
tors may be used tofiescribe the structure of a crystal inspite of the fact that

the non-primitive translation vectors involving non-integral cocfficients are
lk net in acéordance with the periodicity of the crystal. Usually, a set of
orthogonal and the shortest possible translation vectors is preferred for
describing a lattice. :

1.3  UNIT CELL

The parallclograms. formed By t
. be regarded as building blocks for con
Known as unir cells of the lattice. For a
~ are of the form of a parallelo
\( 1.1) for some values of n

ae translation vectors (Fig. 1.1) may :
structing the complete lattice and are
three-dimensional lattice, the unit cells
piped. An applicationfof the translation operation
y» 11, and n, takes the unit cell to another region which

exactly similar to the initial region. On repeatedly applying the same
eration with all possible valucs of n, n, and n

Lomplete lattice. Thus a unit cell may be defined as the smallest unit of the
\ttice which, on continuous repitition,

generates the complcete lattice. Both
primitive and non-primitive translation vectors may be used (o construct a unit
R

«ell. Accordingly, a unit cell is named as aprimitive unit cell or anon-primitive
if cell. In Fig. 1.2, the parallclogram ABCD represents a two-dimensional
Pprimitive cell, whereas the parallclograms EFGH and KLMN represent non-
wrimitive cells. Primitive unit cell is the smallest volume cell. All the Jattice
points belonging to a primitive cell lic at its corners. Therefore, the effective
pumber or lattice points in a primitive unit cell is onc. A non-primitive ccll
ly have the lattice points at the corners as well as at other locations both

3 one can reproduce the
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£ F

2 i Vi P ﬂmi non-, ralive IVP unit Ctuj O] Mwo-dmﬂsu)nﬂl ‘ﬂ“lC('.
l.-. A

: following procedure * dis:
also be constructed using the (i) Connect 3 given lattice point

to all the ncarby fatticc points. '
(ii) Draw normals at the mid-

e fore, the cffective number of

primitive cell can

' 1‘ points of lines connecﬁng the lattice

' poinis.
,_,..—_: ) The smallest volume encloscd b)::
o " he normals is the required primitiv

: A
cell. Such a cell is call.ed‘ Wigner s:(l) lz |
cell and is shown in Fig. 113. Th(; y \

¢ of a primitive cell having a, b an
:‘:s the fundamental translation vectors |
or crystalk’wgmphic axes is given by
v=labxel
Since there exists 2 number ‘?f
. ways of choosing 2 unit cell, the choicd
: ofzya conventional unit cell is a matter 0f

: jcnce. Ideally,
;::I‘l’:: the smallest volume should b

chosen as the conventional u.r’m cc!

Fig. 1.3. Construction of
Wigner-Seitz primitive cell.

Crystal Structure : At

However, somctimes a non-primitive cell is sclected as the conventional unit
cell because it posscsses higher symmetry than a primitive cell.

14 BASIS '

The space lattice has been defined as an’ array of imaginary points
which are so arranged in spacc that cach point has identical surroundings.
The crystal structure is always describéd in terms of atoms rather than points.
Thus in order to obtain a crystal structure, an atom or a group of atoms must
be placed on cach lattice point in a regular fashion. Such an atom or a group
of atoms is called the basis and acts as a building unit or a structural unit
for thc complete crystal structure. Thus a lattice combined with a basis
gencrates the crystal structure. Mathematically, it is cxpressed as

 Space lattice + Basis —> Crystal structure
Thus, whereas a lattice is a mathcmatical concept, the crystal structure is a
physical concept.
The generation of a crystal structure from a two-dimensional lattice
and a basis is illusirated in Fig. 1.4. The basis consists of two atoms,
represented by O and @, having orientation as shown in Fig. 1.4. The crystal

structurc is obtained by placing the basis on each lattice point such that the
centre of the basis coincides with the lattice point. . '

LT GRT & LT U B
° e . ® °

0 9.0 0. 06
. [ . @ °

0]
o ...0.0.0.0

3SR 5 2l 5 il el o
° e e s o

. . . - .

i
W T 5 ST i

( Lattice ) ( Basis )

( Crystal structure’)

Fig. 1.4. Generation of crystal structure from latsice and basis.

The number of atoms in a basis may vary from one to scvcral thou-
sands, whereas the number of space lattices possible is only fourteen as
duscribed in a later section. Thus a large number of crystal structurcs may
be obtained from just fourteen space lattices simply because of the different
types of basis available. If the basis consists of a single atom only, a

mic crystal structure is obtained. Copper is an example of monoatomic
ntred cubic structurcs. Examples of complex bases arc found in bi-

M materials.

the primitive cell
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1.5 SYMMETRY OPERATIONS

- A symmetry ~peration is that which transforms the crystals to itself,
i.c., a crystal remains invariant under a symmetry operation. These oper-
ations arc franslation, rotation, reflection and inversion. The translation
operation applics to lattices only while all the remaining operations and their
combinations apply to all objccts and are collcctively known as point
symmetry operations. The inversion operatic.: is applicable only to three-
dimensional crystals. These operations arc briefly described below:

(iv) Translations
The translation symmetry follows from the orderly arrangement of

a lattice. It mecans that a lattice point'r, under lattice translation vector
operation T, gives another point r' which is exactly identical to r, i.c.,

. r=r+T
where T is defined by Eq. {.1).
(ii) Rotations
A lattice is said to possess the rotation symmetry if its rotation by an
anglc @ about an axis (or a point in a two-dimensional lattice) transforms the

lattice to itself. Also, since the lattice always remains invariant by a rotation
of 2, the angle 27 must be an integral multiple of 0, 1e.

no =2n
or 8 =2n/n ©141.3)
The factor n takes integral values and is
known as multiplicity of rotation axis. The
A~ possible values of n which are compatible

/ ? with the requirement of translation symme-
try are 1, 2, 3, 4 and 6 only. 'Ihus, for ex-

iy

a w -y ample, for n equal to 6, @ is 60° which means

\ / that the lattice repeats itself with a minimum

i 60 ° / rotation of 60°. Such a rotation is illustmted

‘ * inFig.1.5. Regular hexagon is an example of
* such a lattice. A rotation corresponding (o

- the value of n is, called n-fold rotation. A

rig. 1.5. Sixfold rotation about two-dimensional square lattice has 4-fold
the point O in iwo dimensions. roiation symmetry. It may be noted that a
rotation axis may or may not pass through a latticc point. The fact that 5-

fold rotation is not compatiblc )yith translation symmetry operation and that
only 1, 2, 3, 4 and 6 - fold rotations arc permissible is proved as follows :

Lradnl Hainh

Consider a row of lattice points A, B, C and D as shown in Fig. 1.6.

i

multiple of BC, i.c.,

- Crystal Structure il
o i Let T be the lattice translatioﬁ vee-
T tor and let the lattice have n - fold
| rotational symmetry with rotation
i ki - axes passing through the lattice
3 b points perpendicular to the plane of

paper. Rotations by an angle 9 =

Zn/n about points B and C in the

clockwise and anticlockwise dircc-

tions respectively yield points B'
. and C' which must be identi

{ _ . : identical to

and C. Thus the points B' and C' must also be latticc points and should

follo i i '
w lattice translation symmetry. Hence B' C' must be some integral

Fig. 1.6. Geometry used to prove tlzdl
only 1, 2, 3, 4 and 6 - fold rotation axes
are permissible. :

B'C' - m(BC)

or 2T cos § + T'= mT 1
or 3 NeosB=(m-=1)/2 (1.4)
L]

:vh(;:rc':;t 1 an integer. Since lcoso IS 1, the allowed values of m are 3, 2
960 ?gou:,d'rlh;;f corrcspond to the allowed values of g as 0° or-360", (;O":
o ;, g respectively. Hence from Eq. (1.3), the permissible valucs
o , 6, 4.. 3 .an.d 2. Thus we conclude that 5-fold rotation is not.
g‘ _llssp ¢ because l.( is not compatible with lattice translation synimctry
imilarly, other rotations, such as 7-fold rotation; arc also not perm'issiblc.‘

Fi ; 1 :

L l.o_mtgurt: 1.‘7 gives a cor.xvmcmg demonstration of non-cxistcnce of 5-

e 10n axis. As shown in the figure, the pentagons placed side by side
cqver the complete space. This is because no sets of vectors exist

which satisfy translation symmetry
operation throughout and hence this ar-
rangement of pentagons cannot bc
regarded as a lattice. The array itself,
/ howcvé{, has a 5-fold symmetry about
the point*A. Line of

& reflection
symimetry

lfig. 1.7. Demonstration of rion- -~ -
existence of a five-fold rotation axis

B L R Reclon ks i
in a lattice. . SCHon SuiNe.of e

notched wheel about a line. -
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. k. § Ve \
(i) Reflections : . i |
A lattice is said to possess reflection symmetry if there exists a planc

(or a linc in two dimensions) in the lratticeh w}:';lcr: dxs\:g‘:s ;t ;)111;: :\’:?,;dlf::;,ﬂ
ich arc mirror images of cach other. (o ) s
:l::)‘rlz:cx::ibby m. The reflection symn'\ctry of a_notc.hcd w"]:::l ;Tol‘ljxclzt\;.:::ﬂci
in Fig. 1.8. Considering the comb_inalnsms of 'reﬂecuons with ;:cd i
tions, we notc-that cach allowed rotallqtf axis can be assocu: ol ot
possibilities : one is- rotation with reflection j‘md the other ro a'nb P
reflection. Since there are five allowed rotz'mon axes?, the possi
of such combinations is 0. These are designated as

1. 1m, 2, 2mm, 3; 3m, 4,7 4mm, 6. 6mm

here the numerals represent the&ypé‘ of rotation axis, the first m represents .
i laric (or linc) parallcl to the rotation axis and the second m refers to anolhc;
R A S A ¥ 24 3 X
p‘)E:mc“or linc) ‘perpendicular to ‘the rotation axis. These ten groups o |
symmcl;'y operations are shown in Fig. 1.9.

g "-’71 2 i 2mm
1 o LT im : : :
e G

4'
# mm

6 mm

Fig. 1.9. Ten nv&,-dimerit;idnal point groups con:sisting of rotation and
;;eﬂeéiionv k)v)mnen'y operations illustrated using netched wheels.
(iv) Ipversions g Viad iy i
Inversion is a point operation which is apphcab_lc 10 thr.ee-dxmer;s;m:ar
lattices only. This symmetry element implies that each pomf located at

&

- There arc 17 and 230 distinct s

Crysta! Structure 9

relative to a lattice point has' an- ideatical point located at -r relative to the
same lattice point. In other words, it means that the latlice possesses a centre
of inversion denoted by 1.

It may be noted that, apart from these symmetry opcrations, a three-
dimensional lattice in particular may have" additional symimetry operations
formed by the combinations of the above-mentioned operations. One such'
cxample is rotation-inversion cperation. These operations further incrcase
the number of symmeiry clcments. These symmetry clements are further-

employed to determine the type of lattices possible in two and threc-dimen-
sional spaces. .

1.6 POINT GROUPS AND SPACE GROUPS

We have scen that there are mainly four types of symmetry operations,
i.c., translation, rotation, reflection and‘inversion. The last three opcrations
are point operations. and their combinations give certain symmctry elements
Which collectively detcrmine the symmetry of space around a point.. The
group of such symmetry opcralions at a point. is called a point group.

. In two-dimensional space, rotation-and reflection are the only point
operations. As described earlicr, their combinations’ yicld 10 different point
groups designated as 1, Ihi,' 2, 2mm, 3, 3m, 4, 4mm, 6, and 6mm which are
shown in Fig. 1.9. In three-dimensional space, however, tae situation is
complicated duc to the presence of additional point operations such as
inversion. There are a total ©of 32 point groups in a three-dimensional lattice.

The crystals arc classified on the basis of their symmetry which is
compared with the symmetry of-different point groups. Also, the lattices
consistent with the point group operations are limited. Such lattices arc known

as Bravais lattices. These lattices may further be grouped into distinct crystal
systems. i

The point symmeiry of crystal structure as a wholc is determined by
the point symmetry of the lauice as well as of the basis. Thus in order to
determine the point symmetry of a crystal structure, it shouls be noted that

(1)  a unit ccll might show point symmictry at more than onc loca-
tions inside it, and % :
(if) the symmetry clements comprising combined point and trans-
lation operations might be existing at these locations.

‘The group of all the symipetry clements of a crystal structure is called
space group. It determincs the symmetry of a crystal sructure as a wholc.

pace groups possible in two and three dimen-
sions respectively. e T :
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1.7 TYPES OF LATTICES

As described carlicr, the number of point groups in two and three
dimensions are 10 and 32 respectively. Thesc point groups form the basis for
construction of different (ypcs of lattices. Only thosc lattices are permissible
‘which arc consistent with the point group operations. Such lattices are called
Bravais lattices. Tt is beyond the scope of this book to describe the details
of formation of various Bravais lattices from the possible point group oper-
ations. It can be stated that 10 and 32 point groups in two and three dimensions
producc only 5 and 14 distinct-Bravais lattices respectively. These Bravais
lattices further become parts of 4 and 7 distinct crystal systems respccuvely

and arc scparatcly described bclow

o

= z Pl e
a VI g
Y I ’ :
| T » 5
3 : |
b 7 £ h
! [
FRIL A7 DU PR =
e bR £ 6 b 6 g
(a’) Oblique { b) Rectangular {c) Rectangular
a#b,y#90° primitive - ; centred
a#b,y=90° azb,y=90°
My
a

B
/ /
i S bl
(d) Square (e) Hexagonal
© ia=b,y=90" - a=b,y=120°

Fig. 1.10. Bravais lattices in two dimensions.

(i) Two-Dimensional Lattices
The four crystal systems of two-dimensional space are obhq'ue rect-
angular, square and hexagonal. The rectangular crystal system has two Bravais
lattices, namely, rectangular primitive and rectangular centred. In all, there
are five Bravais lattices which are listed in Table 1.1 aloné with the corre-
sponding point groups. These lattices are shown in Fig. 1.10.

¥

- ?“.}3’ =

Crystal Structure
» ;
3 2 &
1 ég S
b : Sy
=5 xa won
u‘g _>: o o
=y 0 o s
] * #
D":‘ [ SE
o S g [N (o]
(=3
2
W )
£ g = )
8 8 2
o ift 7. R0 o0 .02 [
(=3 o= O o
= o O TR o
o &9, = o oé
] e ﬁ‘a E
o— QE E‘D 3 o
S [ D o, o2 = il
3 : »n B
> .
R
=
3
—
|
s .
a 8 4
2 o 32
= 80 > &
o R -
g Sg 2§ =
@ 7 : o 2 o =
-4 53 8 C 05 o
BE|S8 |&gX&eax8 g'h
3 £ i) 3 x
w | m @ os i &> o
& a
L 4
3
&
3
Q ¢ 4 8
. = 3 £
o '”OE‘ = o
~ 38},0 ] o
1 £ gL
R I g §
&l58E]l s T,
Bt 4
! it B g - Ao
|
e
B i
© & g
L g 92 D
» o S il 2D
g2 |38 8.8
o (] R
vi Z -~ SRR

11




12 ' _ Solid State Physies
(i) Three-Dimensional Lattices :

All the seven crystal systems of three-dimensional space and the
corresponding Bravais Jattices arc listed in Table 1.2 in the decreasing order
of symmetry. The crystallographic axes a, b and ¢ drawn from one of the
lattice points.determinc the size and shape of a unit cell. The angles a, § and
¥ represent the angles between the vectors b and ¢, ¢ and a, and 2 and b
respectively. The lengths a, b and ¢ and angles «, B and y arc collectively
known as lattice parameters or lattice constants of a unit cell. These Bravais
lattices are also shown in Fig. 1.11 in the form of their conventional unit cells.
The symbols P, F and 1 represent simple or primitive, face-centred, and body-
centred cells respectively. A basc or end-centred cell is that which has lattice
points at corners and at onc of the pairs of opposite faces. It is designated
by the letter A, B or C. The designation A refers to the cell in which the faces
defined by b and ¢ axes contain the lattice points, and so on. The symbol R
is specifically used for rhombohedral lattice.

Crystal Structure . : o A3
a -
a 3 . o
P o
A L G ¢ L
a ¥ j ; a . a
Simple cubic (P ) Body - centred cubic (1) Face - centred cubic ( F )
C C .
By a i
a o a j
Simple tetragonal ( P ) Body - centred tetragonal (1)
c - C .C § “
BN“ b b ; b T
" a a i a i
Simple : - Body - centred End - centred Face - centred
orthorhombic { P ) orthorhombic { 1) orthorhombic ( C orthorhombic ( F )
B
: y=120°
Simple thombohedtral ( R ) ~ Simple hexagonal (P )
o - 3 C, ‘
aﬁ Nt b aB 4 : &
Y W Pt RN P
Simple monoclinic (P) End - centred Simple triclinic (P ) -
monoclinic { P

Fig.1.11. The Bravais lattices in three dimensions
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TABLE 1.2. Crystal systems and Bravais fattices in three dimensions

Solid State Physics
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Tre hcxagonal crystal system has only onc Brav:us lamcc and its unit
cell may be ecither of cubical or of ‘hexagonal type. The cubical type ccll
(outlir=d by tnick lines) has latticc points only at the corners.The hexagonal
cell has lattice points at the corners as well as at the centres of the two

hexagonal facrs. One hexagonal cell is formcd by Jommg> together three
cubical type cells. i : .

A lattice point lying at the corner of a cell is shared by cight such cells

and the one lying at the face centre position is shared by two cclls. Therefore, .
the contribution of a lattice point lying at the corner towards a particular cell

is 1/8 and that of a point lying at the face centre is Y2, The following equation
is used to calculate the effective number of lattice pomls N, bclongmg toa
particular cell :

N=N+NI2+NJ3

where N errcscms the numbcr of
lattice pomts present completely
inside the cell, and N, and N_ repre-
sent the lattice points occupying face
. * centre and corner positions of the

(1.5)°

v
2

o

|

1

b
il

=

W

Vol o o

cell respectively. Using this rela-
tion, the cffective number of lattice
points in a simple cubic, body-
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centred cubic and face-centred cu-
; bic lattices comes outto be 1, 2 and
4 respectively.

Fig. 1.12. Two face-centred tetragonal

lattices placed side by side result in-an

end-centred tetragonal lattice shown by
dotted lines.

The list of Bravais lattices
gi~en in-Table 1.2 appears to be
incomplete. The orthorhombic sys-
~ tem contains four Bravais lamccs whercas the cubic and tetragonal systems
~ gontain only three and two lattices respectively. It can be shown that the
] lattices which are absent in certain crystal systems do not result in new types
[»-of arrangements and so need not be considered scparatcly. Figure 1.12 shows
1 Iwo face-centred tetragonal lattices placed side by side. This arrangement of
_pomts shown by dotted lines, produces body-centred tetragonal lattice which
llready exists in the Bravais list.
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‘1.8 LATTICE DIRECT KONS AND PLANES

The dircc.ionof aline in a lattice is defined by assigning certain ind.iccs
.0 this linc. If the litc passcs through the origin, its iquces arc dclcr:mncd»
by taking a point on this linc and finding out the projections of the vector

drawn from the origin to that point on the crystallographic axes. Let thesc

projcctions be u, v and w. App'arcmly,' u,vand " alsa represent the coordinates
of that pbimL These coordina:es arc lhcn simpl.xﬁcd to get a set of the smgllc: :
possible integers ‘which when enclosed in square _bra.ckcts rcprcs_em §hc
indices of the linc. As an cxampic, to determine ti?e indices .of thcldlr::cnlon
0Q in a cubic crystal (Fig. 1.13), we may Lak.c cuh'cr a pom? P'(/z, Ya, V2)
or Q (1,-1, 1) on this linc; either of lhcs__e}pomls yields the._ md.xcc;s of the
dircction OQ as {111]. The same are the indices of any other direction parallel

‘1o OQ because by shifting the, origin to an appropriate position, the new

direction can be made to pass through the points O, P an({ Q. The origin is
shifted in such a way that the grien,lalion;of the axes remains unc!langcd. If
a dircction is perpendicular to a certain axis, its index f:orresl.aond.mg to t'hat
axis is zero as it does not form any projection on the axis. A Q1r‘0:ct§on haw'ng
projections on the ncgative sides of the axcs possess rnc',gauvc'mdlccs which
are writien by putting bars over the indices. :

Consider the direction AB as shown in Fig: 1.14. The indicces of this

6 - (1) F
: {ioo) E
C R
: Y

Wy Q\\ /. }-1201]

2|2/t ; );vH(1.0,Vz)

o B(0,1.0

3 )
Fig. 1.13. Det ni au‘on.of j » K !
ig. 1.13. Determun ; {
. indices of a direction. E'[ -150'] {100) A(1,0,0)

~ direction can be obtained by shift-

1ng the origin to the point A. The
projections of AB on the axes then
pecome -1, 1, and 0 and hence the

Fig. 1.14. lr;piices of some directions
b in a cubic lattice.

indices of the line AB arc [‘T 10]. The indices of a few mq;c (Iiire.ctions arce
ilustrated in Fig. 1.14. The cube cdges are rf:p:escmcd by the indices of the

type {100}, (010}, []()01, ctc. These constitute a family ‘of cube gd%es des-
ignated as <f00> which includes all the directions of this type. Similarly, a

Crystal Structure

family of face diagonals is represented by <110> and that of body diagon
by <111>. The number of members 1n the famulies of cnbe eages, fac.
diagonals and body diagonals is 6, 12 and 8 respectively.

e The angle 6 between the two crystallographic directions {hkl] ;xnd
J'K''] is given by ;

cosd = o hh Rk +
W + K+ B2 w2 4 2 y/2: e

; Thg schcm.e to represent the orientation of planes in a lattice was first
introduced by Miller, a British crystallographer. The'indices of planes arc

lhgrcforc, _known as the Miller indices. The steps involved to determine the
Miller indices of a plane are as follows :

(i) Find the intercepts of the plane on the crystallographic axes.
(i) Take reciprocals of these intercepts. ’

(iii)  Simplify to remove fractions, if an

; \ y, and enclose the numbers
obtained into parentheses, :

In step (i), the_ intercepts are taken in terms of the lengths of funda-
mental vectors choosing one of the lattice points as the origin. If a plane is

parallfl o a certain axis, its intercept with that axis is taken as infinity. In
§tcp (i) the reciprocals are taken in order to avoid the occurrence of infinity
in the Miller indices. - !

As‘an_example. consider a plane ABC (Fig. 1.15) having intercepts 1,
2 und 1 with the crystallographic axes a,

b and ¢ respectively of a cubic lattice. i
The Miller indices of this plane are
determined as follows :

(i) Intercepts AR 1 S |

(ii) Reciprocals S B |
(iii)  Simplification : 2, Va2
Hence the Miller indices of the plane s

ABC are (212) ; the numbers within the
parentheses are writtcn without com-

Sk
mas. The Miller indices of a plane, in Y ; .
general, are written as (hk!). ! f
It may be noted that another plane - © G

DEF which is parallel to the plane ABC '
: b Fig. 1.15. Miller indices of

and .lnes completely inside the lattice, }im; am‘jufhre plalf':ei vj;f:i;a”el

has intercepts 1/2, 1 and 1/2 with the through the on‘gii 3

als
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. and hence carries th .':ﬂiccsaslhcplancABC.Thuswc
and hence carries the same Miller indices as the pl
:gnscl?:!‘d?t;\agmc parallel planes have the same Miller indices. The plane DEF
is rad\erx;xoreconvenxcnt todcal with as it lies completely inside the lattice.

If a plane intezceﬁts an axis on the negative side, a bar is put above

the corresponding number of the Miller indices. The intercepts of a planc

passing through the origin cannot be determined as such. In suc!x : case, 'Izc
take another planc parallel to this plane and dcl:.:rmmc its Mlller in .lCFs.f e
same are the indices of the given plane. Altemgwcly, we sh.xft the origin : rom
the plane to some other suitable lattice point without changing tl'\c (_)ncnt‘}m;xn
of the axes and then find the Miller indices. For example, the indices of the

plane OCGA in Fig. 1.15 become (010) if the origin is shxfted to the point
E. The importancé of orientation of the axes can be realized yvnth rcfefcncc
to. Fig. 1.12. The indices of the shaded plane are of the type (100) when

referred to the axes of the face-centred tetragonal cell, whereas these become

of the type (110) when referred to the axes of the simple tetragonal cell
indicated by dotted lines.

A family of planes of a particular type is represented by enclosing the
Miller indices of any one of the planes of that family into braces. Thus {100}

represents a family of planes which has the planes (100), (010), (001), (100),

1 1) as its me ix planes represent the faces of the
010) and (001) as its members. These six p ’ e
f:ube. Similarly, the families of diagonal planes and close-packed plan?s are
represen“.ad by {110} and {111}, and contain 6 and 8 members respectively.
Some of these planes are illustrated in Fig. 1.16.

(500 ) : (:111‘)

Fig. 116 Two pamllelplaaa l_zelbnging to each one of the families
' {100}, {111} and {110} in a cubic latsice.

19 INTERPLANAR SPACING

Consider a set of parallel planes with indices (hkl). Take origin on o

K 2wk, ')": wh 3oy WG

« COAA 4 coa' R 4 cos' § =1
kama , kiwd 42 we Bt
38

i A= % coin=YeaBrr eod

N
o ¥ 2 WA (N W oy wl . 7
= Y > ) /p( ;14 4 Sviﬁ 3‘9& i

2Mme,
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lattice point of onc such plane and draw crystallographic axes a, b and «.
Now consider another similar plané adjacent to this plane. Since the second
plane also has the Miller indices (hkl), the lengths of the intercepts on a,

-b and c are afh, bik and c/l respectively. If we draw a normal from the origin

to the sccond planc, the length of the normal represents the interplanar
distance d. From Fig. 1.17, it follows that ;

®

d=OP=-;-:-cosa=--:-cosB=%cosy ; an

where o, B and y represent the angles
between the normal and the axes a, b
and c respectively and cos o, cos B and
cosy represent the direction cosines of
& the normal to-the plane (hkl). The Eq.
P~ n (1.7) indicates that the direction cosines

of the normal are proportional to A/a,
k/b and I/c.

-

(hkd )

/=
\a

If B be the unit vector of the
normal to the plane, then a cosa, b cosp
Fig. 1.17. An (hki) plane at a distance @0d € cosy may be written as fi.a, h.b
d from another similar parallel plane and 1

-c respectively and Egs. (1.7)
passing through the origin. become

ah

d = n.a/h = n.b/k = nle/l (1.8)
Thus the value of d can be determined if i is known. In an orthogonal lattice,
where a, b and ¢ point along x, y and z directions respectively, the equation
or the plane (hkl) with intercepts a/h, b/k and ¢/l on the axes is

S (x y,2) = hxla + kylb + lzc = 1

For a surface f (x, y, z) = constant, Vf represents the vector normal to it.

ao Y _ ()i + (kIb)] + (Ulc)k
. VA~ W 1a* 215 4 B
Hence from Egs. (1.8), we obtain ;

g B [®1 + @) + arok}(arn)i
b 1R IR+ BIAR

: 1
or d

b ' ' 19)
W 1d® + 162 + P13 (
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ion i i i i nly. For non-ofthogonal lat-
is equation is valid for orthogonal lamf:es only. : :
::;ss szch an cxpression may not be obtained easily; one may need to find

fi by some other method and then use Eq. (1.8) to dctcryminerd. Fora cpbxc
lattice, a, b and c arc equal and we get

i - 1.10
d= g (1-10)
(n*+4%+1%)

It may also be noted that for a cubic lattice, the direction [hk] is perpen-

“dicular to the plane (hk)).

1.10 SIMPLE CRYSTAL STRUCTURES |

We shall now describe some of the basic crystal structures which arc
either monoatomic or contain simple basis. These mclut.ic close-packcg
structures like hexagonal close-packed or face-centred c\lxbnc :uuc:::ef u:r\:s

’ i bic or simple cubic struc ;

-packed structures like body-centred cu : :
lg:::i:l :hese the structures of diamond, zinc blende and sodium chloride

are also described.

1.10.1. Close-Packed Structures . 3

: i tomic crys

-packed structures arc mostly found in monoa

havingcx::l::d?u:ﬁmal bonding, such as metallic bonding. [n_thcsc struc(ur;:)s.
the coordination number of cach atom is 12, i.e., each atom is surrounded by

twelve similar and equal sized neighbours. Out of these twelve neighbours, six

lic in one plane, three in an adjacent parallel plane above this plane and thrccf
in a similar plahe below it. There are two types of close-packed structures :

(i) Hexagonal close-packed (hcp) structure
{it) Face-centred cubic (fcc) siructure
These structures are described as follow; ¥

Fig. 1.18. Layered arrangement of close-packed structures.

:
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(i) ‘Hexagonal Close-Packed
Structure

Convenlidnal
unit cel Consider a layer of similar
atoms with each atom surrounded

by six atoms in one planc as shown :

B can be placed on top of laycr A

B Pn;mm_:e such that the atoms of layer B oc-
' cupy the aliernate valleys. formed

by the atoms of layer A. If a third -

Wik similar layer is placed on top of the-

- B-layer in such a way that the at-
oms of B-layer exactly overlap the
atoms of A-layer and this type of

g stacking is repeated successively,

N the following layered arrangement

s L 2r) 4 is obtained :

Fig. 1.19. Conventional and primitive cells ...ABABAB....

of hexagonal close-packed siructure. » This type of stacking is called

hep stacking and the structure @ﬁ&own ashexagonal close-packed structure.
The name corresponds to the stiape of the, conventional unit cell which is
hexagonal and is shown in Fig. L.19. There arexwelve atoms located at the
eorners, two at the centres of the basal planes, and three completely inside

the hexagon forming a part of the B-layer. The effective number of atoms
in @ unit cell is A oy

1216)+2(12) +3=6
The interatomic distance for the atoms within a layer is a. The distance
between the two adjacent layers is ¢/2, c being the height of the unit cell. For
an ideal hep structure, ¢ = 1.6334. n e
It may be noted that although the structure is hcp, the space lattice
Is simple hexagonal with basis consisting of tvo atoms placed in such a way
that if one atom lies at the origin, the other atom lies at the point (2/3,

113, 112). The shaded portion in Fig. 1.19 represents the primitive ccll of

this structure. It contains 2 atoms instcad of one which is due to the presence
of the basis. ‘Also, the volume of the primitive cell‘is exactly one-third of -

the volume of the hexagonal cell. -

The packing fraction, f, s defined as the ratio of the volume occupied
by the atoms present in a unit cell 1o the-total volume of the unit cell, It is

Also referred to as the packing factor or packing efficiency of the unit cell. - i &

Prom the primitive cell, we¢ find

in Fig. 1.18. Another similar layer—
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2(4/3)nr?
e <us e A R " a(asiné0®)c
where r is the atomic radius. Using
¢ = 1.633a and a = 2r, we get

oAy f=074
; \_  Thus,inanideal hcp structure, 74%
4 of the total volume is occupied by
! atoms. Metals like Mg, Zn, Cd, Ti,
[ ' : ctc. exhibit this type of siructur.
PO B (ii) Face-Centred Cubic Structure
| —t—7>8 ' In this structure, the stack-
NIpe <~ ing of-first two layers A and B is
- E ; " S Fsimilar to that of hcp structure. The
N o “ difference arises in the third layer
: which, in the present case, does not
' ; i verlap the first layer. The atoms
. Conventional unit cell of  overlap . 1
[l::g;t:i?ure’ along with the stacking  of the third layer occupy the posi

sequence ... ABCABC ... - tions of thos& valleys of the A-
’ layer which are not occupied by
the B-layer atoms. The third layer is designated by the letter C. The fourth

layer exactly overlaps the first layer and the sequence is repeated. Thus fec.

suucture is represented by the following stacking sequence :

... ABCABCABC ... -
The conventional unit cell s face-centred cubic and is shown mal:iﬁ;
1.20. It is a non-primitive cell having effective number :l):; atomsf di:::nals
8 (1/8) + 6 (1/2) or 4. The atomé(ouchoqean;oﬂ\er.along a(::tedto eaCh
'l‘hclcngthbfthecubeedge,a,andthgatomlqradms.r.arere ed
other as’ ; :

The packing fraction, f, is- givm by'A :

f=:4-—(113§)—u'r—' .=0-.74 3
* ' a bl %

Thus the packing fraction of fcc sﬂucturens ex;aetly___‘the same a: btl;::
of 'hcp structure which is expected because of the close-packed nature o

 the structures. Also, the coordination number of each atom is 12. Examples

of met:-ials having this type of structure are‘Cu, Ag, Au, Al, etc.

ron

Fig. 1.21. Conventional unit cell

(ii) Simple Cubic Structure (sc)

by

Crvstz! .fm.aaure 3
1.10.2. Loose-Packed Structures , ,
. A loose-packed structure is that in which the coordination number of
an atom is less than 12 or the'packing fraction is less than 0.74. Among the
various possible loose-packed structures, the most éb‘ifuiidﬁan(f the simplest
are the body-centred cubic (bec) and the
structures are described as follows : e ;
@  Body-Centred Cubic Structure (bec) - bl
The conventional unit cell of "'bc'c.slructu:re is non-primitive and is
shown in Fig. 1.21. It has cubical shape with atoriis located‘at thé cothers

and the body centre. Thus the effective number of atoms péf uhit'cell is

8 (1/8) + 1 = 2. The coordination number of each atom is 8. The
one another along the body diagonal. Thus a'is related 6 7

- _ o 4r=3a j
The packing fraction is given by

a‘g‘i’i

; 2(413)nr°

The examples of materials cxhibiﬁng_' bee structure are Na, K, Mo, W, etc..

=068

- Fig: 1.22. Unit cell of -

of bee structure. ' s¢"stracture.

The conventional unit ccll of sc structure is the same as its primitive

¢ell and is shown in Fig. 1.22. The atoms are located at the cornérs only

and touch one another along the cube cdgés. Thus in'sc structures, we have
w TR R O
The coordination number of each atom is 6. The packing fraction is given
R TV E T
d fi= DR RN L e

Only pplonium exhibits this type of structure at room temperature.

23

simple cubic (sc) structurés. These

atoms touch
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1.11 STRUCTURE OF DIAMOND

Diamond exhibits both cubic and hexagonal type structures. The
diamond cubic (dc) structure is more common and is dcscribc.d .herc. The
spacc lattice of the diamond cubic structure is fcc with basis consxst{n goftwo
carbon atonis, onc located at the lattice point and the other at a distance of
onc guarter of the body diagonal from the laltict.a point along the body
diagonal. The unit cell of the dc structure is shown in Fig. 1.23. The carbon
atoms placed along the body diagonals, in fact, occupy the a]te.mate tetra-
hedral void positions in the fce arrangement of carbon atoms. This opens, up
the otherwise close-packed fec arrangement which decreases the p.ackmg
efficiency considerably. The packing efficiency of the dcj su"uctu_rc is only
34% as compared to 74% for the fec structure. The coqrd.nnatlon numbf:r of
cach carbon atom is 4 and the nearest ncighbour distance is equal to v3a/4
where a is the lattice parameter.

The de structure may also be viewed as an interpenetration of two fcc
sublattices with their origins at (0, 0, 0) and (1/4, 1/4, 1/4). A }:)lan.vicw of
the positions of all the carbon atoms in the unit cell is shown in Flg.'l.24.
The fractional heights of the carbon atoms relative to the base of the unit celt
arc given in the circles drawn at the atomic positionfs.'Two numbers in the
same circle indicate two carbon atoms at the same position located one above
the other. Other materials cxhibiling'th?s type of structure are Si, Ge, SiC,

GaAs, gray tin, ctc.’

L2

Q: C atorn occﬁpying fec position
@ : C atom occupying tetrahedral

Fig. I.;Z;t.e The unit cell of dc structure. : Fig: 1.2‘?; Plan' v‘iew of atomic
The lattice is fcc with carbon atoms located” po.rmons‘ in z_lc. unft cell. N'ul.nbcr.;
at fec positions and at aliernate in the circles mdu:qle :fracuorud

tetrahedral sites. B heighis of the carbon atoms.

1.12 ZINC BLENDE (ZnS) STRUCTURE .

The zinc blende striicture is‘similar to the dc éu;u‘c'ture' except that the

| it are occupied by different elements. The structure is -
similar to the one shownin ‘Figl-‘l .23 where the dark circles now represent ouc. .
type of aloms, say Zn, and the light ci;c?cs 'rcprcscqt- the other type of atoms.

two jeo Jaitices in it

—_—

.IVC..S. ’ ; v S s b o
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1.13 SODIUM CHLORIDE
(NaCl) STRUCTURE 7

The unit cell of NaCl strue-
ture is shown.in Fig. 1.25. In NaCl
structure, the radii of Na* and CI- o -
ions are such that cach Na* ion is , ; : Z ‘
octahedrally coordinated to six CI- T T ;
ions. The unit cell is fec with four
CI- ions occupying all the four Jee

25

positions and ‘the four Na* ions | e
occupying all the four octahedral ) W S
voids. The fee positions and the ™ = A Y

octahedral void positions arc, how-
ever, interchangcable. The NaCl
structure can, thercfore, be viewed i .
ns.t».vo interpenctrating fcc sublattices, one belonging to Na* ions with its
origin at the point (0, 0, 0) and the other belonging to CI-ions with its origin
At the point (a/2, 0, 0). In the erminology of lattice and basis, the structuic
can be interpreted as an fec lattice with basis consisting of two ions, one
of Na* and the other of CI-. Onc of these ions uccupies onc of the fee positions
iand the other ion occupics the corresponding octahedral void position. A unit

cell of NaCl compriscs four molecules. The position of various ions in the
unit cell are as follows : ; i

Fig. 1.25. Unit cell of sodium -
i chloﬁdc*_smwlurc.

Na' : 0, 0, 0; 1/2,1/2,0; 1/2,0,1/2; 0,172,172
Cr : 1/2,1/2,112; 0,0,172; 0,1/2,0; 1/2,0,0

‘ SOLVED EXAMPLES

Example 1.1. Determine the relationships between the lattice parameter a -

and the atomic radius r for monoatomic sc, bec and Jee structures.

Solution. In sc structure (Fig. 1.26), thc atoms touch one another along the
cube edges. L : :

a=2r -

In bee s’lructurvc, the atoms touch along the body diagonals.

-

'  Ba=4r
or : .  a=4n3 ‘ .
In fec structure, ihc atoms touch aloﬁg the ‘face diagonals. o
: ‘/?.‘aA=4r ad : Je
ur s ! : a=2r"
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_Thercfore, the tequmed indices are [lOl] and [101‘

Example 1.3. A plane makes intercepts of 1, 2 and 0.5A on the crystallo-

graphic axes of an orthorhombic crystal with a:b:c = 3:2:1. Determine the.
Miller indices of this planc.

- Solution. Taking the lengths of the axes OA, OB and OC as 3,2 and 1A
. respectively, the plane with intercepts of 1, 2 and 0.5A on the axes is the

{ planc DBE as shown in Fig. 1.28. The mwrcepts of this plane relative to
- full lengths of the axcs arc

- Solid State Physics

- )(:0\ :)k?a
113, 312 and 0511 i e b/’ﬁl

‘or . 13,1 and 12 oAy il
Reciprocals : 3, 1 and 2 2acaes 1 5

Therefore, the Miller mdlces of the
plane DBE are (312).

Enmplel.‘.lnacublc unit cell, ﬁndthe
angle between normalstolheplam (111)

—a—

: ; , S E P s, _and (121).
(100) s (110) : q,za R Pl'. 1.28. Plauc(JlZ)inan
,(111) i e anbis Lattice. Solution. Since the crystal is cubic, the
bee and fec structures along with their (100), (110) ' normals (o the planes (111) and (121) are the
an 1.26. Monoatomic sc, e ICI} ‘y s B directions [111] and [121] respectively. Let be the angle between the
. Pe lanes normals,
bic unit cell Determine ;
le 1.2. Draw (101) and (111) planes in a cu
_ ﬁ:‘;ﬁlcr indices of the directions which are common to both the planes. . I I.z+k|}2+1112 -
Solution. Imctcepts of the plane (101) with the ‘axes o ("l +k +l|2) (’lz +ky +lzz)
v ailih et R & Ix1+1x241x1 ..
, i =4, and 1 (-12+12+12)‘II2 (12 '_‘_22_'_12)]/2
G Intercepts of the plane (111) with the axes =1, 1and1 & 09428 ;
Takmg the. poml O as origin and the lines OA, OB and OC as th(; or ' 0= 19.47° or 19928’ ! -
c (101) G axcs a, b and ¢ dr?pi“:zl’e ma::dv:]:m Example 1.5. Calculalc the packmg efﬁcxency and densnty of sodium
; .mlctccptsl o and 1 is the o o5 chl from the folio :
- with intercepts 1, 1 and 1 is plane ABC as shown ofide from the following data : i
F ' in Fig. 1.27. Therefore, the line common to both Radius of sodmm ion =098A
the planes is the line AC. It corresponds to two Radius of chloride ion - = 1.81 A

directions, i.e., AC and CA.

: - Atomic mass of sodium =22.99 amu = . , By
Pl’OjclenS of the dm:c:uon~ “AC on the

] ‘ = s
,,7/ Atomic mass of chlorine = 35.45 amu :
: 'i/'/}'////ﬂ///////////// A1) axes="-1,0and1 =~ - - ¢ Solution. The unit cell of NaCl strucutre is shown in Fig. 1.25 “The Na' and
Gl S D 43 PI'OJOC“O“S of lhc dll'octlon CA on the . CI‘ ions (ouch along the c“,be edges
Fig. 1.27. P’Mu‘;‘ (2‘1’“_ and axes = 1,0 and - 1\ i : /. Lattice parameter, @ = 2 (Radius of Na* + Radius of )
(111) in a cubic latiice. . g bors v O : ! ;

© =2(098 + 1.81) =558 A

b |
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Volume of ions present in the unit cell -
Volume of the unit cell

4(4/3)1: . +4(4/3)u

a3

Packing fraction =

16% | (0. 98) . (1 81)
3 (5. 58)
0.663 or 66.3%

_ Mass of the unit cell
"~ Volume of the unit cell

Density

: -27
i 3 10
. 4(gzw+35 45) % 1.66 x e

: (5.58x 10"°)3

=2234 kg m™ or 2.23 g cm™
* SUMMARY

41 The solids may be broadly classified as crystalline and non-
- crystalline (or amorphous). The crystalline solids may be further sub-dmded
- into single crystals and polycrystalline materials.

2. Crystallography is the study of formation, structure and properties
- of crystals.

3.A crystal structure results from the combination of a space lalucc
and a basis. A space lattice is a regular arrangement of infinite number of
imaginary points in three-dimensional space. A basis is a structural unit
comprising a single atom or a group of atoms which is placed ori each lamee
poml in a regular fashion to generate the crystal structure.

4. A unit cell is a small group of points which acts as a building block

for the entire lattice. It may be primitive or non-primitive.- A primitive cell

is the smallest volume unit-cell and contains.only one lattice point per cell.
A non-primitive cell-contains. more than one lattice: points- per cell. The,
co-wenuonal unit: ccll has the hlgh&sl possible symmctry and the lowest -

5. Thic effective number of lattice pomts bclongmg 10 a: unﬂ cell is~
N=N, + N2 + N, B

where N, N, and N_.dcnetc. lhc number of lattice points prescat msxdc at
ihe face CC.AJC.), and at iic corners of tie cell respectively.

Crysial Structure o : . 29

6. A crystal remains invariant under the application of various sym-
metry operations like translation, rotation, reflection, inversion etc. Some
rotational operations, such as 5-fold and 7-fold rotations, are not permissible
as these arc not compatible with lattice translation symmetry.

7. A point groupis the combination of certain symmetry operations
like rotation, reflection and inversion. It detcrmines the symmetry of space
around a point. The number of point groups in three-dimensional space is
32. These point groups produce only 14 Bravais lattices.

8. The set of all the symmetry elements of a cfystal structure is called
the space group. The number of distinct space groups possible in three

dmu:nsxons is 230.

9. The Miller indices of a cryslallographic plane and a direction are
denoted by (hkl) and [hkl] respectively where &, k and [ are integers. The
parallcl planes and the parallel directions have thc same indices.

10. The angle betwcen two directions [hk!] and [A'kT] is given by

8 hh'+ kk' + U’
- (h2+k2 +12)l/2"‘(7?i+k:2 w12 )uz

11. The interplanar distance for the parallel (ki) planes for an *
orthorhombic lattice is

d = (Wa? + RIB + Pl
where a, b and c are the lengths of the axes.

12. A close-packed structure is that in which cach atom has twelve
identical nearest neighibours. A close-packed structure may be either fec or
hep with the following sequence of layers :

hep : ....ABABABAB......
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VERY SHORT QUESTIONS

Define a single crystal.
How does a crystal differ from a grain?

What is short-range order?

‘What arc amorphous materials? Give an example of such a material.

What is .crystallography?

What is a unit cell?l

How does a crystal differ from a lattice?

What is the maximum number of possible Bravais lattices?

What are Miller indices? What is their importance?

_Write the indices of all the twelve edges of a cube.

. H
Write the indices of all the face diagonals of a cube.

What is packing efficiency? What are its values for sc, bee, fec and hep
structures? » . \

Give at least one example each of materials exhibiting sc, bec; fec and
hcp structures. Ty

Calculate the number of carbon atoms per unit cell of diamond.

. SHORT QUESTIONS

Definc pnmmve and non-primitive translation veetors. Which type of
translation vectors arc preferred for describing a lattice?

_ Prove that the crystals cannot have five-fold symmetry.

Differentiate pnmmve cell, non-primitive cell and conventional cell
from one another. How i isa Weigner-Seitz cell construcied?

Describe the scheme to determine the Miller indices of a planc. Show

that the parallel planes have the same Miller indices.

What is the relationship between the Miller indices and reciprocal
lattice vectors corresponding to any plane? ;

Find the Miller indices of cube faces and dxagonal planes of a unit
cube,
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i Explain the concepts of lamce, basis and cryslal slructurc How are
they related ?

8. Draw primitive cells corresponding to bce and fcc unit cells.

9 How does hep structure differ from bec structure? :

10. What is Bravais lattice? What is the maximum number of Bravais
lattices possible? How will you account for the existence of thousands
of structures from these lattices?

I1.  The end-centred orthorhombic is one of the Bravais lattices but the
end-centred tetragonatis not. Give reasons.

12.  The primitive cell of fec lattice is rhombohedral. Why then is the
rhombohedral lattice included separately in the Bravais list?

13.  State the points of similarity and difference of the mdnoalomic, SC,
monoatomic bcc, and CsCl structures? s

14.  Calculate the volume of the primitive cell and the number of nearest
ncighbours for an fec lattice.

I5.  Obtain an expression for the packing fraction for hcp structure.

16, Show that the c/a ratio for an ideal Acp lattice is /373 .

17.  Determine the values of packing fraction for Jfcc, bee and sc structures.

18.  Assuming one of the basis atoms lying at the origin, find the coordi-
nates of the other atoms for an hcp structure.

19, Exphin, without calculatxon, why fce and hcp structures have the
. Same packing factor.
20.  Show that for a cubic lattice, the latticc constant, g, is given by
e N vy m‘wcx - D) o
5 Np N A= ..__ :
M
where the symbols have their usual meanings.
21.  What type of lattice and basis do the following structures have :
(i) Sodium chloride (ii) Diamond cubic ?
22.  Diamond is the hardest substance known in spite of the fact that the
packing fraction and the coordination number of carbon atom in the
dc structure are quite low. Explain. » :
23.  There are four vacant tetrahedral sites in a unit cell of the dc structure.
Can four additional carbon atoms occupy these sites? Give reasons.
24,

How many crystal directions constitute the famxly of body diagonals
of a unit cube ? Draw all such directions.
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LONG _QUESTIONS'

What arc symmetry operations? Describe the principal symmetry op-
al lattice. Show that the five-

crations applicable to a three-dimension
fold rotational axis is not permissible in case of lattices.

What arc point group and space group? Give their number for two-and
three-dimensional lattices. List all the point groups of a two- dimen-
sional lattice. ' '

Determine the interplanar spacing between {hz two parallel
with Miller indices (A, k, ) in a cubic crystal of sidc a.
Which is the most densely packed structure amongst the various cubic
ty of this struc-

planes

structures? Determine the packing fraction and porosi
wre. Can the porosity be reduced by some means? ‘What type of solids

gencrally exhibit this type of structure and why?

Draw a plan view of sodium chloride structure. In how many ways can

this structure be interpreted?

Draw a plan view of hcp unit cell and give coordinates of all the atoms.
Arc all the atoms located at cquivalent sites? Discuss implications of

your answcr.

Draw the following:

lattices.
@ Q. (1—1‘2) and (-2-1'0) planes in cubic and orthorhombic lat-

tices.

53: %A 2. %5 PROBLEMS

Find the Miller indices for planes with cach of the following sets of
intercepts: _
G) 3a,3b,2c; (D) @20,
(iv) a, b2, c; .(i) a, b—=;
where a, b and c are lattice parameters.

(#ii) Sa, - 6b, ¢
i) af2,b,©

(223), (210), (65 30), (121D), (111), (210)) '

: Draw a(110) plancina cubic unit cell. Show all the <111> directions

that lic on this planc and give the Miller indices of cach direction.

([}, ) [T and [TT1])

(0) [l Tl],[l —2—1] and [0 TZ] directions in cubic and tetragonal |

Crystal Structure

4.

I,

13,

14,

i

33

3 i& on the crystallographic axcs
¢=3:2:1. Determine the Miller
Determine the numbe ; i
r of the nearest nei
. mbet of ¢ st neighbou i
nce of approach in terras of lattice parameter f; ;n(:l:::od?scs‘ ‘;‘3'
mic sc, bee

and fec structures .
Calculate the linear density (number.of mo’:, a; 8, a\3/2; 12, ai2)

cube edge, face diaganal ai g s"per unit length) al
Mot i aganal and body_dlagonal of an fec unit cell )of ;35

Nickel (fce) h WO L
(fec) has the lattice parameter of 3:52 A Calculale‘:i\: /atao‘:g:)l

planar density (nimber of atom '
y { of atoms it ; :
(111) planes. Is it possib it oo '
e l; nes. Is npolsslble togack the atoms more clos(cly ti;a(nl:nO)lz;neJ.
RS “ k(s .61:-1:_['. 1.14x10", 1.86x10'? atoms m—z.( Nl;
- ! which THHL] difection of a-cibic Tais oot
;v':t:w[ i(lxl)]l Bl 110 btk 1 c"bl(csiif'ce _—
s - x . o1&
the dismnc;sa:fd ui::) Planes in a cubi uht cell of side iy CS:, lus't)
origin. ; planes from a parallel plane passing thr Oughpih:
Cilculate i & al
type (100):1(“131?;&6?1‘ 1?‘;'-‘”@'} the adjacent Pafallel{ pl\zlai’c:/ng‘jﬂ
the validi : mk}n cc lattice of lattice
most w:idlt:lyy(;f i St:'i'temem “Thie most dose‘PaCkzgn;::nn:::.a(r:: e:;k
paced. e
Copper . AR a2, a2V
dir:::sio(;{c:zdl,l: ety A Calcul(atczzh:::mi g
¢ radius of Cu atom, given the atomic mas l;lz: o
ass or Cu as

63.54 amu.
Pr 2
ove that c/a ratio for an ideal hep st éture & 5 6;3‘61 A, 128 A)

Zinc (hcp) has lattice
F parameters g and
tively. Cal : cas 2.66 A and 4
Y r:a?"l“‘e the packing fraction and density of il g
respectivexms and the atomic mass of Zn as 1.31 A :rl:icgg l?:' i
Y. i .37 amu
Calculate the distanc (62%, 7155 kg m=3
structure, if:htl‘siam between two atoms of a basis of the d'g )
ce constant of the structurc is 5 A (;a;Y;ORd
. 3 )

A plane makes intercepts of 1, 2 and
pf an orthorhombic crystal witha : b -
indices of this plane. e




CHAPTER - II
X-RAY DIFFRACTION AND
RECIPROCAL LATTICE

2.1 INTRODUCTION

X-rays, being electromagnetic radiations, also undergo the phenom-
enon of diffraction as observed for visible light. However, unlike visiblc
light, x-rays cannot be diffracted by ordinary optical grating because of their
very short wavelengths. In 1912, a German physicist Max Von Laue sug-
gested the use of a single crystal to produce diffraction of x-rays. Since all
the atoms in a single crystal are regularly arranged with interatomic spacing,
of the order of a few angstroms, a crystal can act as a three-dimensional
natural grating for x-rays. Friedrich and Knipping later successfully dem
onstrated the diffraction of x-rays from a thin single crystal of zinc blend
(ZnS). The diffraction pattern obtained on a photographic film consisted of
a series of dark spots arranged in a definite order. Such a pattern is called
the Laue's pattern and reflects the symmetry of the crystal. Apart from this,
the phenomenon of x-ray diffraction has become an invaluable tool (v
determine the structures of single crystals and polycrystalline materials. i
is also extensively used to determine the wavelength of x-rays.

2.2 X-RAY DIFFRACTION

When an atomic electron is irradiated by a beam of monochrcmatic

x-rays, it starts vibrating with a frequency equal to that of the incident beam.

- Since an accelerating charge emits radiations, the vibrating electrons presen!
inside a crystal become sources of secondary radiations having the samc
frequency as the incident x-rays. These secondary x-rays spread out in all

possible directions. The phenomenon may also be regarded as scattering of

x-rays by atomic electrons. If the wavélength of incident radiations is quitc

large compared with the atomic dimensions, all the radiations emitted by
clectrons shall be in phase with one another. The incident x-rays, however,
have the same order of wavel¢éagth as that of the atomie dimensions; hence
the radiations emitted by electrons are, in general, oufxé phase with one
another. These radiations may, therefore, undergo constructive or destruc-
tive interference producing maxima or minima in certain directions.
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Consider a one-dimensional row of similar atoms having interatomic
spacing equal 10 a. Let a wave front of x-rays of wavelength A be incident
n the row of atoms such that the wave crests are-parallel to the row. The
oms emit secondary wavelets which travel in all possible dircctions. As
- shown in Fig. 2.1, the reinforcement of secondary wavelets takes place not
only in a dlrectlon perpcndxcular to the row of atoms but also in othcr

tion. The zeroth, first and second order diffraction directions arc shown in
Fxg 2.1. It may be noted that reinforcement takes place in some particular
dircctions only, whereas in other directions the wave fronts interfere destruc-

tively and the intensity is minimum. Such reinforcements produce Lauc's
pattern.

Second Zeroth First
order order order
f
e
S5, St oot o i
AI v In'cident wave

Fig. 2.1. Reinforcement of scatiered waves resulting in
diffracted beams of different orders.

In actual crystals, the problem is more complicated because of the
presence of three-dimensional arrangement of atoms. The conditions for
i crystal to diffract x-rays can be determined by using either Bragg's
ireatment or Von Laue's treatment.
~ 2.2.1 The Bragg's Treatment : Bragg's Law

7 In 1912, W.H. Bragg and W.L. Bragg put forward a model which
- generates the conditions for diffraction in a very simple way. They pointed
- that a crystal may be divided into various sets of parallel planes. The
B ‘A léﬁrecuons of diffraction lines can then be accounted for if X-rays arc
- gonsidered to-be reflected by such a set of parallel atomic planes followed
' the constructive interference of the resulting reflected rays. Thus th+

~ problem of diffraction of x-rays by the atoms was converted into the problen:

reflection of x-rays by the parallel atomic planes. Hence the words
iffraction’ and ‘reflection’ are mutually interchangeable in Bragg's treat-
t. Based on these considerations, Braggs derived a simple mathematical
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relationship which serves as a condition for the Bragg reflection to occur. This
condition is known as the Bragg's law. : :

Fig. 2.2. Bragg's reflection of x-rays from the atomic planes.

To obtain the Bragg's law, consider a set of parallel atomic planes with
interplanar spacing d and having Miller indices (hkD). Let a parallel beam of
x-rays of wavelength A be incident on these paraliel planes at a glancing angle
9 such that the rays lieinthcplaneofmepaper.Considertwosuchrays 1
and 2 which strike the first two planes and get partially reflected at the same
angle @ in accordance with the Bragg's treatment as shown in Fig. 2.2. The
diffraction is the consequence of constructive interference of these reflected
rays. Let PL and PM -be the perpendiculars drawn from the point P on the

" incident and reflected portions of ray 2 respectively. The path difference

_between rays 1 and 2 is, therefore, given by (LQ + QM). Since LQ = QM

= d sin0, we get :
Path difference = 2d sin® :
For constructive interference of rays 1 and 2, the path difference must

be an integral multiple of wavelength A, i.c.,

2d sin@ = nA : 2.1)
where n is an integer. This equation is called the Bragg's law. The diffraction
takes place for those values of d, 6, A and n which -satisfy the Bragg's

condition. Ia Eq. (2.1), n represents the order of reflection. For n = 0, we

set the zcroth order reflection which occurs for © equal to zero, i.c., in the
direction of the incident beam and hence it cannot be observed experimen-
tally. For the given values of d and A, the higher order reflections appear
for larger values of 6. The diffraction lines appearing for n = 1, 2 and 3
are called first, second and third order diffraction lines respectively and so

&

'y
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on. The intensity‘of the reflected lines decreases with increase in the value
of n or 6. The highest Possible order is determined by the condition that
- sin 0 cannot exceed unity. Also, since sin@ < 1, A must be < d for Bra
;ﬂecuon to occur. Taking d =~ 107" m, we obtain A < 16-° m or lig
-rays having wavelength in this range is
A o ge arc, therefore, prcfengd for analysis
2.2.2 The Von Lauc Treatment : Laue's Equations

‘V.on I..auclremedmephcnomnon of diffraction in a more general w:
by considering the scattering of x-rays from individual atoms in the s:ayl
'followed by their recombination to obtain the directions of diffracti e
ima. It will be shown below that diffraction maxima appear in somcon e
dircctions which obey certain conditions known as the Laue’s e ua:gf:cslﬁlct
alsc? proves the validity of Bragg's treatment and the Bragge's ‘lla .
derived from the Laue's equations. tiidhieos

Incident
beam

L
>

(] W

Fig. 2.3. Scattering of x-mys Jrom two identical scattering centres
separated by a distance r.

Consider the scattering of an incident beam from i

- twe identical scat-

tmngccnmAandBplaoedatadislanocrfmmﬁchoﬂminacrysﬁ

:r.ho.wanig.Z.&wilandi,bethennitvectors-inmedirecﬁonsofﬂne'
incident and scattered beams respectively and let the angle between i, and

i, be 26. Draw BM and AL perpendiculars to the directions inci

- of the '
andswtemd!_)msr&specnvely. Then the path difference between x'::n:
scattered from A and B is given by : ‘-y

- Path difference =AM - BL = r.it, - rt, = . (B, - 2,)=rN

whcre N =&, - ii,. As will be seen later, the vector N happen:
7 =1y I 1, the vector N happens to be a normal - -
'-tothcreﬂecungplane.hnsaplane\vhichmaybeassumedtobcreﬂecting

 the incident ray into the direction of the scattered ray following the ordinary
laws of reflection. This is onc of the plancs which forms the basis of Brags’
?-::qcnlme_nl. From Fig. 2.4, we find 3885
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IN| = 2 sin0

Reflecting 1 s, PR
plane o

Fig. 2.4. Geometrical relationship of incident beam, -
scattered beam, reflecting plane and the normal.

The phase difference between the rays scattered from A and B is
b= —2% (r.N) : 2.2)

The radiations scattered by atoms A and B will interfere constructively
only if the phase difference becomes an integral muitiple c.)f 21: Due to
periodicity of the crystal, the other atoms placed in the same direction would
also scatter the radiations exactly in phase with those scattered from A and
B. In a three-dimensional crystal, r may coincide with any of .Lhc th'rec
crystallographic axes a, b and c. Thus for the occurrence C.)f a diffraction
maximum, the following three conditions must be satisfied simultaneously =

-2{1 (a.N) = 2k’ = 2mnh &

3)’:‘_ (b.N) = 2nk’ =2nnk (2.3)

—2}% (eN) = 2xl' = 2nnl
where K', k' and I' represent any three integers. While obtaining Egs. (2.3),
- it is assumed that atoms A and B are the nearest neighbours am.l, so, the
mégnitudés a, band ¢ ;eprcsent the interatomic distances along their rcs?ec-
tive crystallographic directions. The integers &', &' and /' and A, Ic., ! differ
only by a common factor # which may be equal to or greater than umty. Thus
the integers A, k and [ cannot have a common factor other than unity a}nd
resemble the Miller indices of a plane which happen.v_) to be the reflecting
piane. Let o, B and y be the angles between the scattering normzq N and the
crystallographic axes a, b and ¢ respectively. Then,
a.N = aN cosa = 2 g sinf cosa, and so on.

Therefore, Eqgs. (2.3) bccome
=
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a.N = 2a sinf cos o = A'A = nhA
b.N = 2b sin0 cos B = k'A = nk) (2.4)
¢.N = 2¢ sin0 cos y = I'A = nlA

Equations (2.4) are known as Laue's equations and represent the conditions

for diffraction to occur. In an orthogonal coordinate system, o, § and y also
satisfy the condition

cos?a + cos?B + cos?y = | (2.5)
where cos a, cos B and cos y represent the direction cosines of the scattering
normal. The Egs. (2.4) and (2.5) yield the values of a, B, v and 6 for which

diffraction takes place provided h, &, [ and n are known,Thus, for a given

reflecting plane, Egs. (2.4) serve to determine unique values of 6 and N which
define a scattering direction.

From Egs. (2.4), we also find that, for fixed 9, the direction cosines
cos @, cos B and cos y of the scattering normal are proportional to h/a,
“k/band lic. Also, as described in Sec. 1.9, the direction cosines of the normal
to any arbitrary plane (hkl) are proportional to h/a, k/b and I/c. This leads
to the conclusion that the scattering normal N is the same as the normal

to the plane (hkl) and hence the arbitrary plane (hkl) happens to be the
reflecting plane.

To obtain the Bragg's law, consider the expressions for interplanar
spacing for the (hkl) planes as given by Eq. (1.7), i.e.,

a ;. b
d=;cosa=;cosﬂ=%cosy

In combi{fation with Egs. (2.4), these yield
; 2d sin © = n} .

which is the Bragg's law. Here n represents the order of reflection and, as
described above, is the greatest common factor among the integers k', k' and
I in Eqs. (2.4). Thus one may have the planes (ikf) and consider different
orders of reflection from these; alternatively, one may have the planes (n
nk_nl) or (h'k'l') and- always consider:the first order reflection. The latier
practice is. normally adopted during the process of structure determination by
x-ray diffraction. It'is-obvious that the nth-order reflection from the planes
: (hkb)-would overlap with the first order reflection from the planes (nh nk 2
or-(A'k'l'). Thus, putting'sequal to 1; one can get rid of the factor n in the
Bragg's equation provided thc reflections ffroxnria}l th planes, real or imag-
inary, having Miller indices with or withiout a cominon factor be considercd.
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2.3  X-RAY DIFFRACTION METHODS

The phenomenon of x-ray diffraction is employed to dctermine the
structure of solids as well as for the study of x-ray spectroscopy. The
underlying principle in both the cases is the Bragg's law as given by Eq. (2.1).
Considering only the first order reflections from all the possible atomi

planes, real or fictitious, the Bragg's law may be written as :
5 ' 2dsin8 =2 (2.6)
" The reflections take place for those values of d, © and A which satisfy

the zbove equation. For structural analysis, x-rays of known wavelcngth are
employed and the angles for which reflections take place are determined

cxperimentally. The d values corresponding to these reflections arc then

obtained fldm Eq. (2.6). Using this information, one can proceed to deter-
mine the size of the unit cell and the distribution of atoms within the unit
cell. In the x-ray spectroscopy, x-rays are incident on a particular cleavage
surface of a single crystal so that the interplanar spacing d is known, The
angle for which reflections take place are determined experimentally. The
wavelength A of the insent x-rays is then obtained from Eq. (2.6).

It may be noted™mat the x-rays used for diffraction purposes should
have wavelength which is the most appropriate for producing diffraction
cffects. Since sin® should be less than unity, Eq. (2.6) yields

A<2
Normlly, .
d-3A
A<6A
S 2 -
Longer wavelength x-ravs are unable to resolve the details of the structure
on the atomic scale wherg shorter wavelength x-rays are diffracted through
angles which are too small to be measured experimentally.
~ In x-ray diffraction studies, the probability that the atomic planes with
right oricntations are exposed to x-rays is increased by adopting one of the
following methods: - - 7 '
(i) Asinglecrystalis held stationary and abeam of white radiations
- isinclined on it at a fixed glancing angle 6, i.e., @ is fixed whilc
* x varies. Different wavelengths present in the white radiations
select the appropriate reflecting planes out of the numerous

- present in the crystal such that the Bragg's condition is satisfied. -

This technique is called the Laue's technique.

~ (i) Asingle crystal is held in the path of monochyomatic radiagions

A

§hangc its oricntatipn with respect to the incide:t beam. By dose - s
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and is rotatcd about an axis, i.c., 4 is fiXxed whilc:.e vaﬁcé.

Different sets of parallel atomic planes arc exposed to incident -

- radiations for different valucs of 0 and reflections take place

from those atomic plancs for which d and 0 satisfy the Bragg's .

law. This method is known as the rotating crystal method.

(iii) The sample in the powdered form is placed in the path of
monochromatic x-rays, i.e., A is fixed whilc both 6 and d vary.
- Thus a number of small crystallites with different orientations
are exposed to x-rays. The reflections take place for those values
afd, @ and A which satisfy the Bragg's law. This method is called
the powder method. '

2.3.1 The Laue's Method

An experimental arrangement used to uce Laue’: i
shown in Fig. 2.5. It consists of a flat piate camcrap\r::ich cont:ien: ::;;leirr::u‘:
with a ﬁfne hole to obtain a very fine beam of x-rays. The sample is placcd
on a goniometer which can be rotated to chahge the orientatign of the single
crystal. Two flat photographic films arc used, one for receiving the transmit-
ted diffracted beam and the other for receiving the reflected diffracted beam
for back reflection experiments. Such experiments are performed particularf
when there is excessive absorption of x-rays in the crystal. :

Film for back
reflection

Film for forward
refiection

3

x
.
Y

b i
t'U‘
.
[kt O
Winnh

Single crystal
speciman

Goniometer

Fig. 2.5. A flat plute camera used in Laue’s diffraction method.

: Initially, a singlf: crystal specimcn having dimensions of the order of
mm x Imm x Imm is held stationary in the path of whitc x-rays having

_ wavelengths ranging from 0.2 to 2 A. Since the crystal contains 4 number

of sets of parallel atomic plancs with different interplanar spacings, diffrac- ;

‘ tion is possible for certain valucs of A and d which satisfy the Bragg's
. condition. Thus diffraction spots arc produced on the photographic films as '

shown in Fig. 2.5. The crystal can be rotaicd with the help of goniometer to

S e -




diffraction condition may be satisfied for a new set of atomic planes and hence
a different type of pattern may be obtained on the photographic film. The
symmetry of the crystal is, however, reflected in each pattern.

. The Laue's method is mostly used to determine the crystal symmetry.
For example, if a-crystal having four-fold axial symmetry is oriented so that
its axis is parallel to the beam, the resulting Laue's pattern also exhibits the
four-fold symmetry. The symmetry of the pattern helps to determine the shape
of the unit cell. It is, however, not practicable to determine the structure of
the crystal by this method. It is because a number of wavelengths may be
reflected from a single plane in different orders and may superpose at a singie
point resulting in the loss of a number of reflections. The symmetry of the
Laue's pattern also helps to orient the crystals for various solid state experiments.
Another application of the Laue's method is the determination of imperfec-
tions or strains in the crystal. An imperfect or strained crystal has atomic
planes which are not exactly plane but are slightly curved. Thus instead of
sharp diffraction spots one gets streaks in the Laue's paucrn This type of
streaking on Laue's photographs is called asterism.

2.3.2 Rotating Crystal Method

% Pholographlc
Coliimator film
X - rays—» ¢—— szl
Undeviated
X - rays
Single / i=0
crystal
N\~ Rotator e 8

(a) (c)
Fig. 2.6. (a) Apparatus for rotating crystal method
(b) Cones of scattered x-rays corresponding to reflections from (hkl) planes.
(c) Layer lines produced after flattening the photographic film.

In this method, a monochromatic beam of x-rays is incident on a single
crystal mountedona rolatmg spindle such that one of its crystallographxc axes
coincides with the axis of rotation which is kept perpendicular to the direction
of the incident beam. The single crystal having dimensions of the order ¢
Imm is positioned at the centre of a cylindrical holder concentric with the
rotating spindle as shown in Fig. 2.6. A photographic i'™m is attached at the
inner circular & ~.cc of the cylinder.

5
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The diffraction takes place from those planes which satis{y the Bragg's
law for a particular angle of rotation. The planes parallel to the axis of rotation
diffract the incident rays in a horizontal plane. Howeveér, reflections cannot
be observed for those planes which always contain the incident beam. The
planes inclined to the rotation axis produce reflections above or below the
horizontal planc depending upon the angleof inclination. The horizontal lines
produced by diffraction spots on the pﬁotographlc film are called layer lines.
If the crystal is posxuoned such’ tha; its c-axis coincides with the axis of
rotation, all the planes with Miller indices of the type (hk0) will produce the

central layer line. Likewise, the planes having Miller indices of the type (hk1)

and (hkl) will produce the layer lines above and belowthe central line
respectively, and so on. These layer lines are shown in Fig. 2.6¢. The vertical
spacing betwecn the layer lines depends on the distance between the lattice
points along the 'c-axis. Hence the distance ¢ can be measured from the

- photographic film. Similarly, one can determine the translation vectors a and
- b on mounting the crysél along a and b axes respectively. Thus the dimen-

sions of the unit cell can be easily determined.
2.3.3 Powder Method

This is the most widely used diffraction method to determine the
structure of crystalline solids. The sample used is in the form of a fine powder
containing a large number of tiny crystallites with random orientations. It is
prepared by crushing the commonly available polycrystalline material, thus
climinating the tedious process of growing the single crystals.

The éxper'\mental arrangement used to produce diffraction is shown

in Fig. 2.7. It consists of a cylindrical camera, called the Debye-Scherrer
camera, whose length is small as compared to the diameter. The finely
powdered sample is filled in a thin capillary tube or is simply pasted on a
wire by means of a binder and mounted at the centre of the camera: The
capillary tube or wire and the binder should be of a non-diffracting material.
A collimated bcam of monochromatic x-rays is produced by passing the
x-rays through a filter and a collimator. The x-rays enter the camera through
the collimator and strike the powdered sample. Since the specimen contains
a large number of small crystallites (~10'? in 1mm® of powder sample) with
random orientations, almost all the possible 0 and d values are available. The
diffraction takes place for those values of d and © which satisfy the Bragg's
condition, i.e., 2d sin® = n), A being a constant in this casc. Also, since for
a particular value of the angle of incidence 8, numerous orientations of a
particular set of planes are possible, the diffracted rays corresponding to fixed
values of 8 and d lie on the surface of a cone with its apex at the sample and
the semivertical angle cqual to 20. Different cones are obscrvgg for different
scts of d and 0 for éparu\.ula: value®f n, and also for different combinations
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Similar reflecting b

planes oriented
ditferently
(b)
Entrance hole St Exit hole
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* s (e} : : :
a2 (a) :Front view of the Debyc—Schanr Canem. ;
(b} A cone produccd. by reflection of x-rays from identical
planes having different orientations. -
(c) Flattened photographic film aficr developing and indexing of diffraction lines.
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of © and n for a particular value of d. The transmitted x-rays move out of
the camera through an exit hole located diametrically opposite to.the entrance
hole. A photographic film is attached to the inner side of the cugyed surface
of the camera. Each cone of the reflected beam leaves two lmprcssxons on
the film which arc in the form of arcs on either side of the exit hol&wuh their
centres coinciding with the hole. Slmllarly, cones produced by back-reflected
x-rays produce arcs on either side of the entrance hole. If the sample consists
of coarse grains rather than fine particles, a spotty diffraction pattern nay be
obtaincd. This is because a sufficient number of crystallites with all possible
orientations may not be available in a coarse-grained sample. In such acase,
the sample has to be rotated to obtain almost continuous diffraction arcs. The
film is exposed for a long time (~ a few hours) in order to obtain reflected
lines of sufficiently high intensity. It is then removed from the camera and
developed. The arcs produced by reflected rays appear dark on the developed
film. The angle 8 corresponding to a particular pair of arcs is related to the
distance S between the arcs as.

49 (radians) = SIR @n

whcreRnsmemdmsofmecamera.lfelsmeasnmdmdegrets the above
equation is.modified as

57.2968
y
The calculations can be made simp!ér by taking the radius of the camera in .
multiples of 57.296. For example, taking R = §7.296 mm, we get
0 (degrees) = S (mm)/4 . * (29)
Thus one-fourth of the distance between the corresponding arcs of a particular
pair in mm is a measure of the angle 0 in degrees. Knowing all the possible
0's and considering only the first order reflections from all the possible planes,
Eq. (2.6) is used to calculate the interplanar spacing for various sets of parallel

40 (dogroes) = 2.8)

planes which contribute to these reflections. Thus, we have

<ud=21(2sind)
‘These d values are used to determine the space lattice of the crystal structure.

In modern x-ray diffractometers, the photographic film is replaced by
a radiation detector, such' as ionization chamber or scintillation detector,
which records the positions-and relative intensities of the various reflected

- lines as a function of the angle 26. The detector is mounted on a goniometer
. and js capable of rotation about the sample at different speeds. The whole

 versatile.

system is computensed The avmlablhty of alot of software makes the system




" 46 Solid State Physics
24 RECIPROCAL LATTICE

As described earlicr, the diffraction of x-rays occurs from various sets
of parallel planes having different oricntations (slopes) and interplanar spac-
ings. In certain situations involving the presence of a number of sets of parallel
planes with different orientations, it béqomes difficult to visualize all such
plancs because of their two-dimensional nature. The problcm was simplified
by P.P. Ewald by developing a new type of latticc known as the reciprocal
lattice. The idea underlying the development was that each set of paralicl
planes could be represented by a normal to thesc planes having length equal
to the reciprocal of the interplanar spacing. Thus the direction of each normal
represents the orientation of the corresponding set of parallel planes and its
length is proportional to the reciprocal of the interplanar spacing.

The normals are drawn with reference to an arbitrary origin and points
arc marked at their ends. These points form a regular arrangement which is
called a reciprogal lattice. Obviously, each point in a reciprocal lattice is a
representative point of a particular parallel set of planes and it becomes easicr
to deal with such points than with sets of planes.

A reciprocal lattice to a direct lattice is constructed using the following
procedure :

(a) Take origin at some arbitrary point and draw normals to every
set of parallel planes of the direct lattice.

(b) Take length cf each normal equal to the reciprocal of the
interplanar spacing for the corresponding set of planes. The
terminal points of these normals form the reciprocal lattice.

Consider, for example, a unit cell of monoclinic crystal in which a #
b#c,a=y=90%and p> 90° as shown in Fig. 2.8. For simplicity, we orient
the unit cell in such a way that the b-axis is perpendicular to the plane of the
paper; hence a and c-axes lic in the plane of the paper as shown in Fig. 2.9.

Consider planes of the type
(hOI) which are parallel to b-axis,
i.c., perpendicular to the plane of
the paper. Hence normal to these
planes lie in the plane of the paper.
The planes (h01), being perpendic-

(100)
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plangs (h0l) and their lengths are taken to be 1/d,,, where d,  is the imi:rplanar
spacing for the planes (h0l). For example, since the planes (200) have half
thc? mtcrplan~ar sp'acing as compared to the plane (100), the reciprocal lattice
point (200) is twice as far away as point (100) from the origin. If normals

to all the (k) planes are drawn, a three-dimensional reciprocal lattice is
obtained.

\
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Fig. 2.9. Two-di.me.nsional reciprocal lattice to a monoclinic lattice.
The b-axis is perpendicular 10 ne plane of the paper.
2.4.1 Reciprocal Lattice Vectors

: A recipracal Iatt.icte vector, Oy, is defined as a vector having mag-
mt‘ud('a c‘:qual ‘tov the reciprocal of the interplanar spacing d,,, and direction
coinciding with normal to the (hkl) planes. Thus, we have

e
S0

Oy =
hki
dh

(2.10)

PN e (o, the plbne of The papes; re where i is the unit vector normal to the (kkl) planes. In fact, a vector drawr:

/‘{WV/// repreanted by lines. Thus the line v . from the origin to any point in the reciprocal lattice is a reciprocal lallicé
y /////// 4 (101) in fact means the plane (101), vector.

G and so on. Taking the point of in-

tersection of the three axes as the

Fig. 2.8. Unit cell of a monoclinic crystal. origin, normals are drawn to the

Like a direct lattice, a reciprocal lattice also has a unit cell which is
of the form of a parallelopiped. The unit cell is formed by the shortest
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-normals along the threc directions, i.c., along the normals to the planes (100),
(010) and (001). These normals produce recipro~=#aitice vectors designated

as Tygq Tgye and Oy, which represent the ﬁmﬁnental reciprocal lamcc
veclors.

Let a, b and ¢ be the primitivc translation vectors of the direct lattice
as'shown in Fig. 2.8. The base of the unit cell is formed by the vectors b and
c and its height is cqual to d . The volume of the cell is

V= (area) d,,

;- area Ib X CI
or e
R v

In vectpr form, it is written as

R
n=

7 B v @.11)

- where i is the unit vector normal to (100) planes.
From Egq. (2.10), we get

Cio0 = 2;;; n 3 . (2.12)

Denotmg the fundamental reciprocal vectors o, G,,, and Ogos DY 2%,
bh* and c* respectively, Egs. (2.11) and (2.12) yield

bxc
M ke
Similarly,
cxXa
b* = Gy = R 2.13)
“and
axb -
e a.bxe ___]

where a.bxe = b.cxa = c.axb is the volume of the direct cell, Thus the

reciprocal translation vectors bcar a snmplc rclationship- to the crystal trans-
lation vectors as :

a* is normal to b and ¢
b* is normal to ¢ and a - (2.14)
c* is normal toa and b__| : '

+ X-Ray Diffraction & Reciprocal Luittice - : 49

In vector notation, it means

a*b=0 a*c=0 )
b*c=0 b*a=0 : : B 0L
c*ta=0 c*b=0

Taking scalar product of a*, b* and ¢* with a, b and ¢ tcsbectively

and using Egs. (2.13), we find
ata=1 btb=1, ctc=1 (2.16)
It appears from Egs. (2.16) that a*, b* and c* are parallel to0 a, b and
c respectively. However, this is not always true. In non-cubic crystal systems,
such as monociinic crystal system, as shown in Fig. 2.8, a* and a point in
different dgirections, i.e., along OA’, and OA respectively. Thus all that is

meant by Egs. (2.16) is that the length of a* is the reciprocal of a cos6, where
.0 is the angle between a* and a.

In some texts on Solid State Physics, the primitive translation vectors

a, b and c of a direct lattice are related to the primitive translation vectors
a*, b* and c* of the reciprocal lattice as

a*a=b*b=c*c=2n : 2.17)

with Eqgs. (2.15) still being valid. These equations can be satisfied by choosing
the reciprocal lattice vectors as

bxc

L)

. x a.bxc
cxa

b* =2 , 2.18

i a.bxc ( : )

axb

* =

= abxe”..

It is now obvious that every crystal structure is associated with two
important lattices — the direct lattice and the reciprocal lattice. The two
lattices are related to each other by Eqs. (2.13). The fundamental translation
vectors of the crystal lattice and the reciprocal lattice Luve dimensions of
flength] and [length]™ respectively. This is why the latter is called the
reciprocal lattice. Also, the volume of the unit cell of a reciprocal lattice is
inversely proportional to the volume of the unit cell of its direct lattice.

A crystal lattice is a lattice in real or ordinary space, i.c., the space
defined by the coordirates, whereas a reciprocal lattice is a lattice in the
reciprocal space, associated k-space or Fourier space. A wave vector k is.
always drawn in the k-space. The points of the crystal lattice are given by
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T =ma + nb + pc 2.19)
where m, n and p are intcgers. Similarly, the reciprocal lattice points or
- recipfocal lattice vectors may be defined as
G = ha* + kb* + [c* (2:20)
where A, k and ! arc integers. Every point in the Fourier spacc has a meaning,
but the reciprocal lattice points defined by Eq. (2.20) carry a special impor-
tance. In order to find the significance of G's, we take the dot product of G
ad T
G.T = (ha* + kb* + ic¥) . ima+nb+pc)
= 21 (hm+kn+lp) = 2z (an inte_ger)
or i ‘exp (IG.T) =1
wherc we have used Eq. (2.17). Thus it is clear from E/ . (2.20) that h, k and
! define the coordinates of the points of r~:ipr cal laitice space. In other
words, it means that a point (k,k,{) in the recipi » al spac corresponds to the
setof parallel planes having the Miller indic es (fik1). The « oncept of reciprocal
lattice is useful for redefining the Br_z2g¢'s condition :nd introducing the
concep of Brillouin zones. ;
2.4.2 Reciprocal Lattice to SC Lattice :
The primitive translation vectors of a simple cubic lattice may be
written as
a=ai,b=ai,c=ai ;
Volume of the simple cubic unit cell = a.bxc
. =2’ (3.ixi)=a3 :
~ Using Ecs. (2.18), the reciprocal lattice vectors to the sc lattice are obtained
as .

ajxak g
a*=2xn bxe =2n _‘uxs = Zui
a.bxc a a
Similaily,
; 2n 4 ;
#=2n 2 = 7T @21)
a.bxe a
and
c* = axh = z—t-i
a.bxc a

The Egs. (2.21) indicate that all the three reciprocal lattice vectors are equal
in magr itude which means that the reciprocal lattice to s lattice is also simple
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. cuvic but with lattice constant equal to 2n/a.

24.3 I_leciprocal Lattice to BCC Lattice

The primitive translation vectors
of abody-centred cubic lattice, as shown
in Fig. 2.10, are

@ =2 (i+i-K) a

A A

b = % (-i+i+k) @2

¢=2(i-ivk) |

Fig. 2;10. Primitive translation 'Whefe‘a s .the leng(_h of the cube edgp
vectors of a bcc lattice. .

and i, J and K are the orthogonal unit
vectors along the cube edges. The volume of the primitive cell is given by

A

.
V=a'b'xc' = g (;+3—I}) ' [ (—;+3+E)x(;—3+ﬂ)J

[

- 2 (i+-K). < (i+])

;=2
Using Eqgs. (2.18), the reciprocal lattice vectors are obtained as

b’ x¢' 3 21t(112/2)

WL
ks a'sb'xc’ a3/2 (l+1) i .;:i (l+")
Similarly,
b® =2 -;%x{? = 2;” (3+f:) : (2.2%)

and -

As will be seen later, thesc are the primitive translation vectors of an fcc

lattice. Thus the reciprocal lattice to a bcc lattice is fec lattice.
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2.4.4 Reciprocal Lattice to FCC Lattice :

The primitve translation vectors
of an fec lattice, as shown in Fig. 2.11,
are

-
a' = -;— (i"}"j)

b = % (3+f;) (2.24)
c = % (i"i"i‘) : i |

Volume of the primitive cell is

Fig. 2.11. Primitive translation

vectors of an fcc lastice. given by
V=a b xc
a Vol S
e (l+j) = [(]+k)x(k+l’]

[

=4 (i+d) . & (i+i-)
= a’l4

Using Egs. (2.18), the primitive translation vectors of the reciprpcal lattice

are obtained as

B
Vit a®/4) (i+i-K) 2z ;2 -
a* =21 a'l.) :“;c. = 21;( ‘),3(/4 = -;- (I+J k)
Similarly, : .
'xa’ 2 2oa
b* = 2x ____af. :"xc' % _aE (-i+j+k) 225
. -and
2 "xb’ 2 M

i i these are the f)—rimitive
Comparing Egs. (2.25) with Egs. (2.22), we find that
translation vectors of a bec lattice having length of lhe.cube edgerz‘:s 2nla.
Thus the reciprocal lattice to an fcc lattice is a bcec lattice.
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2.5 PROPERTIES OF RECIPROCAL LATTICE

1. Each point in a reciprocal lattice corresponds to parm:ular set
of parallel planes of the direct lattice.

2. The distance of a reciprocal lattice point from an arbitrarily
fixed origin is inversely proportional to the interplanar spacing
of the conespondmg parallel planes of the direct lattice.

3. The volume of a unit cell of the reciprocal lattice is inversely

proportional to the volume of the correspondmg unit cell of the
direct lattice.

4. The unit cell of the reciprocal lattice need not be a parallelopiped.

It is customary to deal with Wigner-Seitz cell of the reciprocal
lattice which constitutes the Brillouin zone.

5. The direct lattice is the reciprocal lattice to its own reciprocal
lattice. Simple cubic lattice is self-reciprocal whereas bcc and
fece lattices are reciprocal to each other.

2.6. BRAGG'S LAW IN RECIPROCAL LATTICE

The Bragg's diffraction condition obtained earlier by considering re-
flection from parallel lattice planes can be used to express geometrical
relationship between the vectors in the reciprocal lattice. Consider a recip-
rocal lattice as shown in Fig. 2.12. Starting from the point A (not necessarily

a reciprocal lattice point), draw a vector A_()) of length 1/A in the direction
of the incident x-ray beam which terminates at the origin O of the reciprocal
lattice. Taking A as the centre, draw a sphere of radius AO which may
intersect some point B of the reciprocal lattice.

Let the coordinates of point B be (h', k', I') which may have a highest
common factor n, i.e., the coordinates are of the type (nh, nk, nl), where h,

g ! -
k and I do not have a common factor other than unity. Apparently, vector OB
is the reciprocal vector. It must, thereforc, be normal to the plane (W'k'T) or
(hkl) and should have length equal to 1/d,,,, or n/d,,, Thus,

(0B = iy, (2.26)

1t follows from the geometry of Fig. 2.12. that one such plane is the plane
AE. If ZEAO =0 is the angle between the incident ray and the normal, then
from AAOB, we have

OB =2 OE 2 0A sinf = (v sme)ll o Ry
From Egs. (2. 26) and (2.27), we get i '
2 smO)ﬂL nld,,,
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ot 2d,,5in@ = nk

which is the Bragg's law, n being the order of reflection. Thus we notice that
if the coordinates of a reciprocal point, (nh, nk, nl), contain a common factor
n, then it represents nth order reflection from the planes (/kl). It is also evident
from the above geometrical construction that the Bragg's condition will be
satisfied for a given wavelength A provided the surface of radius 1/A drawn
about the point A intersects a point of the reciprocal lattice. Such a construc-
tion is called Ewald construction.’

° L] [ ') ‘\o [ N
‘.« Reflecting
v plane

L] ® L ] L ] ® (] ®

Fig. 2.12. Ewald construction
in the reciprocal lattice.

Fig. 2.13. Magnified Ewald construction
relating reciprocal lattice vector to the
waye vectors of the incident and
reflected radiation.

The Bragg's law itself takes a different form in the reciprocal lattice.
To obtain the modified form of the Bragg's law, we redraw: the vectors AO,
—  —> '
OB and AB such that each is magniﬁed by a constant factor of 2x. Let the
new vectors be A'O' O'B' and A'B' respcctwcly as shown in Fig 2.13. Since
A'O' = 2n (AOQ) =

: —
we can represent the wave vector k by the vector ATi The vector OB' is
the reuprocal vector and is written as G. Thus according to vector algebra,

A'B' must be equal to (k + G). For diffraction to occur, the point B' must be
on the sphere, i.c., .

ABY| = A0

or k +G)?* = k?
or 2 +2kG+ G =R2
or %G + G2 =0 (2.28)

rm;‘

K=k+G
Sk gives
| K2 = K2 (2.29)
bt .
K-k=Ak=G 230)
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"l'lnsnsthevectorfonnofBraggsfawandLsusedmtbecons&ruchonofﬂ\c

Brillouin zones.

ThevectorA'B'reptaems&hcdxmuonofteﬂecwdorscaucredbeam.
Denoting it by K, we get

This indicates that the scattering does not change the magnitude of
wave vector k; only its direction is changed. Also, the scattered wave differs
from the incident wave by a reciprocal lattice vector G.

2.7 BRILLOUIN ZONES

It has been indicated in the Ewald construction that all the k-values

~ for which the reciprocal lattice points intersect the Ewald sphere are Bragg

reflected. A Brillouin zone is the locus of all those k-values in the reciprocal
lattice which are Bragg reflected. We construct the Brillouin zones for a

simple square lattice of side a. The primitive translation vectors of this lattice
s :

a=a§; b=aj
The corresponding translation vectors of the reciprocal lattice are
e a‘-(21t/a) i; b*—(21t/a)j
Mfore.thcmpmcallamcevectm'lswntlenas ;
G = (2x/a) (hi + kj)
where h and k are integers. The wave vector k can be expressed as
k=ki+kj
From the Bragg's condition (2.28), we have

2k.G + G*=0
g8 o D L 2
or —3— (ki +k5). (i + ki) + % #ey=0
a
o hk, + kk, = ~(n/a) (2 + &%) @31

The k-values which are Bragg reflected are obtained by considering
all possible combinations of h and k.
Forh=«1and k=0, kx = tn/a and k is arbitrary;

Also, for b =0 ond £ = 11 ky =-2afz and &_is atite-
4 Eita

L
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These foyr lines, i.e., k, =+n/a and k,= +n/a, are plotted in Fig. 2.14.
Taking origin as shown, all the k-vectors originating from it and terminating
on these lines will produce Bragg reflection. The square bounded by these
four lines is called the first Brillouin zone. Thus the first zone of a square

- lattice of side a is a square of side 2n/a. In addition to this set of lines, some

other sets of lines are also possible which satisfy (2.31). For example, for
h = +1 and k = %1, the condition (2.31) gives the following set of four lines.

zk » ky = 2nla

K
G ol 8 f bt g
L]

N

.P\\\
>
¢'P

\“‘ Se
(1]
+N
=
v
/4 /
-~
V)

: 2 S 3
- *-*/ \‘9\ : lﬂm Second zone
® L e

Fig. 2.14. Brillouin zones of a square lattice in its reciprocal lattice. The vectors

"k, k, and k, are Bragg reflected whereas k, is not. The vectors k, and k, have

the same reciprocal lattice vector G,, while G, is the reciprocal vectors of k,

These lines are also plotted in Fig. 2.14. The additional area bounded by thesc
four lines is the second Brillouin zone. Similarly the other zones can be
constructed. The boundaries of the Brillouin zones represent the loci of k-
values that are Bragg reflected and hence may be considered as the reflecting
pianes. The boundarics of the first zone represent the reflecting planes for
the first order reflection, those of the second zoue represent the reflecting
planes for the second order reflection, and so on. A k-vector that does not
terminate at a zone boundary canuot produce Bragg reflection. Thus the
Brillouin zone pattern can be employed (0 determine the x-ray diffraction
pattern of a crystal and vice versa. 5

¥
1
TN
'l

" Fig. 2.15. First Brillouin
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The Brillouin zones for a three-dimensional cubi i
structed using the generalized equation e i i

Bk + kk, + lk, = ~(nla) B+ K2+ P (2.32)

- where a is the length of the cube edge. It is clear from Eq. (2.32) that the

first zone is a cube having side equal to 2n/a. Th i

: ( . The sccond zone is formed by -
adding pyramx.ds to cach face of the cube {first zone) as triangles are addzzl'
to ti-1e square in two dimensions, and so on. :

There is another siniple method to determine Brillouin zo
from Fig. 2.!4 that t_hc reciprocal lattice vector G which salisﬁ::s F;qw&n;:;
isa pf:rpcndlculat biscctor of the zone boundary and all the k—vcc(onzs I .in
on ll_us boundary have the same G for reflection. Thus it is ‘sufficie:t tﬁ
consxdf:r oxfly the allowed G-values aqd their normal bisectors to construct
the Brxllqum zones. The first Brillouin zone is the region bounded by th
nor.mal bisectors of the shortest possible G-vectors, the second zone x); lh:
region bounded by the normal bisectors of the next larger G-vectors, and so

on. This method will be used to determine the Brilloui
fie lattices ds given below. e the Brillouin zones of the bec and

2.7.1 Brillouin Zone of BCC Lattice
The primitive translation vectors of a bec lattice arc

a = (a) (i+j-k)
b = (@2) (-i+j+k)
¢ = (al2) (i-j+k)

The primitive translaljon vectors of its reciprocal lattice are (Sec. 243)
a* = (2n/a) (i+])
b* = (2n/a) (j+Kk)
c* = (2n/a) (k+i)

N

o'

Fig. 2.16. First Brillouin
.-zone of an fec lattice.

B\
Nt

zone of a bec lattice. v o

i

".‘l*.b ﬁ - ’ “.V
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The G-type reciprocal lattice vector is
G = ha* + kb* + Ic* ;
=@Qula)[(h+Di+Gh+k ; +k&+1) k] (2.33)
The shortest non-zero G's are the following twelve vectors
@nla) (£i £ §); @nle) (2] + k); @nla)zk = 1)
The first Brillouin zone is the region enclosed by the normal bisector

planes to these twelve vectors. This zone has the shape of a regular twelve-
faced solid as shown in Fig. 2.15 and is called thombic dodecahedron.

2.7.2 Brillouin Zone of FCC Lattice
The primitive translation vectors of an fcc lattice are
a=@2) @G+
b=(a2)( + k)
c=(a2) (k +1)
The primitive translation vectors of its reciprocal lattice are (Sec. 2.4 4)
a* = (2n/a) (|+j—k)
b* = (2n/a) _(—| +j+k)
* = 2nla) (i-j+k)
The G-type vector is
G = ha* + kb* + lc* :
=Qula) ((h-k+Di+(h+k-D]+h+k+Dk] 234
The shortest non-zero G's are the following cight vectors
(2n/a) (:tl + j + k)

The boundaries of the first Brillouin zone are determined mostly by the
normal bisector planes to the above eight vectors. However, the corners of
the octahedron obfained in this manner are truncated by the planes which are

" normal bisectors to the following six reciprocal lattice vectors

2nla) (21); (2nla) (22]); (2n/a) (22Kk)

The first Brillouin zone has the shape of the truncated octahedron as
shown in Fig. 2.16. This is also onc of the primitive unit cells of a bcc lattice.

2.8 ATOMIC SCATTERING FACTOR

The diffraction conditions given by Bragg and Laue are concerned
with scattering of x-rays from point scattering centres arranged on a space
lattice. Since an electron is the smallest scattering centre, the diffraction
conditions would ideally be applicable to alattice in which every lattice point
is occupied by an electron. This is, however, not a realistic situation. Iattice
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points are always occupied by atoms which may contain a number of clec:
trons. Also, since the wavelength of x-rays used for diffraction purposes is
of the order of atomic dimensions, the x-rays scattered from diffcrent portions
of an atom are, in gencral, not in phase. Thus the amplitude of radiation
scattered by a single atom is not necessarily equal to the product of the
amplitude of radiation scattered by a single electron and the number of
electrons (atomic number, Z ) present in the atom. Itis is generally less than this

value. The atomic scattering factor or form factor, f, describes the scattering '

power of a single atom in relation to the scauermz, power of a single electron
and is given by

amplitude of radiation scattered from an atom

Iz amplitude of radiation scattered from an electron

In general, f< Z. It approaches Z in the limiting case.

Another type of scattering centres in the atoms may be nucici, but due
to their weak interaction with x-rays, the scattering duc to nuclei is neglected
compared with that due to electrons.

To calculate f, consider an atom

5
. n : N, :1';2/ y containing electrons arranged in a spher-
AL S S " ically sym metric configuration around

0 :z/ its centic which is taken as origin. Let r

r’:‘, % . be the radius of the atom and p(r) the

5 . charge density at a point r. Considering

\0 / S‘;i‘,‘;"“"g asmall volume element dv atr, the charge

0 located at r is p(r)dv. We first consider

the scattering from the charge p(r) dv

B 517, Ganeity of 50 and an electron located at the origin. If

scattering for the calculation of the n and n2 represent the directions of the

atomic scattering factor. mcndent and scattered beam respectively

as shown in Fig. 2.17, the phase differ-

ence between the wave scattered from the charge p(r) dv and that scattered
from the electron, in accordance with Eq. (2.2), is given by

¢, = (2n/A) ©.N : 2.35)

where N is the scattering normal. Let the scattering amplitude from the point
electron in the direction ii, be written as Ae®***" where x is the distance

covered along i, and k is the wave number. Then the scaltering amplitude

from the charge p(r)dv in the same direction will be proportional to the
magtitude of the charge and will contain the phase factor e’ ¥, i.c., it is of
the form

- \, = .
Ae'(’clr ol pir)av
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Therefore, the ratio of the amplitude of the radiation scanered by the Qharge
element to that scattered by a point electron at the ongin is

Atzi‘k"”‘mfﬂ"r p(r) dv

df = i (ikx=01)

= ¥ p(r)dv
Thus the ratio of the amplitude from the whole atom to that from an electron
is

f= e b dv (2.36)

where V is the volumé of the atom. Since el?gtrons- in -the atom halvc sgh:‘r-
ically symmetric charge distribution, p(r) is a function of r only. Using
spherical polar coordin;les,’wc obtain

dv =2n 2 sin db dr (2.37)
Also, from Scc. 2.2.2, we have
' IN| = 2 sin®
Therefore, the Eq. (2.35) becomes
¢ = (21:/X) N cosp = (4m/A) r sin® cosp = ur cost (2.38)
where
p = (4/A) sind @39

From Egs. (2.36), (2.37) and (2.38), we get

- .]' ’j‘p(r) einreost oq plsing d dr

A +=0
e smw)
5 exll’w“sin¢ dé = Z,(_r
0
e Tanr?p(r) Si:‘:’ dr (240
0

This is the general expression for atomic scattering factor. A further

evaluation needs information about the charge distribution. This type of

information may be obtained from a Hartee approximation, or from the

istical 1 'ifawmscontmnalmgenumberof
statistical model of Thomas and Fermi ; AR
clectrons (beyond rubidium). These models, however, are strictly applicable

to fiee atoms only. Nevertheless, the results obtained by the a;{pli.caﬁon of
V . S
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these models are fairly accurate and match with the experimental values of
x-ray intensities. For example, the variation of f with (sin8)/A for magnesium
(Z = 12) is shown in Fig.2.18. It is clear that f — Z as 6—0. The same
result can also be obtained from Eq. (2.40), since for 6—0, p—)d and
(sin ur)lur —1, and we get

f= T41tr2p(r) dr
0

The integrand represents the charge inside
a spherical shell of radius r and thickness dr.
Hence the integral gives the total electronic charge
stored inside the atom, i.e., Z.

2.9 GEOMETRICAL STRUCTURE
FACTOR

The intensity of an x-ray beam diffracted
from a crystal not only depends upon the atomic
scattering factors of the various atoms involved

e 0'2 0‘4 0% ola but also on the contents of the unit cell, i.c., on

sin8/A(A) the number, type and distribution of atoms within

the cell. The x-rays scattered from different at-

Fig. 2.18. Atomic scattering oms of the unit cell may or may not be in phase
sin® with each other. It is, therefore, important to

factor versus for

;‘( A) know the effect of various atoms present in the

unit cell on the total scattering amplitude in a
given direction. The total scattering amplitude
F(R'K'T) for the reflection (W'k'T) is defined as the
ratio of the amplitude of radiation scattered by the entire unit cell to the
amplitude of radiation scattered by a single point electron placed at origin
for the same wavelength. It is given by

magnesium.

FHKT) = Lfje"
i

i(2x/) (r; N :

=3 fje'( Y ) (241)
A

where f. is the atomic scattering factor for -the jth atom, Q’. is the phase

difference between the radiation scattered from the jth atom of the unit cell

and that scattered from the electron placed at the origin. The expression for

’l follows from Eq. (2.2), X; is the position of jth atom and N is the scattering

- ‘normal. Also, the summation in Fig. (2.41) extends over all the atoms present

B
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: ics
7 Solid Sate P18 (i) Simple Cubic Crystals
62 : at the coordinates of jth atom, we can The effective number of atoms in a unit cell of simple cubic structure
in the unit cell. If (u, Vi w) fepecse ; is one. Assuming that it lies at the origin, the structure factor given by Eq.
: , : : (2.42) (2.45) comes out to be unity. The diffraction amplitude, from Eq. (2.44),
write .r R vjb + ch becomes
A _ =Y
From Egs. (2.3), aN= o om . s e
: N = I CP vk + wi) Thus all the diffraction lin'es predicted by the Bragg's law would appear in
-' the diffraction pattern provided the value of fis large enough to produce peaks
and Eq. (2.41) becomes of observable intcnsity.
i2n (u'+v ') (243)

(ii) Body-Centred Cubic Crystals

Th effective number of atoms'in a bec unit cell is two; one occupies
a comner position and the other occupies the centre of the cube. If the
coordina.cs of co.ner atom be arbitrarily taken as (0,0,0), then the coordinates

F (WKD) = %fie

i - 'y 5 (2‘ )
s

takes a simple form . g (2.44) of the otacr atom become (¥2,%2,%%). Since both the atoms are identical, Eq.
F (k) =fS (2.44) gives the value of F as
' here ; : _ 25ti{uh'+v ik +wl’
i 2ni{ut+o oWt (2.45) F(RkT) =fLe i
S= ZC J
i : L
5 svical =fl+&5E+E+D] (247)
:cal structure factor as it depends upon the geom‘?m 5 Th : ithi ;
is called the geometrical Strit -+ cell, Equation (2.44) defines the'struc e expression within the square brackets represents the structure
arrangement of atoms within the unit “jn' amplitude to the atomic scattering tactor for bee crystal Here .xt has been assumed that only one of the c.ig'ht
ture factor as the ratio of the mﬁ‘:‘ Saa:‘;;‘ s:ould be used instead of Eq. (2.44). corners of the cube is occupied and has the coordinates (0,0,0). The validity
* factor. For dissimilar atoms, Eq. (=

of this assumption can be verified by considering all the corner positions and

. o the intensity using the fact that the contribution df each corner atom is 1/8. This yields
Now sm;c it the same structure factor as included in Eq. (2.47).

. i e in :

its amplitude, : L We also find from Eq. (2.47) that the structure factor becomes zero

(243), as ’ for odd values of (k' + k' + I'), since €™ equals -1 if n is odd. For even values

b ¢
of a radiation is propomonal to the sq?ue of
beam may be written, by using Eq.

1=|Ff=FF _ of (i + K +I'), F(W'K'T') equals 2f and, from Eq. (2.46), the intensity becomes
: , proportional to 42. Thus in a bec structure, reflections like (100), (111), (210),
o . 21‘(“ B 4vik’ +wjl') (2.46) ‘efc. are missing, whereas the diffraction lines corresponding to (110), (200),
: 21t(u,-h'+V'k' +W,'l') + };fjsm 1 ! {(222), etc. reflections are present. It is to be noted that the presence or absence
= zj:flcos . A : S of a reflection is considered only in terms of the first order reflection. This
. s < comple* conjué ate of F. 1t - tobe notgi mﬁ:’mn of is because the Miller indices of the planes (#'K'T) used in Eq. (2.43) may have
where 7 15 ; may be Ge: ained e el : a common factor a; thus we determine reflections from the planes (nh nk al).
lattice of a crystal dim.acﬁzn paitern, the determination i tums ~ As described earlier, the appropriate Bragg's law applicable to such a case
_diffraction lines in the x-m;"d requires the knowledge of intensity 0; S is ' : :
smplicated - T i ial impor- : i
" m“Ch. i o 8 the concept of structure s fi WP"' 2, sin = 4. (2.48)
diffraction lines. TRuSTE R 70 . o tion. The structure factors for : 3 | ’
wmm&nﬁomfwm below and the intensity of various o ‘f
- simple cry: g structures is di ; -
% : with these E
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I'k'l') planes have a path diff crcncé of A or the phase difference of 2n. Thu

vonsidering reflections from (100) planes as shown in Fig. 2.19a, we find
that the waves reflected from the top and bottom surfaces of the cube differ
in phase by 2n. Since in bce crystals, there cxists a central plane which is
exactly identical to the (100) planes, a wave reflected from this plane must

have a phase difference of = relative to its neighbouring (100) planes. Thus

the diffracted beams from a regular (100) planc and a body centre plane
interfere destructively in pairs causing absence of (100) reflection. Simiiarly,
by using Eq. (2.48), it can be shown that the first order reflections from any
two ncighbouring (200) plancs must differ in phase by 2x radians and hence
undergo constructive interference causing the occurrence of théese reflections
in bee crystals. The presence of second order reflections from (100) plancs

.can be shown by using Eq. (2.1) The second order reflection {rom two

ncighbouring (100) planes has a phase difference of 4x radians, which means
that the reflection from the middle plane would differ from the reflcctions
from top and bottom planes by a phase difference of 2n. The situation is
exactly identical to that shown in Fig. 2.19b, thus indicating that the sccond
order reflection from (100) planes is present. As described earlier, it overlaps
with the first order reflection from (200) planes. ‘

- (iii) Face-Centred Cubic Crystal

An fcc unit cell has four indentical atoms. One of these atoms is
contributed by corners and may arbitrarily be assigned coordinates (0,0,0),
whereas the other three are contributed by face centres and have the coor-
dinates (%,0,%), (%2,¥2,0) and (0%%). From Eq. (2.39), the diffraction
amplitude becomes !

F (WK = f[1 + eR0) 4gRitkek) 4 qnitkal))
where the expression within the square brackets is the structure factor for fcc
crystals. It is obvious that the structure factor is non-zero only if &, k and !
are all even or all odd and has a value equal to 4. Thus the diffraction
amplitude becomes 4f and the intensity becomes proportional to 16£2. The
structure factor vanishes for all other odd-cven combinations of k, k and /.
Hence reflections of the type (111), (200), (220), etc. are present, whereas

. those of the type (100), (110), (211), etc. are abs_cnt for an fcc crystal.

The conclusions drawn above regarding allowed reflections for sc, bcc
and fec crystals are summarized in Table 2.1 and are called extinction rules
The extinction rules for dc structure are also included.

. 3 v

i
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TABLE 2.1 Extinction ‘rules for cubic crystals.

Cry.stal- : .kéﬁ&tions-di_g\ved for

sc- . | allpossible values of , k and !

o - even values of (h + k + 1) ¢

e ~ all odd or all even values of h, k and !

DC 4 " all odd &, k and I, or all even h, k and I with
; (h + k + I) divisible by 4 ;

The ratios of (k% + k* + %) values for allowed reflections from cubic
crystals as obtained {rom the extinction rules are given as follows :

SC R TR 5 6:8......
BRC ¢ i s 61 8 ! G L e
; P S i Y SR
BOC o 3 s R bl AT 16 19
DC 0y 3ue B bl VRl L

A comparison of these ratios with the observed ratios of sin%0 values is made
to identify the cubic crystal structures.

SOLVED EXAMPLES

Example 2.1. An x-ray beam of wavelenglh 0.71A is diffracted by a cubic
KCl crystal of density 1 99x10% kgm3. Calculate the interplanar spacing for
.(200) planes and the glancing angle for the second order reflection from these
plancs. The molccular weight of KCl is 74. 6 amu and the Avogadro's number
is 6.023x10%0 kg~! mole™!.

Solution. For cubic crystals, we have

; n'M
al=

Np

where a is the lattice constant, n' is the number of molecules in a unit cell,
M is the molecular weight, N is the Avogadro's number and p is the density.

KCt has the same structure as NaCl
n=4
A4x74.6

: =0.249 x 1027 m3
6.023x 102 x1.99x 10°

a=

{
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o e a=629x 1010y
" The interplanar spacing for (200) planes is

' ~10
d200 a 6 29x10 314
- = 3.145A -
(4+0+0)* 2. -
, From Bragg's law, we have 3 V ¢
(2d sin@ = n\

For second order l"eﬂcction e

sin@ = A/d = 0.71/3.145 = 04610
or 0=275"

g Example 2.2. A powder camera of radius 57.3 mm is used to obtain dxffrac-
tion pattern of gold (fcc) having a lattice parameter of 4.08A. The monochro-

matic Mo-K , radiati
i e Wayclengm 0.71Ais uscd Determme the first four

Solution. We have,

R =573 mm
A=071 K
a=4.08 A

( )

The Bragg s law for first order reflection is

{ 2d sin = A (249)
Also, for cubic crystals, we have |

~

SRR R e ORI ;
: 2.50
(h2 +% 4 12)'s i
From Eqs. (2.49) and (2.50), we obtain
' 29' 22 b .
sin , = i R+2+ 2 2.51)

Fth2+k%‘+12=3,i[gives :

3(0 71)
e 4(4.08)° gihssonn




or 0, = 8.67°
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Similarly, for h2 + k2 + 2 = 4, 8 and 11, the angles 8, 0, and 6, ar
obtained as 10.02°%, 14.25° and 16.78° respectively.

Since radius of the camera is 57.3 mm, Eq. (2.9) gives
; S (mm) = 40 (degrees)
- 5, = 40, = 34.68°
Likewise, S, = 40.08°, 3 = 57.0° and S, = 67.12°

Example 2.3. In 2 powder diffraction experiment using Cu-K radiation of
wavelength 1.54A, the first five lines are observed from a monoatomic cubic
crystal when the angle 20 is 38.0, 44.2, 64.4, 77.2 and 81.4 degrees. Deter-
mine the crystal structure and the lattice parameter.

Solution. From Eq. (2.51), we have

12
sin?0 = — (W + 12+ P)
4a

or g (R4 B4 P
: The sin20 values calculated from the given data are tabulated below :
Line- 20 0 sin? Ratio
(degrees) (degrees) (approx.)

1 38.0 75198 0.1060 .

2 442 22.1 0.1415 4

L 64.4 322 0.2840 8

4 712 386 0.3892 T

5 81.4 40.7 - 0.4252 12

Since, within experimental errors, sin’® values for the first five lines are in
the ratio 3 : 4 : 8 : 11 : 12, the structure is fec.
From Eq. (2.51), we have
gy
; A
P
4sin“ 0
For sin20 = 0.1060, R2+k*+[> =3

3(1.54)" Y

4(0.1060)"

(W + K2+ P)

ik =410 A

b
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: I:lg. 2.20- ]wo-dmnswnal d" ect and IeClplocal la‘uc“-

e
‘w= 2§+‘l:, b= 2;
Determine the primitive translation vectors of its rcciprdcal lattice.

S_olunon. We assufne that the third translation vector ¢ of the given lattice
lies along the z-axis and is of unit magnitude, ie,

c=k '
From Eqgs. (2.18), the reciprocal lattice vectors are given by

bxc ;
R cxa

a*=2xn
a.bxc’ a.bxc

It is obvious that vectors a* and b* lie in the plane of a and b

a.(bxc) = (23 + i) g (23, xi)
g nge % o T S
22+0)=4" .

»

@ni4) 23 % k)=ni |

1}
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b* = Qud) [k x i + 1))

= (n2) [-i + 2.|]
d b* arc thc required reciprocal vectors and are shown in an 2.20.

SUMMARY.

Acrystal actsas a three-dnmensnonal grating for x-rays of wavelength
of the order of atomic diameter. -

.Bragg considered x-ray-diffraction as the.phenomenon of reflection

~ from parallel atomic planes followed by constructive interference of

reflected radiation. The conditions under which reflection occurs is
given by the Bragg's law, i.c., 2d sinf = nA

The Bragg's law can be derived from the Laue's equations given as
a.N = nhA, b.N = nkl, ¢.N = niA
X-ray diffraction is utilized to determine the structure of solids and for

the ‘study of x-ray spectroscopy. The position of diffraction lines -

determines the space lattice and their intensity determines the basis.

Every direct lattice in real space is associated with a reciprocal lattice
in k-space or Fourier space. A reciprocal lattice point corresponds to
a particular set of parallel planes of the direct lattice. The distance of
a reciprocal lattice point from an arbitrary origin is inversely propor-
tional to the interplanar spacing of the correspond;ng parallcl planes
of the normal lattice.

The fundamental translation vectors a, b, and ¢ of direct lattice and
a*, b* and c* of reciprocal lattice are mutually related as

B bxec i cxa §o axb
a.bxc’ a.bxe’ - a.bxc
or 8% =% 1l b*—-21: 0 e axb
e saubxe a.b xc’ ~“Ta.bxe

A reciprocal lattice vector is expressed as
iy, G = ha* + kb* + [c*
where h, k and [ are integers-or zero. A reciprocal lattice point-(nh,

.nk, nl) for which Bragg reflection occurs corresponds to nth order
reflection from (hkl) planes.

X-Ray Diffraction & Reciprocal Lattice i : &l
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The Bragg's law is also cxpressed .as

2%k.G + G4 = 0; Ak =G ;
A Brillouin zone is the locus of all those K-valucs in the rec: T)t()(.dl :
lattice which arc Bragg reflccted. .
The atomic scattering factor givos ‘the smucrmg power of ai atom
relative to a single eloclron -and is‘given.,by

. ]-1’
2 41tr r- -di
SIS f p o r
where p = (4n/2) sine V'
The totai scattering ampmudc fora parucular direction'is the ratio of

the amplitude of radiation scattered by the entirc unit ccll to that
scattered by a single electron. It is expressed as

F(hil) = zfjezﬁ(u,-h+v}k+wjl)
The gecometrical slrucmr;:i factor is givéxrby

= 2 21tl'(ujh+v,jk+wjl) !

‘I indicates the prcscncc or absence of a paruouldr rcﬂccuon in the

diffraction pattern.

VERY SHORT QUESTIONS

What arc x-rays ?

What is Bragg’s law ?

Why zeorth order diffraction is not considered in x-ray dxffrdcuon
Write the Lauc’s equations for x-ray dlﬂrdcuon

Detine a reciprocal lattice.

Give the dimensions of translation vectors of a direct lattice and its
reciprocal lattice.

Write the Bragg’s law in vector form and give the meaning of each
term. : ¢

What is Brillouin zonc?

Define atomic form factor. ‘

Define the geometrical structure factor.

What types of diffraction patterns are obtaincd for crystallme and
amorphous solids? ~ >
Give extinction rules for allowed reflections for bec. cryslals :
For somc crystals the Bragg’s diffraction condition is satisticd but %
ray diffraction line is not obseived. Explain.

~ Give the first four values of (h% + K+ fl) for which rcﬂccuous arc

allowed for fce Crystals.
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What m the structure factor for simple cubic crystal? : ;
For what values of &, k and [ reflections are allowed in simple cubic

. crystals?

SHORT QUESTIONS

' Why aumot ordinary optical grating diffract x-rays?

What is the optimum order of x-ray wavelength uscd 1o obscrve the
diffraction effects? What happens if the wavelength deviates too much
from this valuc?

Why arc imaginary plancs also ukcn into account while usmg Bragg’s
law, for detcrmination of crystal structure?

i Provc that the th order reflection from (fikf) planes overlap with the

{irst order reflection from (nk nk nl) plancs.
Obtain the Bm,,;, s law from the Lauc’s cquations. : .
Why only first teder diffraction is usually considered while applying
the Bragg’s law for the crystal structure determination.
What arc the basic pringiples of the Lauc s method, the rotating crystal
method and the powder nicthod of x-ray -diffraction?

How can the Lauc’s method be cmp!oycq to determine the symmetry
of a crystall,, A
Describe the rotating cryst’ﬂ method to observe x-ray diffraction of an
material. What .uldmondl information do you g «vct as compared to the
Laue method 231

What arc l‘xycr hnc\? How are thcy produccd in the rotating crystal
method?

Describe the procedure for fmdmg the d-valucc, of reflecting planes in
a'powde: diffraction method.

State the properties of'a reciprocal lamce How isa rcuprocal lattice
constructed from a direct Jattice?

Distinguish between reciprocal lattice and dircct lattice. How can you
obscrve reciprocal latticc of a (.rysml expcnmcmally?

Prove that fec lattice is reciprocal to bec lattice.

Show that a simple cubic lattice is self-reciprocal but with different
“cell dimensions.

Find the rcuproml lattice to a fec lattice.

Obtain the vector form of Bragg S law using the concept of reciprocal
njdigan 10" 301 LOMIEIA0 I

Discuss how the concept of rcuprocal lattice helps in the Ewald
construetion and deétermination of crystal structure.

What 1s Ewald umxtruuum" How docs 1; help to interpret x-1ay
ditfraction photographs?
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What are Brillouin zoncs'7 Discuss the construction ot the first mm
Brillonin zoncs for a squarc lattice.

« Obtain the structure factor for fec crystal, : ; <k $il

Derive an cxpression for the scattering amplitude in (crms of geometri-
cal structure factor for fcc crystals. Find the valucs ol Ik .md I for
allowed reflections.

Calculate the gcometrical s(ruc,turc factor for the bec structure and
explain the fact that the (100) reflection line vanishes lor metallic
sodium but not for CsCl, both having the bee structure,

Calculate the geometsical structure factor for NaCl structure, Will you
get the same diffraction pattern for KC1? Explain,

The first order reflections from (100) planes for a bee crystal arce absent

while reflections of the sane ordcr lmm (200) plancs arc present.
Explain.

- LONG QUESTIONS

Obtain Laue’s equations for x-ray diffraction by crystals. Show that
these are consistent with the Bragg’s law. ' -
Describe the principle of Laue’s diffraction method. Explain the origin
of Laue’s spots. What is the utility of Laue’s diffraction pattcrn?
Describe the rotating crystal method for diffraction of x- rays. How do
layer kines form?

Describe the powder method for x-ray ' iraction. Discuss the forma-
tion of diffraction pattern on the photographic film.

What is the reciprocal lattice and why is it named s0? Derive the
‘relationships for the primitive translation vectors of the reciprocal .
lattice in terms of those of the direct lattice.

What are Brillouin zones? Determine the reciprocal lattxcc veclors,
which define the Brillouin zones of bee and fec lattices.

What is atomic scattering factor? Derive the general expression for the
atomic scalu:rmg factor using spherical polar coordinates.

Define the. geometrical structure factor. How is it related to the atomic
scattering factor? Write the structure factor for bee crysml and account
for the.missing reflections for this crystal. -

Define a Brillouin zone. If the ratio of the lcngth and the width of a
lwo dimensional rectangular Jattice is 3 what Kind of first Brillouin
zone will you ex p»u? Explainyour answer with the hclp of dml,mms

PROBLEMS - P

Thc Bragg's angle for 2 l‘) refle mon from nickel. (fc(‘) is 38.2° when
Xerays of wavelengib 1,544 G

Deteninine the Litte:

PRI

fmde) 352 A),

y

eimployed in xdxﬂmgmmup;‘rmum i

3
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_the wavclength of x-rays used.

* and the highest reflections possible.

Solid State Physics

In an x-ray diffraction experiment using Cu-K,, radiation of wave-

length 1.54 A, the first reflection from an fec crystal is observed when |

20 is 84°. Determine the indices of this reflection and tl-nc c9nesp?nd-
ing interplanar spacing. Show that only one more rcﬂecnf)n is pqsslxblc.
ni indices of thatreflection and the concs:pondmg interplanar
?c::cc:l‘;;lncmcln ' ({111},"1.15A; {200}, _0.996.A')
:cryst.:ll rcﬂécls monochromatic x-rays strongly when lhc_Braggs
gl@cing angle for 4 first order reflection is 15°. th;( ta;:-e the. gla:ncm%v
i reflections of the same type 7.
angles for the second and third order e 2
Coppc; (fec) has a lattice parameter of 3.61-A. The first order Bra.gg
i ! ' f 21.7°. Detcrmine
reflection from (111) pianes appears at-an angle of 2 o,
Show that the error in determining lattice parameters decreases with
increase in diffraction angle. V : :
::(gowdcr pattcrn is obtained from an fec cry.stz}l having I.amc; plzn"am-t
ing x-rays of wavelength 1.79 A. Detcrmine the lowes
cter of 3.52 A using x-ray e Ny
The powder pattern of a cubic crystal gives the first three S-values as

© 56.8. 94.4 and 112.0 mm. The radius of.the camera is 57.3 mm and

the wavelength of monochromatic radiation used is 1.54 A. I?:;crminc
. thie lattice parameter of the material.
the crystal structure and the lat p i A
'i’hc primitive translation vectors of a hexagonal space lattice may be
taken as

a= (@i (Ba2)i, b= (a)i + (Ba2)i and e = ck
Determine the primitive translation vectors of t.hc 4cc1prf)cal lamce‘.
Show that the lattice is its own reciprocal but with a rotation of axes.

2 a1 Oy S Qe A
LA %J'—*k)
4 J3a a v3a ¢

’

Find out reciprocal lattice vectors for a space lattice defined by the
following primitive Lrans_lationAvccu)Ats L) : i
a=5i + 5j — 5k,h=-5i + 5j + 5k , €=5i — 5) + 5k
vhere { i and K are the unit vectors along x, y and z axes. Also find
3 % 3
= I
out the volume of the pnmlu:rq cell, i T
((n/5)(i+j),(7r/5),(7r/5)(,+kL_(n/5)(k+ i)
Two dimensional lattice has the basiAs vccﬁors
a=2%,b=% + 2§

i X —y/2),7y
Find the reciprocal lattice vectors. ‘(ﬂ(x y ) y)

CHAPTER - III ;

~ BONDING IN SOLIDS

3.1 INTRODUCTION

This chapter deals with the general nature of the forces which bind -
. the atoms together in a crystal. These forces are classified on the basis of
the nature of clectrostatic intéraction between the neighbouring atoms.The

crystals arc categorised depending on the types of forces existing amongst
the atoms. The description of the classical theory
crystals and inert gases is also given.

32 INTERATOMIC FORCES AND TYPES OF BONDING

The interatomic forces exist amongst the atoms of a crystal and are

of cohesive energy of ionic

* responsible for hblding the atoms together to form solid strucutres. The very

existence of solids makes us to draw the following conclusions :

(a) Some attractive forces must be present between the atoms and
molecules of a solid which hold them together.

(b) Some repulsive forces must also be present between the atoms

or molecules since a large external pressure is needed to com:
‘press a solid to any appreciable extent.

In order to understand the nature of these forces, we censider a pair
ol atoms which is capable of forming a stable chemical bond in the solid
Mate. When separated by a large distance from cach other, each atom of the
pair may be considered to be free from the influence of the other atoms and
hence the potential energy, U, of the system may be arbitrarily taken as zero. .
As the distance between the atoms is decreased, they start interacting with
¢ach other resulting in a change of potential znetgy of the system. The atoms
oxert the following two types of forces on one -another :

(1) The attractive forces arising from the interaction of the neg-

d ative electron cloud of one.atom with the positive nuclear

charge on the other. Its magnitude ‘is proportional to”some
power of the interatomic distance r. Rotas i

(i) The rcpulsivc forces which come into eXistcnce'wh(;xl the dis-

tance betwecn the atoms is decreased to such an extent that lh_éir

oy 4:"}\_.
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clectronic clouds start overlapping, thus violating the Pauli's

exclusion principle. The repulsion between the positively charged

nuclei also contributes to the repulsive forces. The magnitude
of the total repulsive force is also proportional to some power
7o of r.

Since the attractive forces decrease the potential energy of the system
and the repulsive forces increase it, the net energy of the sysiem is cqual to
the algebraic sum of these two enérgics and is wrilten as

U =Uy+Upg

= —Alr™ + BIr 4 @G.1) .

where A, B, m and n arc constants which depend upon the nature of the
participating atoms; A and B are known as attraction and repulsion constants
respectively. Equation (3.1) indicates that the magnitudes of both attractive
and repulsive energies incrcase with decrease in interatomic distance. Gen-
erally, n > m which indicates that the increase in repulsive encrgy is faster
than the increase i_nf) attractive energy particularly for very small values of
interatomic distance. The repulsive forces are, therefore, known as short
range forces. This means that the repulsive interaction between the nuclei
becomes appreciable only for very small distances.

' The variations of the attractive energy, repulsive energy and total
cnergy versus interatomic distance are shown in Fig. 3.1a.The total cnergy
first decreases gradually as thc atoms constituting the pair approach each
other, attains a maximum value for the interatomic distance r equal to r, and
then increases rapidly as the value of r is decreased further. The interatomic
distance r, at which the energy of the system becomes minimum is known
as the equilibrium distance and signifies the formation of a stable chemical
bond. At this distance, the system is in the most stable state and energy is
requircd to displace the atoms in either direction. j

Differentiating Eq: (3.1) with respect to r, we get,
F = ~dUldr = ~mAIP™! + nB/"*) (32

This gives the total force between the two atoms placed at a distance
r fromy cach other. The first term on the right hand side represents the attractive
force and the second onc represents the repulsive force. The variations of the

~attracyve foree, repulsive force and total force with interatomic distance are
shown in Fig: 3.1b. At equilibrium distance r, the attractive force must be.

cqual and opposite to the repulsive force and Lience the total force F is zcro.

* The potential cnergy of the system corresponding to this distance is, there-

fore, minimum. Thus trom Eq. (3.2), for r = r, we get
i ﬂ/ mi sm’)/r""”
' L ¥ X
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Potential energy, U

Uo

Distance, r —

(a)

gy .
5 et Distance, r —p

Fig. 3.1. f’otam‘al energtes (a) and interatomic forces (b) versus
interatomic distance in a system of two atoms. ‘
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or B = A(minyr,Vr ™) = AGmin) r,*m (33)
or r,em = (BIA) (n/m) -

From Egq. (3.1), the energy at the cquilibrium distance r, becomes
U, = -Alr,™ + Blr," = (-Alr,™) (1 - min) ' 3A)
Since m # n, U, # 0, it follows that, although the attractive force is equal

_to the repulsive force at equilibrium distance, the altractive encrgy is not

cqual to the repulsive energy.

1 Forn>>m, U, = —Alr",
i.e., the total encrgy is cssentially. the energy of attraction. Also, if the total
cnergy U has to be minimum at r = 7, then

+)
ﬁi_% >0 o8
dr
r=r,
m(m+1)A n(n+1)B
1., - (m ) + (l ) >0
m+2 n+2
(4] rO

Using Eq. (3.3), we find that this condition is satisfied only for n >
m. It indicates that the repulsive forces should be of shorter range than the
attractjve forces. This information can also be obtained from Fig. 3.1a which
shows that a minimum in the encrgy curve is possible only for # > m.

" The representation of energy by a power function of the type of Eq.
(3.1) is, in general, not quite accurate. It is, however, uscful to draw some
important qualitative conclusions about the bonding of atoms in solids.

The cnergy U, at the equilibrium distance r, is called the binding
energy, the energy of cohesion or dissociation energy of the molecule. This
much energy is required to separate the atoms of a diatomic molecule to an
infinite distance apart. This is generally of the order of a few clectron volts.
The cohesive energy may also be dcfincd as the energy released when two
atoms are brought closc to each other at an equilibrium distance r,. Larger
the energy released, more stable the bond formed and hence more stable is

~the crystal structure. In a crystal, an atom is surrounded by more than one
aioms which may arrange themselves to form different structures. The most
stable structure is that for which the maximum amount of energy is released.
Thus an acceptable theory of cohesion can predict the most probable struc-
wral arrangement the atoms may assume. :

1In crystals every atom is surrounded by a humber of other atoms and

the simple expression for attractive and repulsive energies given by Eq.(3.1)
. is not applicable. To know the exact form of these energy terms, one must

Bonding in Solids _ , -

investigate théir origins in detail. It further requires the : rge
distributions particularly of the valence elr:cqtrons of feozl:f el(r,nf::::rat‘ag}:
erystals, the valence clectrons arc tranisferred from onc atom t;) the oth

during bond formation. In some crystals, the sharing of electrons takes la::
Among the ncighbouring atoms whilc in some others the valence cle:t)ro

‘behave as free electrons and move from one part of the crystal to anotht:'s
There may still be other types of clectronic interactions present in crys{als.
‘The nature of crystals formed depends upon the nature of these interactions:

() lonic bonds, as in NaCl (transfer of valence electrons)
()  Covalent bonds, as in diamond (sharing of valence electrons)
(1)  Metallic bonds, as in Ag, Cu (free nature of valence electrons)

(V) Van der Waals for i id nitr
: ces, as in solid nitrogen (electrons remai i
with original molecules) : B

(V) Hydrogen bonds, as in ice.

i ,l::co:.'l;s(: ‘l(lllree- types of bonds are called primary bonds and the last
ik ”“. by E s are called secor'zdary bonds. The classification of crystals
. hese onds is rather arbitrary._ Many of the crystals exhibit mixed
onding. l’gr ex.amplc, ZnS crystal is belicved to be partly ionic and partl
m‘v:lcnl. Likewise, graphite has intrachain*covalent bonding and inlerzhaiz
:;’:] ;» 3/|||| der Waals tyPe of bo'\ding..Thc following sections describe the
erent types of bonding and the solids resulting from these bonds. -

A2.1 lonic Bonds

L uf\('l‘. ::::;::; :)onctih is formed by the gctual transfer of electrons from one.
QRIS S0 z?t each atom acquires a stable electronic configuration
- 0 the nearc.st inert gas atoms. The = atom which loses an electron
vomes electropositive and the one which gains an eleetron becomes ¢l
l.r::no‘g:mvc. The ions arrange themselves in such a way that the Coulom‘;j;
,'“ ﬂ:..l ve forges among the oppositely charged ions dominate over the Cou-
Mb's repulsive forces among the ions of the same sign. Thus the source of
mnlvc energy which binds the ions together is mainly the Coulomb's
tronch interaction. The crystals resulting from this type of bonding are
valled lqmc crystals. Since afterthe transfer of electrons, the ions agltain
slectronic anﬁgurations similar to inert gas atoms, the ch;rge distributicn
oi the ions is spherically symmetric. Hence an ion of one type tries to have
M many nelghbf)u_rs- of the opposite type as possible. The coordinatior:
:'u.mbor of a cal.lon- is limited by the radius gatio of cation to anion w:-iie;
{ :)ll‘ an anion is l&mxt.cd by the condition that the charge neutrality of ‘the
'dz.; must 'bc mamtz.un.ed: The cohesive energy of the ionic crystals is
fefore, quite large; it is of the order of 5 to 10 eV. i

m““ : A»
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> A good cxample of ionic crystals is the crystal of NaCl. The electronic
configurations of Na and Cl atoms arc as follows :
Nar: 152 252 2p° 35! ’
Cl: 15222 2p%3s23p5 _ :
After the transfer of an clectron from 3s orbital of Na to 3p orbital of
Cl, the configurations become ;
Nat : 152 252 2p°
Cl- : 152 257 2p0 352 3p°
As permitted by radius ratio rule, each Na* ion is surrounded by six
CI- ions and, in turn, each CI™ ion is surrounded by six Na* ions to maintain
the charge ncutrality. Thus the coordination number of cach ion is six. The
binding energy per molecule of NaCl is 7.8 eV. The structure of NaCl has
been described carlier in Sec. 1.13 and the unit cell is shown in Figs. 1.25
and 3.7. The position of ions on any cube face is as shown in Fig. 3.2. Some
other examples of ionic ~crystaf§ are LiF, KCl, CsCl, A~1203, elc.
Since ionic crystals have large
binding energy, these are, in gencral,
hard and exhibit high melting and boil-
~ ing points. At pormal temperatures, these

arc poor conductors of electricity but the

conductivity increases with increase in
© temperature owing to the increased
mobility of ions. These ¢rystals are gen-
erally transparent to visible light but
exhibit characteristic absorption peaks
in infrared region. These are also soluble
in polar solvents such as water.

(same as Ne)

(same as Ar)

Fig. 3.2. lonic arrangement on a face ;
of fec unit cell of NaCl. The complete 3.2.2. Covalent Bonds

unit cell is shown in Fig.. 1'25', A covalent bond is formed by an
equal sharing of electrons between two neighbouring atoms each having
incomplete outermost shell. The atoms do so in order to acquire a stable
electronic configuration in-accordance with the octet rule. Unlike ionic bond,
the atoms participating in the covalent bond have such electronic configu-
rations that they cannot complete their octets by the actual transfer of elec-

- trons from one atom to the other. Hence there is no charge associated with

' any atom of the crystal. : ;

A covalent bond is formed between similar or dissimilar atoms each
‘having a deficiency of an equal number of electrons. When two atoms, each
having a deficiency of one electron, come o close that their electrpnic_shclls
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dt':::) ;:;:;r;a;:jpxng}.1 the original atomic charge distributions of the atoms

and each atom transfers its unpaired el
sty p electron to the common s
R ;:: ;tl(;n::.‘;l‘h‘:st;lhc common space contains a pair of clectrons which
0 e atoms and serves to complete tl
i e picte the outermost shell
: 1s meant by 'sharing of electrons' ing i
effective if the shared e i
electrons have opposite spin
s. In such a case th
attract cach other and a coval i e i
ent bond is formed. Since th icipati
T ' . ¢ the participating atoms
ce state, this bond is also called 2
B e caj the valence bond. The
ovalent bond between (wo i
of chlorine e Cl

molecule is illustrated as follows : e e

are
pace

Cl.+.Cl: > :Cl:Cl;

\/ 1

] ‘unpaired shared pair
" electrons of electrons

i :‘lr:;la;ly, a watef molecule is produced because of the formation of
nds between an oxygen atom and two hydrogen atoms.

2H" + O — H:(:j:H
k. OI; (::ifcx [t);lr;icipaﬁx;g atom has a deficiency of two electrons, the atoms
orm a double covalent bond. The fi i ,
i ; ormation of an oxygen
ple of double covalent bond. In this
. ' 2k case, each ato
;:::jnl:;cs [;Z/o electrons tlo the common space. Similarly, a triple c:)vale::
Covalemz ; formed as in case of a nitrogen molecule. The nimber of
e f(:;: s a;x atom can form is determined by 8-N rule, where N is the
I ol the column of the periodic table to whi ’
ich the atom belongs. Si
Oxygen belongs to VI group, it can form (8-6) = 2 covalent bonis 'mce

decrcas}:o;-n(g:ae t;tt::g;ne::r;;azl: t;:ovalent bond, there should be a net
| : I the system as a result of mutual shari

:: :l:fst;o::l.l;hx:hhappcns when the.panicipating orb;talsoverlap effe:t?\rr:ﬁ

e oe va';:;m clcclron.lc states are available in the outermost

el dilml.m. The oycrlap 1s more effective when the participating

e : mnail)f oriented rather than having spherical symmetry.

covalent bond is always directional in characi>:. Since p-orbitals

are directional in nature, thi adi s s i
bonds. re, they readily participate in the formation of covaient

The stru o i i
e :‘t’u;‘c of diamond is a good manifestation of the directional
oebinhe 2a zzgt bon.cls. Thc ‘carbon atom in the ground state has the
on s 2p?,ie., it has two unpaired electrons in the outermost

i

proposed that

"
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onc of the electrons of carbon is transferred from 2s state to 2p state: This
modifies the clectronic configuration of carbon as

12 25! 2p.) 29! 29}
Thus in the excited state, the C atom has four unp.aired cl?cuons and hcn«;c
is Ablc to make four covalent bonds with four neighbouring C au;‘mé a? in
case of diamond. Also, all the four covalf:nt bonds formed by eac aloin
are known to have equal strength with C-C-C bond' an_glc c?lu'a (;
109° 28'. To explain this, it is proposed tha.t each‘C atom. in dxamop is ;p
hybridized and has four identical sp? hybrid orbitals Wthlll are oge;u; ; :t;
space along the corners of a regular letrahe.drf)n as shown in Fig. 3. d .1 4
tetrahedron is covalently bonded to four similar .tetrahcdrons to produce ¢
three-dimensional regular network type
structure. The structurc of diamond has
been described in detail in Sec. 1.11 and
its unit cell as well as plan view have
been shown in Figs. 1.23 and 1.24 rc-
spectively. The other cxamples of cova-
len’ crystals are Si, Ge, a-Su, ete.

The covalent bond is a strong
bond. This is apparent from the binding
energy of carbon in diamond which is
7.4 eV. Thus the crystals having purely
covalent bonding are generally very hard
Fige 3.3, Fiour s Iubrid orbitels ke and btittle. These have high melting and
carbon atom oriented alor:g the.comers boiling poitits, o o con-
of a regular tetrahedron in diamond. e 3 e hich

ductivity at ordinary temp
increases slightly with increase in temperature. Certain covak.:nt crystals with
moderate binding forces behave-as semiconductors, €.g., Sl and Ge.

3.2.3 Metallic Bonds

Metallic bond is formed by the partial sharing of valence electro.ns b.y
the ncighbouring atoms. Unlike the case of covalent bond, the sharfng 13
metallic bond is not localized. Hence metallic bond may also be considere
as delocalized or unsaturated covalent bond. As proposed by Drude, the atoms
in metals contribute their valence electrons to form a common poo.l .of
clectrons which has freedom to move anywhere in the f_rame-work of positive
ion cores. This common pool of clectrons is also known as the free electron
cloud or gas and acts like a mobile glue to bind all tl'le ion cores togcttlnlcfr
through electrostatic attraction. The bond so formed is callf:d the meta ch
bond. In this type of bonding, the atoms can share the required number o
electrons with their neighbours through the common pool to complete their

T T Ty TR T Y
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~ wlets. As already mentioned, this sharing is not localized. The free nature of
~ slsetron pas makes the bonding electrons resonate between different atoms

winl somsequently the metallic sharing changes with time.

Consider the case of sodium which is an alkali metal. Each sodium
alot hs an electronic configuration of 152 252 2p5 35!, i.e., it contains one
Wpslied electron in the 3s orbital. This electron is loosely held in sodium and
Wiy be called valence or conduction electron. When two sodium atoms

each other, their 3s orbitals begin to overlap and one electron-pair
Bt In formed provided the clectrons have opposite spins. Now the 3s orbital

! b full, i third sodium atom approaches the pair, the valence clectron
ul Ihis atom may occupy the 3p state without violating the Pauli's exclusion
Piinuiple, This is favoured by the fact that the encrgy difference between 3s

Al Ay oebitals is very small. Thus the third sodium atom can also form an
wlision-pair bond with either of the two sodium atoms. But since each

~ sidiui wtom has only one unpaired electron, it cannot form two electron-pair
Bitids with the other two atoms simultancously. It may, therefore, be assumed

’ Wik i the average, onc sodium atom forms one half of an electron-pair bond
With #ach of the other two sodium atoms. The actual structure of sodium metal

I bee, e, ench sodium atom forms cne-eighth 6. an electron-pair bond with

il of ity neighbours. It is possible only if the electron-pair resonates
dimnongst the eight pairs of sodium atoms. Hence such bonds are incomplete

W unsaturated covalent bonds. The valence clectrons are thus delocalized and

” Behinve as il they are free to move about in-a crystal.

A Due to delocalized nature of valence electrons, the metallic bond is
~iueh less directional than covalent bond. Hence metals prefer to form close-
~ peked structures, i.c., either fec or hep structures. However, there exist
i Btlain exceptional cases too. For example, alkali metals like Na and K.form
~ e structure which is attributed to their low melting points. The atoms have
~lege vibrational amplitudes near the melting point and hence prefer to have
~Ibuse-packed structures. The bee structure of some transition metals like iron

gur room temperature is because of their partial covalent character. In these
hetals, the clectrons present in d-orbitals participate in the formation cf

etallic bonds. Since d-orbitals form directional bonds, *ire icadency of these
metals to form closc-packed structures is inhibited.

; The mctallic bond is weaker than ionic or covalent bond. The binding
gy ranges from i to 5 eV per bond. The melting and boiling points of

ietallic solids are lower than ionic or covalent solids. Also, these solids have
w ductility and malieability, high electrical and thermal conductivities, and
] mmcal reflection and absorpiion coefficients.
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324 Van der Waals' Bonds
This type of bonding exists in atoms or molecules which have their
outermost shells completely filled and hence have no tendency to gain, lose or
share valence electrons with other atoms or molecules in the solid. The crystals
resulting from this type of bonding arc called molecular crystals. The examples
- of such solids are crystalline states of inert gases, such as He, Ne, Ar, etc., and
other gases like O, Cl,, CO,, CHy, etc. This type of bonding arises duc to
dipolar interaction between the atoms or molecules of the crystal. The electrons
of the adjacent atoms in a molecule tend to repel each other and thus produce
a }nomentary polarization in the molecule by disturbing the symmetry of the
electronic distribution. A similar type of disturbance in electronic clouds also
' takes place in inert gas atoms which otherwise have spherically symmetric
electronic distribution. Due to disturbance in the electron cloud of an atom, the
centres of the positive and negative charge distributions no more coincide and
an electronic dipole with a non-zero dipole moment is generated as shown in
Fig. 3.4. This dipole is, however, not a permanent dipole and keeps oscillating
with the movement of electron cloud around the nucleus. The electric ficld
originating from this imbalance of charge induces a dipolc moment in a
neighbouring atom in such a way that i atom gets attracted to it. Similarly,
the electric field of the second dipole produces another dipole by induciny
dipole moment ina neighbouring atom, and so on. This type of dipole induced
dipole interaction is called Van der Waals' bond or dispersion bond. It is non
directional in character. The presence of this intcraction is manifested by the
: fact that the inert gases can be
liquified at very low
temperatures.

The van der Waaly
forces are very weak forces. At
roum temperature, the thermal
energy acquired by atoms or
molecules is sufficient to make
these forces ineffective.Thus
molecular solids exist in
gaseous state at room
temperature. At low
temperatures, however, these
forces dominate over the
thermal forces and play a
significant role in  the
transformation of gaseous state
to liquid or solid state. The

Fig. 3.4. (a) Symmetrical electron cloud of an

isolated noble gas atom. (b) Distorted electron-

ic distribution around two neighbouring noble
gas atoms generates two fluctuating dipoles.
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gy released during the formation of van der Waals' bonds is of the order
f 0.1 eV per bond only. Hence molecular solids are characterized by very
low melting and boiling points, low mechanical strength and easy
formability. These solids are also poor conduqiors of heat and electricity.

Hydrogen Bonds

" When a covalent bond is formed between a hydrogen atom and a hi ghly
electronegative atom, such as an atom of oxygen, fluorine, chlorine, etc., the
shared electron pair gets attracted more towards the electronegative atom than
the hydrogen atom. Thus the electronegative atom acquires a slight negative
eharge and the hydrogen atom acquires an equal amount of positive charge.
The molecule 8o formed is said to be polarized and behaves like a permanent
dipole. A number of such dipoles get attracted to one another due to the
- Coulombie force of attraction. This type of interaction between the oppositely
- Wharged ends of permanently polarized molecules each containing a hydrogen

Mo Is called the hydrogen bond. In case the hydrogen atom does not
pattivipate in bond formation, the bond is called the dipole bond. A special
slgnifivance is attached to hydrogen atom because it can be regarded simply
A% 4 praton fixed to one end of a covalent bond, the positive charge of which
I8 Wil shielded by the surrounding electrons. This is not the case with other
MBS participating in a covalent bond ; their positive charges are shielded
by mo.c:mor glfctrons Whiclsl weaken the attraction of the positive nuclear
3% X\,  charge with the negative ends of other
° 0 polarized molecules. Therefore, the pos-
o itively charged hydrogen atom can in-
’ teract more strongly with the negative

SRy g
0 S+

s

A

ends of other molecules as compared to

any other positively charged atom. Thus

hydrogen bonds are stronger than di-

o. o pole bonds. Materials exhibiting hydro-

- orl gen .bondif:g possess high melting and

SNy, 3.5, Hydrogen R sy bon.lmg points compared with molecular
b water molecules. . . '

~ The hydrogen bond plays an important role in the formation of ice and

. The existence of hydrogen bonding among water molecules is illus-

in Fig. 3.5. The binding energy of water or ice is about 0.5 eV.

¢ pressure would have been —80°C instead of 100°C and its
' much lower than 0.01 Poise at room temperature. Since a hydrogen

directional in character.

ry' S
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en bonding is responsible for the striking physical properties of water
In the absence of hydrogen bonding, the boiling point of water at

‘3

s formed between oppositely charged ends of two permanent dipoles, et
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33 BINDING ENERGY OF IONIC CRYSTALS

The calculation of binding energy of crystals is one of the major

problems of the theory of solids and requires the knowledge of constituting

particles. These calculations are relatively simple for ionic crystals ancfl are

- described below for the case of NaCl crystal. The binding energy of ionic

crystals was first calculated by Born and Madelung in 1910 and was later
modified by Born and Maycr.

The theory developed by Born and Madelung is based on the assump-
tion that the ionic crystals arc built up of positive and negative ions each having
a spherically symmetric charge distribution as in rare gas atoms. Thl-xs the forc-c
between any two ions depends only on the distance between the ions and is
independent of the direction of approach. The force between the ions is
assumed to be mainly electrostatic. Thus the main contribution to the binding
energy arises from electrostatic interaction and is Cflllcd the Madelung
energy.The ions tend to acquire such an arrangement in a crystal structurc
which results in the maximum attractive interaction amongst themselves.

There exist two types of interactions in ionic crystals, one is long
; range Coulomb’s electrostatic interaction which may be attracti.vc or repul§ivc
in nature, and the other is short range repulsive interaction which comes into
play when the interionic distance becomes so small lhat. thfa clecu(?nic clouds
of ions start overlapping. The Coulomb's electrostatic interaction energy
between two ions with charges +q is given by +q*/r, where the positive sign
stands for electrostatic repulsive encrgy, i.c., the energy of ions with like
charges, and the negative sign stands for attractive energy. The short range
repulsive energy as given by Eq. (3.1) is usually taken as B/, where B and
n are constants. The earlier calculations of Born and Madclung were based
on this expression for repulsive encrgy. Later, Born and Mayer, based on th-c
quantum mechanical calculations of forces between the ions, replaced this
expression by another one of the form Ae~"P, where A represents the strength
and p the range of repulsive interaction. In the present treatment, we shall
use the latter expression for the repulsive energy which is also known as the
central field repulsive potential.

Since cach ion in an ionic crystal is surrounded by a large number of
ions of the similar or opposite type, the total interaction energy ur cohesive
cnergy of an ith ion is given by

= Z’U‘" (35)
g Sl
l ., - -
where Uij is the interaction energy between the ith and jth ions and may be

written as

U, =% exp (-ry/o) 2 qllrij (3.6)
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The primed summation in Eq. (3.5) indicates that the summation
includes all the ions except those with j = i. This is because the interaction
encrgy of an ith ion with itself carrics no meaning. The constants p and A
can be empirically determined from the observed values of lattice constant
and compressibility. As already mentioned, the positive sign in Eq. (3.6) is
used for interaction between like charges and the negative sign for interaction
between opposite charges. However, in an ionic crystal like NaCl, the value
of U; does not depend on the type of the reference ion i particularly when

it is not present near the surface of the crystal. The surface effects are ignored
herc.

If the crystal contains N molecules, i.e., N positive ions and N ncgative

. ions, the total lattice energy or the total binding energy of the lattice beconics

U,pe = NU; 3D

Here we have used N rather than 2N because each pair of ij interactions must
be considered only once while determinig the total binding energy. For
convenicence, we introduce a dimensionless quantity pij such that

rj = PR (3.3)
where R is the ncarest neighbour scparation in the crystal. The factor pjj thus
defines the distance between any two ions in terms of the nearest neighbour
distance. If ions i and j are the nearest ncighbours, then

rl-j=R

Pij =1
From Egs. (3.6) and (3.8), we get
; U= A exp (-p;RIp) + q2/(p,.jR)
The Eq. (3.5) becomes '

Uy = 3 hexp (-p;RIP) * g(p,R)) (39)
, ‘

or

Assuming that the repulsive interaction (first term) is effective for the nearest
neighbours only and there are z nearest neighbours of the ith ion, the expres-
sion (3.9) for the cohesive energy of the ith ion takes the form
U =zhexp (-Rlp) + qzl(pin)
J

-

= zA exp (-R/p) — ag¥R : (3.10)
From Eq. (3.7), the lattice energy becomes ;
Upor = NU = Nghe RP — ag/R) (3.11)

Here a is a constant called the Madelung constant and is given by

A
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a=3'7F lp, ' (3.12)
j

The choice of sign depends upon the typé. of the reference ion. If the reference

ion is negative, the positive sign is used for a positive ion and the negative

sign for a negative ion. Thus the value of the Madelung constant depends on
the lattice structure. It is basically a correction factor that determines the
magnitude of the error introduced by cbnsideting only the nearest neighbour
interaction.

At the ncarest neighbour equilibrium distance, R, we have
du,JdR =0 .
Therefore, from Eq. (3.11), we get -

Nzk -R,,/p o NGHI

dy;
N—-— = 0 !
dR R=R, P s ». : . Ro :
pﬁt‘qf2 ‘
Rolp = G.13)
i witiaor kR

The Eq. (3.11) can now be written as

= k. ¢ SR
Utot N (2 zmo2 . Ro )

= (Nag*R,) [1 - p/R}] (3.14)
The first term within parentheses rcsembles the second term of Eq. (3.11).
It, therefore, represents the electrostatic’ mteracuon energy or the Madelyug
energy. The term within square brackets ‘then represents the contribution of
the short range repulsxve interaction. W

The similar expressnon for coheswc encrgy of the ith ion is
U Uw/ = - (aq-IR ) [1 - p/R] (3.15)
For the range p ~ 0.1R , U; is dominated by the Madelung contribution.

It increases rapidly for low valués of p/R,, which indicates that the repulsive
interaction has a very shon range.

From Eqs 3. 14) and (3 15), it follows that the lattice energy of a
crystal and the cohesive encrgy of an ion in the crystal can be determined
if the values of R a and p are known. The equilibrium distance R, is, in
general, dctermmed cmpmcally, the range p is determined from the knowl-
«dge of the bulk modulus of the crystal, and the Madelung constant is
determined theoretically from the geomotry of the crystal structutg

“
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- 3.3.1 Evaluation of the Madelung Constant

Considering the simplest casc of a one—dnmensnonal crystal consisting
. of alternate positive and negative ions with interionic distance R as shown

~ in Fig. 3.6. The Madelung constant, a, given by Eq. (3.12) can be expressed :
N . :

g : va =% ?1/1)0 =2[1-12+13-1/4 +..] (3.16)
J
R
OROOOOOGO
Reference ion

Fig. 3.6. One-dimensional ionic crystal consisting of alternate
positive and negative ions. :
This expression is written taking a negative ion as the reference ion.
The factor of 2 appears because similar ions are present on both sides of the

reference ion. Using the series expansion
In (14x) = x - 222 + B3-xY 4 +
and putting x = 1 in it, we get

In2=1-12+13- 14 +
Therefore, Eq. (3.16) gives

a=2In2=138 (3.17)

For the actual three-dimensional crystals, the evaluation of the Madelung
constant is not so simple. It is very difficult to write the successive terms by
a casual inspection and the serics converges quite slowly. Consider, for
example, the unit cell of NaCl structure as shown in Fig. 3.7. Each CI- ion
has 6 nearest neighbour Na* ions, 12 second-nearest neighbour CI- ions, 8
third-nearest neighbour Na* ions, and so on. Since the distance of the first,
second, third, fourth, etc. nearest neighbours from the central CI- ion is 1,
V2, V3, V4 etc. respectively, the Madelung constant becomes

o= 6N1 ~ 1212 + 813 — 614 + 24N5 ~ ...
+=6.000 - 8.485 + 4.619 — 3.000 + 10.733 - ..

Clearly, the convergence of the series is poor. In fact, the series may
never converge quickly unless the terms are so arranged that thecontnbuuons
the successive positive and negative terms nearly canccl

.....

.

The convergence of the scrics can be improved [ur_lhc; if we work

&t
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i i ich r less neutral. The
with neutral groups, 1.c., groups of ions whxcl;) :;, ;:::lrc;:ason oot i
with ncutral groups is that the
potential duc to a neutral group
decreases faster with distance
than the potential due to
cl{argcd'ions. One such cub.if
cal neutral group is shown in
Fig. 3.7. It has Na* ions at the
corners and face centres and
Cl- ions at the edge centres
and bbdy centre. Considering
the actual contribution of each
ion to the cube, the cffective
charge carried by this group of
ions is
~14+(1/2) 6-(1/4) 12+(1/8)8 = 0
: ; of Na* and Taking CI” ion present at the
e é;fgi-oi.s”;uz:xfluxl;:: ;:?r?zfegf(:;n{onstiwting body-centred position as the

lhe st neullal glou debelo ed b EVJen E lchlcuCC 10on, [hC contribu
f r CaICula“"g ‘he Madelaﬂg constant. Of lhlS n ul.l'al g Oup oot
0. ic I S

@ Nationwith contribution +1/8
@) Nation with contribution +1/2

G172 U4 BB

S ]

The first term corresponds to the contribution of 6 nearest nglg:\:%l:;
Na* ions occupying the face centres, the seci)qd term ;osr‘r)ezflons;n g
contribution of 12 next nearcst neighbour CI~ ions, an ‘ m. i
taking into account the ions of the next larger cube surroundmgbccl ;r; Whid;
the value of o calculated from the first two cubes comes out t(; ¥, Madelung
is close to the accurate value as given below. T¥1e values 0
constant for CsCl and ZnS structures are also given.

NaCl : 1.747565
CsCl1 : 1.762675
ZnS (Zinc blende) : 1.6381
In general, the higher values of the Mfldelung const:nlt1 ei::;czt; ;:1;
stronger Madelung comributic?n to t'hc cohcsn_ve. energy :n s i
ility of the structure. This is particularly apfphcable when inbgenger
:lt::b;tructure like NaCl or CsCl is compared with that of ZnS. This

inapplicable when NaCl structure is compared w‘ith CsCl structure :lhelr:u\;lre
;m:\s that bcs@cs its fow\ value of o, the former is more stable than the G

= 1.46
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The discrepancy is explained on the basis of the magnitude of repulsive
encrgy which is more in case of CsCl than in case of NaCl because of larger
number of nearcst neighbours in the former. Thus, although the Madelung
energy of CsCl is more than that of NaCl, the larger value of repulsive energy
for CsCl outweighs the Madelung cnergy difference and acts to decrease the
stability of CsCl structure slightly.

3.3.2 Determination of Range

The range of repulsive interaction, P, can be cxpressed in terms of the
bulk modulus, B, of the crystal which is defined as

dp
= ' 3.18
avlv (48
where dp is the small change in pressure required to produce volumetric strain
dV/V. Considering adiabatic compression, i.c., assuming that no heat is

cxchanged with the surroundings, and applying the first law of thcrmodynam-
ics, the change in energy associated with the decrease in v

olume dV is given
by
dU = - pdv
or duldV = - p
dp dv
or s Al
dy. . g2
Therefore, from Eq. (3.18), we get
' d*U
B=V— 3.19
vl (3.19)
Now
U _du dr
dV 4R 4V
and
2 2 2
dU .. dU
—5 = — (dRdV)? + av < L3 (3.20)
dav*® 4R dR - gv?
Since at equilibrium distance Ro, - ;
.d_u =0 :
: dR
the second tesm in Eq. (3.20) vanishes and we get
v dU

— = = (IRIAVY  fot R =R
av? dRz( L4 4
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Hence Eq. (3.19) becomes

% .'
du 3.21)
dRrIdV)? for R=R, G.
B= V(dR }(

ameter a = 2R, the volume of the unit

ar
In NaCl structure with lattice p the volume occupied

écll containing 4 molecules of NaCl is 8R3. Therefore,
by N molecules of NaCl is

V = 2NR3 (322)
which gives

v = 6NR?

dR e

S:hi)sﬁtuﬁng thesc in Eq. (3.21) , we get

L law
B=2NR°3 36N2R: dez &%

' af 0 ody (3.23)

or B= 18NR, ) dR® £

From Eq. (3.11), we obtain

2 -
N
dU,o, o NzA C_R’p'f' ag
dR P 7
which, on differentiation, gives
Uy _ NIA iy _ 2Naqd"
o

Substituting it in Eq. (3.23), we get

| 1 ( -R.lp ZNGq ]
B = T3nr,
Using Eq. (3.13), it becomes
. € 1 o 2~ z
o8 (Nzl (puqz] ZNaq ] :
B = Tsnr, ZAR?

' i z)» e

; . iy .‘

) Lot My
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The equation can be employed to determine p using the observed
values of R, and B. The cohesive as well as latticc energies can then be
determined using Egs, (3.7) and (3.14).

3.4 BINDING ENERGY OF CRYSTALS OF INERT GASES

As described in Sec. 3.2.4, the molecular crystals of the inert gascs
have low melting points and arc transparent insulators. The atoms of these
crystals have their outermost shells completely filled and thus have very little
tendency to gain, losc or even share the valence electrons with neighbouring
atoms. Duc to complectely filled shells, these atoms have spherically sym-
metric clectronic charge distribution. Hence these gases, except He3 and Hc L
usually form fcc crystals in the solid state.

Consider a molecular crystal consisting of N atoms. If U,; represcnts -
the interaction energy between the atoms i and j of the crystal, then the
cohesive encrgy of the ith atom is given by

U;=X'U (3.25)
j
and the lattice energy of the crystal is
Ugy=YNU;=%N3'U; (3.26)
j

Here the factor N/2 is used instead of N to represent the number of
distinct ij atomic pairs which contribute to the interaction energy. The primed
summation in Egs. (3.25) and (3.26) indicates that the summation includes
all the atoms exccpt those with j = i. As in case of ionic crystals, the interaction
energy, U of molecular crystals is due to the fouowmg two types of
mtcrachons

(@) Van der Waals or London interaction, and
(b) Repulsive interaction )
(a) Van der Waals Interaction

The origin of van der Waals_interactions has already been discussed
in Sec. 3 2.4. It is a dipole induced dipole interaction which exists in two
neighbouring atoms so as to produce weak attractive force between the atoms
These intcractions are also known as dispersion bands.

Let p; be the instantaneous dxpole moment of the ith atom caused by
some fluctuations in the charge distribution on the jth atom. This dipole

moment produces an electrostatic dipole field E at the centre of the jth atom
whose magnitude in CGS units is
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E= 2p‘lr,~}-3 (3.27)
This field further produces an instantaneous dipole moment p;atthe jth atom
of magnitude i

94

pi=ak= 2:.:c¢pl,/rl.j3 (3.28)

where o is the electronic polarizability. These two diploes interact with each
other in such a way as to produce a nct attractive force as shown in Fig. 3.8.
The potential energy associated with the attraction of two dipoles is given
as :
Upy=-2p ,-p]/ rij3 =~-4ap izlriié 59
From Eq. (3.28), it follows that o, has dimensions of [length]?.
Therefore, a ,pl.z has dimensions of
[length]® x [charge]?. Hence, in Eq.
(3.29), @, p? may be written as e’r,’
where r is the atomic radius. The Eq.
(3.29) then becomes

. 5/r.8 ~ 10~
U, ~ - 4e*r, /r,.j6 ~ -10 58/r,.j° crgs

= -B/f.'jé N (3.30)
wherc we have used r, ~ 10~ 8 cm and
B = 1078 erg cm®. For example, for
Krypton, ri= 4A and U= 2x10 4 ¢erg
which corresponds to a temperature of

about 100 K. The same is the order of
magnitude of the melting point of inert gases.
Since U, varies as r; —6_ it follows that the van der Waals interaction

an
is a short range interaction which increases rapidly with decreasc in T

(b) Repulsive Interaction
As described in case of ionic crystals, the repulsive interaction comes
into play for very short distances between the atoms when the electron clouds
of the atoms begin to overlap and the Pauli's exclusion principle is disobeyed.
The energy due to this interaction may be expressed as the power law of the
type Ump = constant / r;" or by the expression Upp.= Ae~"ifP, where A and
p represent the strength and range of repulsive interaction respectively. In the
present case, we shall express U,ep by an empirical relation of the type.
; = 12 -
Ump = Clr‘-j (3.31)
where C is a positive constant.
From Egs. (3.30) and (3.31), the total interaction energy, Ui between
the atoms i and j of the crystal can be written as

jth atom

ith atom

Fig. 3.8. An instantancous dipole
moent p; of the ith atom induces a
dipole moment p; on the jth atom:

! i'l T —————— e ——
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= Uj = ~Bir,S+ Cirt?
or, in another form, it is expressed as
Uy = 4el(olr1 - @rp)f]  (332)
H . Here € and o are the paramcters related
to B and C as
4808 = B, and 4e6!2 = ¢

1

I

I

|

|

'| The valucs of € and o arc cmpirically
' dctcml.med. The Eq. (3.32) represents a
: potential known as Lennarg. Jones
| folential and is plotted in Fig. 3.9
i o f
|

|

i

!

l
.8

Erom Eq. (3.26), the cxpression
for lattice encrgy or the total bindine
encrgy of the crystal becomes )

Usps = ¥aN(4e) 3.’ (o/r)2 —(o/r, )
0.4 0 : j
i (3.33)
It' may be noted thatEq. (3.32) has
bec.n written without considering the kj-
ncl.xc energy of the atoms of the Crystal.
Using Eq. (3.8) in (3.33), we obtain

12 6
g
Uipe = ¥iN(dg) 3 (EJ Bt o
7 |\PR PR

For fec structures, we have

Fig. 3.‘9. A plot of Lennard - Jones
Potential versus R/g. The minimum
oceurs for Ric =7.122

(3.34)

~2Ne[12 x 12,131 (o12/g 13) '
o : ~ 6 x 14.454 (o%R )] =
‘Which gives " : ; i,

I .
R /o = 1.09

(3.36)
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The factors of 12 and 6 correspond to the numbser of first and second ‘M €quilibrium distance r, F = 0. Therefore, Eq. (3.40) gives
ncarest neighbours of an atom in an fcc structure respectively. This value of A = 5B/r 8
£ e 5 ¥ o (3.41)
R /o matches closely with the independently determined valucs for molecular 4
' : . : 5 = 5B/(2.8 x 10710)8
| crystals of inert gases as given below : i e o
!  Ne Ar Kr Xe The dissociation ene; ‘bo_d vy b 3.42)
A ; TEY or bond encrgy, U, is the encrgy released
’ R /fo 1.14 kil 1.10 1.09 during bond formation. It is obtained from Eq.(3.3§) by puuinggry= r,ie
The slight variation from the theoretical value of 1.09 can be explained o
from the quantum effects. It can, therefore, be concluded that the Lennard- U, =-Alr? + BIr 10 = _ % (1 i a6
Jones potential given by Eq. (3.32) is the correct potential existing between : ) Aro8
the atoms of the inert gas which binds them together. Using Eq. (3.41), we get
‘ The final expression for binding energy of inert gas crystals at absolute Uy==-@IrH1-15)=- (@/5) (Alr %)
| o

» Uy=-80eV=-80x16x 1019
where the negative sign signifies the release of energy.

A =(5/4) (2.8 x 10192 (8.0 x 1.6 x 10719) =.1.256 x 10-37 Jm2
Therefore, from Eq. (3.42), we obtain

B = 9.52 x 10-115 jp10

in Eq. (3.34), i.c.,
Usor (R)) = ¥aN(4g) [12.131(c/R )12 — 14.454 (o/R )] (3.37)
= -2.15 (4Ng) (3.38)

It may be noted that this valuc of binding energy is obtained by
ncglecting the kinetic energy of atoms. The expression is valid for crystals Referring 1 Fig. 3.1 it i
of all the inert gases. A more correct expression can be obtained by consid- . i g atg;; ce r;a;t is apparent that _ﬂ'xe magnitude of the force
cring the kinetic cnergy effect and applying the quantum mechanical correc- i$ greater that 7. This gives mn fc i mtcratom.xc dx_s(ance 7c = OA which ;
tions. Based on these considerations, Bernardes obtained correction factors — gicr - o .k c:')i.lcul auii p R nec'd‘ed to dissociate the molecule. The
which reduce the binding energy to 28, 10, 6 and 4 per cent of the value given i, rom the condition that
by Eq. (3.38) for Ne, Ar, Kr and Xe respectively.

SOLVED EXAMPLES

Example 3.1. The potential encrgy of a system of two atoms is given by the
expression :

‘ g zero temperature and zero pressure is obtained by using Egs. (3.35) and (3.36) Now
|

|
o |
dr —'c=0

or, from Eq. (2.41),

6A/r* - 110B/r12 = ]
It gives l

r. =(H0B/6A)B

U=-AlP?+ Bir'0

A stable molecule is formed with release of 8.5 eV of energy when the
interatomic distance is 2.8 A. Calculate A and B. Determine the force needed - Vs
to dissociate this molecule into atoms and the interatomic distance at which % ( 110x9.52x 10-"5] ;

(3.43)

the dissociation occufs. 6x1256x 1077 : i
Solution. The potential cnergy of the system is e = 3.30 3 1010 m 8
U = -Alr + BIr'? (3.39) | Putting r=r_in Eq, (3.40),&%8:;;;qukedmdisociam the molecule 1
The force between the atoms at an interatomic distance r is ' s : : 3
F = —dUldr = - 24/ + 10B/r11 340 F=-(2r3) (4~ 5Bir 8 g

Eq. (3.43), it becomes i : F W

PRI
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- (2/r2) 1A-5B (6A/110B)]
- (21 @AY

2 (Sx 1.256x107 )
(33x 10)’ 11

-508x10°N"

T
I

i}

1}

r = r, is the force of

e ~ xisting at
The negative sign means that the force € g 09 N.

attraction. Thus force nceded to dissociate the molecule is 5.08 x 1 5
Example 3.2. The latticc energy of KCl crystal con-tammg N molecules o

KCl is given by : 4
U = -N(ag?R - BIR")

Determine the repulsive exponent 2 using the following data:
Nearest ncighbour equilibrium distance, R;= 3.147A
Compressibility of KCl, K = 5.747 x 1071 ‘mZ(N
The Madelung constant, & = 1.748

Solution. V'me expression for energy in SI u_nits is

2 aisioniie 8
U=~N|%neR g

Differentiating, we get

dU _ Nag’ _ nNB : (3.44)
dR ~ 4ne,R® R
For R = R, dU/dR = 0, which gives
2
99" pal - (3.45)
- R
. dnen

is identi that of NaCl. Therefore, the expression
The structure of KCl is identical to _ P
(3.23) is also valid for the case of KCL. Since the compressibility is reciprocal

(0 the bulk modulus, Eq.(3.23) becomes

: ‘ (3.46)
=R,

1 1 )izﬂ
'E"(lsNR, dR?

- From Eq. (3.44) we have

U 2Nag? .~ n(n+1)NB
el 2
dRz R=R, 47‘:80R03 R"”+
< AN = (n-1) [Using Eq. (3.45)]
4mne, R,

Hence from Eq. (3.46), we obtain
. 18R; (47g,)
Kaqz

=1

4
18x (3.147 4 10“°)
&1 +

& S =1+7.63 =8.63
5.747x10‘“'x1.748x(|.6x10‘19) x9x10°

'SUMMARY

1. There are two types of forces existing ‘amongst the atoms of a
crystal : the long range Coulombic forces which'aré attractive i nature and
the short range repulsive forces, -

2. The total potential energy of ‘a system of atoms is expressed as
U=-Alr" + Bir* -

where r is the interatomic distance and A, B, m and n are constants. Generally,
n > m. The first term represents the energy of attraction and the second one
fepresents the energy of repulsion.

3. A stable chemical bond is formed at an equilibrium ‘interatomic
distance r, where the forces of attraction balance the forces of repulsion and
the total encrgy U becomes the minimum. This minimum energy is called

the binding encrgy, bond energy, energy of cohesion or dissociation energy
of a molecule and is given by

U, = (-Alr,m) (1-m/ny
4. Ionic, covalent and metallic bonds are strong bonds with bond
energies ranging from 1 to 10 eV/bond. These are called primary bonds. The

bonds like hydrogen bond and van der Waals forces are weak bonds with bond

energies ranging from 0.01 to 0.5 eV/bond only. These are called secondary
~bonds. '




Solid State Physics
\m ¥ 0 -
5 An ionic bond between two atoms is formed by the transfer of

clectrons from one atom to the other. It is non-directional.

¥ : [
6. A covalent or valence bond results from the loc‘:ahzcd sharllr:gisoa
quai number of valence clectrons of the ncighbouring atoms.
an ¢

directional bond. : : , =

7. In metallic bond, the sharing of clcctrons. is pqttal an(:1 .dtl:loacrzl iy
A ctal. may be considercd as an array of posxAtwc ions w 1cd1A oo
t mlhcr in a free clectron cloud. Hence the metallic bond is non-dir A
oge

8 The van der Waals forces or dispersion bonds result from the dipole

actions amongst the ncighbouring inert gas atoms or the

induced dipole inter: o

: -directional.
molecules of some other gases. These are noln (lxrcc:stm]s
having thesc types of forces are called molecular cry :

9. Hydrogen bond is an electrostatic attraction between the
.y

> lh u l”g m 1b uia dlp - h Contmnlné hy Og n al .
nb‘bl our olec 1 13 OICS cac > a (h C tom [[l casc

i ed dipole
the molecules do not contain hydrogen atoms, the bond is term p

4 : irectional bonds. '
bond. Thesc are directiona i o
10. The lattice energy or the total binding energy of an ionic crystal
is given by
2 U, = NU; = - (Nag?R)) [1 - p/R,]
tot b
jth i is the number of ionic
i i nergy of the ith ion, N is t ‘
whsge.Lodh e A gy ilibrium distance, ¢ is the elec-
olecules, r, is the nearest ncighbour cqu ! i
i cha; '::) p is the range of repulsive interaction and a. is : 258
Hon;tcant Tie’ term within the parentheses represents the Madelung ¢ ‘ g _/
11. The range p can be determined from the bulk modulus B of ionic
crystal. For NaCl, the two are related as

con

2
og
B= (RJ/p-2)

18R, / :

VERY SHORT QUESTIONS

What is cohesive energy? :
Give one example each of primary and secondary bonds.

—

What are short-range forces?

What are ionic crystals?
What are covalent crystals? Give an example.

e

group can form?

What is the maximu/m number of covalent bonds an atom of the nth

-
e

R o
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7.
8.
9.

10.
11
12
13
14.
15:
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What are molccular crystals? Give two cxamples.

Whatis Van der Waals® interaction? [s it presentin all types of solids?
What is dispersion bond?

What is the origin of the repulsive interaction in inert gas crystals?
Give propertics of molecular solids.

How does hydrogen bond differ from dipole bond?

What is Madelung energy? _
What is Madclung constant? How is ll expressed mathematically?
What is the significance of the Madcelung constant?

SHORT QUESTIONS
What arc primary and sccondary bonds? Give cxamples.
What limits the coordination of a cation and an anion in an ionic
crystal?

Why are closed-packed structures experienced mostly in metals and
not in ionic and covalent solids?

Why do covalent crystals usually have lower packing cfficiency than
the ionic crystals?

Why do alkali metals cxhibit bee structure? Why does iron at room
temperature exhibit bee structure?

What is hydrogen bond? How is it different from® dipole bond?
Describe the role of hydrogen bond during formation of ice.

Why do inert gases get liquefied and solidifed at very low tempera-
tures?

Evaluate the Madelung constant for an infinitely long one-dimen-
sional ionic crystal consisting of singly charged alternate positive and
necative ions. Take a negative ion in the crystal as the reference ion.
The 1adelung constant of CsCl is greater than that of NaCl but stiil
the NaCl structure is more stable than the CsCl structure. Explain.
Calcuiate the cohesive encrgy of crystalline NaCl.

LONG QUESTIONS

Describe the nature and origin of various forces existing between the
atoms of a crystal. Explain the formation of a stable bond using the
potential enrgy versus interatomic distance curve.

Derive an expression for binding cnergy for an ionic crystal and
obtain the expression for the Madelung constant. Evaluate the
Madclung constant for a lincar ionic crystal.
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What type of interaction is responsible for binding among atoms of
the inert gas crystals? Explain the origin of both attractive and repul-
sive parts of the interaction.

Define cohesive caergy and determine its value for crystals of inert
gases.

Give the physical characteristics of inert gas crystals. Discuss the
form of the potential-encrgy between two inert gas atoms.

Considera linc.of alternate positive and negative ions cach carrying
a charge q. Tln, rupulswe potential energy betwcen the nearcst

.neighbours is given by A/r".. Show that, for a total of 2N ions, the
. equilibrium: potential .energy ‘of the system is

Up=-[2Ng>in(2/n)] (1-1/n)

#«PROBLEMS

‘.. The potential .encrgy -of a system of two atoms is given by

U=-a/r* + pir'2. 2B

Calculate the amount of energy released when the atoms form a stable
bond. Determine the bond length.

.l(4a3/27ﬂ)“2, (3p/e)'/8]
The interaction energy of a system of two atoms is given by
U = -Alr® + Bir'2

The atoms form a stable bond with bond length of 3A and bond er;crgy
of 1.8 eV. Calculate A and B. Compute the forces required io break
the molecule and the critical interatomic distance for which it occurs.

.- Also, calculate the force required to reduce the interatomic distance
. by 5 percent'ef the value at equilibrium.

| (4.19x10776ImS, 1.53x107133Im!2, 2.56x10~°N,
3.33x1071%m, 5.97x10N)
The: cohesive energy and the nearest neighbour distance for a LiF
molecule are’1.68x10718J and 2.014A respectively. The structure of
LiF is the same as that of NaCl. Calculate the bulk modulus of LiF
wusing the following expression for the potential energy :
U =~ ag?R + BIR" '

- The.value of o may be taken as 1.75.

(7.15 x 10'°Nm2)

CHAPTER - IV

LATTICE- VIBRATIONS

4.1 INTRODUCTION

A lattice may be regarded as a regular arrangement of atoms which
are joined together by clas-
tic springs as shown in Fig.
4.1 for a two-dimensional
case. The motion of any
single atom is, therefore,
shared by all the atoms,
i.e., the motion of the atom
is coupled. The latticc may
vibrate freely in its nor-
mal modes due to its inter-
nal energy or may cxperi-
ence forced vibrations
under the effect of dynam-

* . ' ' ical external forces which
W may be mechanical or

: J - electromagnetic in nature.

Fig. 4.1. Two-dunenswnal model of a lamce compns Thie sibsatioss of the
i ol v 0w s PIIEs: former. type yicld infor-
mation about the thermal _properties of solids, such as specific heat and
thermal conductivity and are described in this chapter. The latier type of
vibrations are associated with acoustical and some optical -properties of
solids and are beyond the scope of this book. The characteristics of elastic
vibrational motion of a crystal lattice can be easily investigated by consid-

~ering a one-dimensional lattice, i.e., a lattice consisting of lincar chains or

lines of atoms, and the results are generalized for two and three-dimensional
lattices without giving quantitative details.

42 VIBRATIONS OF ONE-DIMENSIONAL MONOATOMIC
LATTICE ,
Consider a one-dimensional chain ¢f ... . licre each atom has mass

m and is attached to other atoms by massless spnngs Such a discrete
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arrangement of atoms constitutcs a non-homogencous medium which is
distinguished from a homogeneous medium wherein the line of atoms is
continuous without any breaks in between. Consider the equilibrium state of
the atoms when these are situated at equally spaced sites represented by...n—1,
n, n+l,.. as shown in Fig. 4.2. If the atoms are placed on the x-axis with
intcratomic spacing a, the x-coordinates of the corresponding atoms are given
by...(n—1)a, na, (n+1)a,.. In the statc of vibratory motion along the x-axis,
the atoms will cxecute periodic motion about their equilibrium positions and
become sources of elastic waves which propagate through the medium. Let,
at any instant of time, thc displacements of nth, (n—I)th, (n-2)th,... atoms
from their mean positions be u,, u,_;, u, ,.... respectively. Assuming the
springs to be ideally elastic, the force between any two atoms will be lincar,
i.c., the force required to produce an atomic displacement is proportional
to the displacement itself. Let the force experienced by an atom be mainly
due to the nearest neighbours. If  is the displacement of a spring with spring
constant 3, the force excrted by a spring on an atom is given by
F = Pu
Since the nth atom is attached to (n — 1)th and (n + I)th atoms by two springs,
it expericnces two opposite forces each one of which is proportional to the
nct displacement of.the corresponding spring. The net force on the nth atom
is
F =P, - u,) - Blu, - Uy_1)
=PBluyq + 4y —2u,) by “4.1)

n-2 n-1 n n+1 n+2

:‘_—Fa : | State of! equilibriur
1 1 1 i
H 1 i
1 1 1 [ t

| 1

%
t 1
= e A s —

i
]
P —
Lo

Un-2 Un—1 Un Yn 41 Uns+2
State of displacement
Fig. 4.2. One-dimensional monoatomic lattice in équilibrium and disturbed states.

Using the Newton's second law, the equation of motion is written as
2

d e
o __“27! = ﬁ(unﬂ B ey 2“n) (4.2)
dt
zun :
where % represents the acceleration of the nth atom. We seek the periodic
t

solution to this wave cquation as
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u, = u exp i_(mt - Kna) “4.3)
where na represents the x-coordinate of the nth atom in the equilibrium stétc
g‘; 2n/A lsf zc wave vector or propagation vector and @ is the angula;

uency of the wave. Similarly, for (n+Dth and (n-I)th
- sponding expressions are e T
Upyy = uexp [i{ot - K(n + a)] °* :
; u"‘.l = uexp (i{wt - K(n - Da}] . 4.9
From Egs. (4.2), (4.3) and (4.4), we obtain
- mw? = p(eiKa _ 3 4 -ika)
= BleiKa2 _ g-ika2p2

“4.5)
Since sin x = g, i
2i

" . B ( e e"i’)z

4 ! ¢
the Eq. (4.5) becomes '

-me? = - 4fsin? (E‘l
2

4B . (Ka

or = —_— et

If ¢ and p denote the longitudinal stiffness an
: d the mass i
the line respectively, then © Mass per unit length of

c=pa
@
;md _ P=ma
t may be noted here that a line of length a contains a massless spring and
an atom of mass m. Thercfore, Eq. (4.6) becomes

. izﬁsin(ﬁ
alp 2

]

]
H
SIS
'_F
8
-
e
N’EQ
i

.7

v = Jelp ' : (4.8)

of velocity. Itis normally




Solid State Physics

106

A : . e
cferred to as the velocity of sound wavcs in solids. Since the frequency
r

i the
should always be positive irrespective of the sign of K, we always take

magnitudc on the right hand side of Eq. (4.6) or (4.7). Thus, we have

( Ka Ka
4B | of K2 Y2, i (—— . @49
©= —;'-‘sm( e )\pav,\51n >
\ A O© //
< - First Brillouin zone
e y
\
\ S
\ ¥,
X &

B
L

(o] : nl/a K

—-nla

' imensi ic lattice.
Fig. 4.3. Dispersion relation for a one-dimensional monoaiomic

i ifoi K as in Eq.
The solutions of the type (4.3) are possible only lf ois tFlaT:“: o
| (4.9). The relation 49)is called dispersion relation and is ploti

The following important results are obtained frqm this relation :

(i) At low frequencies, K = 0.

and Eq. (4.9) gives

2
0=
- a X

or e=vK
We introduce here the terms phase vel:;:yf
i is defined as the rate o
velocity of the waves is defi of o
phase along the direction of wave piopagation and is given by

vy ol/K

Ka
y

(4.10)

and group velocity. The phasc
advance of a point of constant

(4.11)
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The group velocit;s is defined as the velocity of a group of waves or its
cnvelope and represents the velocity with which the waves transmit energy
along the direction of propagation. It is cxpressed as

_dwo

VS = -'d?

Itis now obvious from Eq:(4.10) that, in the long wavelength limit, the

phase velocity is the same as the group velocity, each being equal to v,. An

exactly similar result is obtaincd for a homogeneous and continuous linc. It,

therefore, follows that for long wavelengths the atomic nature of solids is of little

importance as far as the dynamical properties of the system are concerned. This

is apparently due to insensitivencss of the discrete medium to the waves of long

wavelengths. Thus a large number of atoms undergo all types of displacements
as on a homogencous line. This is illustrated in Fig. 4.4a.

(4.12)

a
d (a) —p |-
~f e et i |
002 200000000000 0000
6666566668666 660

(b)
Fig. 4.4. A linear line of atoms coustituting a wave (a) Long wavelength case
when the motion approaches that of a homogeneous line (b) Standing wave
Jormation at © = ,/4ﬁ/ m; A = 2a. The displacements are shown transverse for
the sake of simplicity, but actually these are longitudinal.
. (i) At higher frequencies, phasé and group velocities are different
and are obtained from Eq. (4.9) as

v

: @ 2v: . Ka ; :
v, = —E = % sin —2— (413)
do Ka y s ’
N T Ga)

-
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Thus both v_ and v, arc functions of frequency. This is referred to as
the phenomenon of dispersion and thc medium is called the disper.sive
medium. A similar phenomenon of dispersion is encountered when light
passes through a medium whose refractive index is a function (?f frequency.
For very long wavelengths, Eqgs. (4.13) and (4.14) obviously give Vp=Vg=
v,, ic., dispersion effects are negligible and the modiuxfl behaves like a
homogencous continuous medium. The dotted curve in Fig. 4.3 represents

the dispersion relation for a continuous string.

(iii) At frequém_:y.m:‘ ‘ ig , which represents the maximum angular
m

frequency of vibrations, Eq. (4.9) gives

K=m/a or*A=2a (4.15)
and from Egs. (4.13) and (4.14), we obtain
; vp= 2w/ m v, =0 4.16)

It follows that there is no transfer of signal or energy corresponding to this
frequency limit and hence the wave behaves like a standing wave, T.he
situation is analogous to the Bragg's reflection of x-vibrations from succc »sive
atomic planes in the crystal. The condition to be satisfied for the Brag w
reflection to occur is 2d sin® = n, or A = 2d for the first order reflection with
normal incidence. Thus the condition (4.15) is equivalent to the condition for
the Bragg's reflection. The actual physical character of motion for this
condition of standing waves is depicted in Fig. 4.4b.

Thus it follows from the above description that only the vibrations of

frequency (n)<“'ﬂ1 (Ofﬁ] can propagate through the lattice. Hence the
m a .

lattice behaves as a low-pass filter which transmits only if the frequency Hci
between zero and 2v Ja. Using typical values of a =.10‘“.) m amhvsfl 10
ms~!, the maximum frequency which can be transmitted is = 10" s™.

~Kz -2z =K, —-%..-K; o K, 2n 3'vK
£ . 5 1stBZ. —>e -
- —Ple—— t1B.Z.
endBzZ) 7 2ndBZ

pe ton for a - a Bi
Fig. 4.5. Dispersion relation ft range of K-values alonz with the Brillouin
zones. A numuce of K-values correspond to the same frequency ©,.

K<-— and— == <K<

Lattice Vibrations

(iv)  Now consider the vibrational motion of the lattice corresponding

~ ,4
. toany frequency o, < —’;? which lies in the vibrational range. A plot of

the dispersion relation (4.9) for the values of K lying cven beyond + n/a is
shown in Fig. 4.5 which is simply an cxtension of Fig. 4.3. A number of K-
values, K|, K5, K, etc., are associated with the frequency o, which means
that the lattice can propagate a number of wavelengths corresponding to thesc
. K-values at the same frequency o, It physically means that the pattern of
atomic displacements associated wilh a certain valuc of K, say K,, in the

b3 n ¢ :
range — — < K < — and frequency o, can also be associated with scveral
a a

other values of X and hence several other wavelengths. This is depicted in
Fig. 4.6 where a set of atomic displacements is shown which corresponds to
IWo waves of the same frequency o but of diffcrent wavelengths.

I A —i
a ; Ao
9

Fig. 4.6. A set of atomic displacements represented by two sinusoidal
waves of different wavelengihs. The frequencies of the waves are same
in case of a lattice (as in present case) but different in a continuum.

] T ™
The region of K-values where — — < K < — is known as the first,
a a

Brillouin zone and is of utmost importance in dealing with periodic struc-

h i ¢ 2n T T 2n
tures. The region for which — —a— <K< - — and ; <K< 7 is the
a

' 3
second Brillouin zone. The third zone corresponds to the regions — —ai <

2n 271 3

, and so on. Note that the right half of the
a a &

~ second Brillouin zone is similar to the left half region of the ﬁrs;t zone.

. Similarly, the regions of third and higher zones match with those of the first
- Zone. Thus the character of the possible solutions in the second and higher
- zones is the same as the character of the possible solutions in the first zone
except with a difference in K-values. Hence any arrangement of atomic

109
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posmons representing a sinusoidal wave of wavelength lying in a higher
zone can be represented or reduced to correspond to a sinusoidal wave for
which K or A lics in the first zonc. It is, therefore, not desirable to consider
vibrations contained in regions other than the first Brillouin zone. A K-valuc
corresponding to the second or a higher zone can be made to “? in the first
zone by subtracting a suitable integral multiple of 2n/a from it. The new
valuc of K will give identical results except with a difference of wavelength.

43 VIBRATIONS OF ONE-DIMENSIONAL DIATOMIC LATTICE

Consider a one-dimensional (linear) primitive lattice with basis con-
sisting of two atoms of masscs m and M (m<M) which are placed alternatively
along the x-axis with an interatomic distance equal to a. In a state of
cquilibrium, let the atoms be located at sites represented by ...2n-2, 2n-1,

-

"2n, 2n+1, 2n+2, ..as shown in Fig. 4.7. Also, let u,, be the displacement

of an atom corresponding to the 2nth site at any time during the vibratory
motion of atoms. Using the assumptions similar to the monoatomic casc, we
obtain the following different equations of motion, one for the lighter atoms.
and the other for the heavier ones:

2n-35 2n-2 2n-1 2n 2n+1 2n+2 2n+3

' 1

: "—28—"’“" 1 :
o State| of eqwhbﬁum i ' :
i 1 .

Yoo “w e u u
Uon-3 Upg _2 Upn—y ner 2n +2 2n +3

State of displacement -

Fig. 4.7. Linear diatomic lattice in the equilibrium and disturbed states.

2
du
Fau s m—3" = B (g + Vg — 203
o (4.17)

d “2n+1
P =M 2

= B (g + g,y — 2Upyy)

We seck the traveiling solutions of the type i
Uy, = A exp i [0t — 2Kna] 4.18)
Uy, = Bexp i [0t —(2n + 1) Ka]

where K is a wave vector of a particular mode of vibration. It may be noted

.
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that the vibrational frequency of both types of atoms is assumed to be the
same because both types of atoms participate in the same wave motion. The
amplitudes A and B may, however, be different because of different masses
of the atoms. Writing similar expressions for u,, ; and u,, +2 and substituting
these as well as Egs. (4.18) into Egs. (4.17), we obtain * ‘

- ma?A = B B (¢X%+e-Kay _ 24 ]

. i . @19
- Ma?B = B A (¢4 + ¢-iKay _ 2pp \;( )
Sincc eiXa + ¢Ka = 2 cosKa, Egs. (4.19) yield
(2B ~ @%m) A - (2B cosKa) B = 0 4.20)
(2P cosKa) A + 2B - 0?M)B =0 _|

This sct of homogeneous linear ei;uations would give rise to nonzero
solutions for A and B only if

2B - w?m -2 cosKa =0
| —2BcosKa 2B - oM
or - (2B - Ma?) (2B - mw?) - 4B cos2Ka = 0
2.2
or m4_2|3(m+M)(°2+ 4p’sin” Ka =0
mM
It gives
1 S N
B o s B S B ol sk
o= B(m + M) t ﬂJ( M) g (4.21)

This is the dispersion relation for a linear diatomic lattice. From Eq. (4.6),
the corresponding relation for the monoatomic lattice is

® _, K

©? = — sin
m

Considering only the positive values of ®, we find that, in the monoatomic
case, there is only one value of @ for a single value of K whereas in the

_diatomic case there are two values of ©. These two values are written as o,

and ®_ and are expressed as
2 29
1 1 1 1 4 sin“Ka
4 sin“Ka

2 R
o2=8( + %) “’\/(i il

e

4.22)
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Considering the expression for ©,, we find that for K — 0, sin Ka is
negligible and, therefore, we get

i
oy 2;3(; + TW') 4.23)

For K —» 51‘;’ sinKa — 1, and we have

]
™=
|
%
x|~
R
+
)
e,
]
L
=}~
X

2B 4.24
i _'g_ (4.24)

or

. Now consider the expression for o_in Eq. (4.22). For K — 0, we winie sinKe
= Ka (itis not neglected in order to obtain a non-zero value of @ ). Thercfore, -

2

[ oy P _4K’a2(mM)

m“(;*‘*g)"’[?'ﬁ”‘ R
b b o R
=B(;+M)L1Jl G M) - ]

1 1.A-. mM 3
2 - S =l =g 2Ka" +
_.B(m +'§‘)U'+(M+M) ]

©we get

(Using binomial theorem)

2f 4.25)
wa m+M :

For X — n/2a, we éet solution similar to (4.24) with m replaced by M, ie.,

Latice Vibrations s n:

\/{2B(1Im+1IM))

\M/.,

-=n/2a : ‘cj‘f nl/2a
e 1stBnllownzone g

Fig. 4.8. Dispersion mlgman.s {or qu;ar dzalom;c lamce
showing acoustical and optical modes.

28
= e 4.26
4 (o_ M i 2 Y ( .)
The plots of dispersion relations (4.22) along with the solutions (4.23) through
(4.26) are shown in Fig. 4.8. The. followmg pom.ts shoqld be observed :

(1) The allowed freququy range of pmpagauoq is split into two
branches — an upper branch called the optical branch. and a lower branch
called the acoustical branch. The acpusncal branch rcsunbles thg dxspetsxon
relationship curve for a monoatomic lattice, whereas the optical branch

~ represents an entirely different type of wavée. motion. .

(i) There exists a band of frequencics thwccn these two. t}ranchcs
~ for which the wave-like solutions of the type (4.18) are not possib

.‘. that it is not possible to excite vibrations in a latpce ata fgc;ugnpy whlglp !

%uu inside this band. This band is called forbtdder; bwg;i, ‘The, width of this

“band depends on the mass ratio M/m. The larger the ratio Mim, the greater
% the width of the forbidden band. The existence of the forblddcn band is a
~ characteristic feature of elastic waves in case of diatomic lattices. If M = m,

~the optical and acoustical branches coincide at K = + #/2a and the forbidden
' W disappears.

- (ii1) The first Brillouin zonc isdefined by K-values whichliein the range

A T
.-..’.E.(K(.._
2a 2a
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Therefore, the smallest possible wavclength of this zone is 4a which corre-
sponds to K = n/2a at the zonc boundary. »

Now we investigate the physical difference between tpc vibrati.o:'is
represented by the optical and acoustical pranchcs and determing the origin
of the names of thesc branches. For the optical branch, as K—0, cosKa—1,
and the Egs. (4.20) yield

o’ A-B
-@ZmA = 2B - 2pA or 2,y gy
and J 5
o? M e
—-o2MB = 2PA - 2pB . or e
__MB '
T mA
A M
- 4.27
e = = : . 4.27)

This indicates that the two atoms m.ove In opposite directions and their
amplitudes are inversely proportional to their masses so that the centre of mass
of the unit cell remains unchanged. Such a mode of vibration is shown in Fig.
4.9a.

For M = m,
/s
B

Thus, even if their masses are equal, the atoms always move in opposite
directions. .
Now consider the acoustical branch. As K . 0,

K2 a2

. 2
We have included the second order term on the right hand side as it is the
significant term in the present case. ‘The Eqgs. (4.20) give

cosKka > 1 -

71 K%
-olmA=2BB| "7 |-2PA

Kl a?. i
- 02MB = 2pA 1-=——1-2p8B

o
&
{
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Adding these, we get : -
— @? (mA + MB) = -K2a® B (4 + B)

~ Using Eq. (4.25), it becomes

y = Kt (mA + MB) = — K*a®B (4 + B)
m+M ; :
or . 2(mA + MB) = (m + M) (A + B)
or mA + MB = MA + mB
, " :
= =+] 4.
or - (4.28)

This means that the two atoins of different
masses move in the same dircction with
the same amplitude as shown n Fig. 4.9b
and there is a movement of their centres
“of masses as well. We, therefore, conclude
that, in the optical case, the neighbouring

atoms move in oppositc directions whereas
in the acoustical case, they move in the
same direction. These characteristic fea- - ‘qb\’)f

( a) Cptical mode

tures of optical and acoustical branches
hold for other values of K as well.

( b) Acoustical mode

The vtbl_'am'ms of the acoustx‘cal Fige b9 Thoaivar aitionbini
branch can be excited by a force which . cverse acoustical waves -
makes the atoms in a crystal move in the in a linear diatomic lattice in the
same direction. This type of effect may be limit K — 0.
produced, for example, by dirccting a beam of sound waves on the surface -
ofa crystal. These vibrations are, therefore, known as acoustical vibrations.
Monoatomic crystals respond to such vibrations.

The vibrations of the optical branch can be excited by a force which
makes the {wo ncighbouring atoms move in opposite directions. Optical
radiations induce this type of vibrations in crystals. Hence these vibrations
are called optical vibrations. lonic crystals comprising two types of oppo-
sitcly charged ions respond to such vibrations. The existence of atoms with
diﬂ'c;cni charges or different masses is not an essential criterion to induce
optical vibrations in a crystal. The mere presence of two atoms per primitive
cell is the pre-requisite for the gencration of this type of vibrations. The
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: Optical branch diamond and hcp lattices havigg two
&R atoms per primitive cell exhibit optical
; branches.
Forbidden gap g y :
| : = K Somec interesting facts pertaining
£ =/2a to diatomic lattices are given as fol-
lows :

V@2 p/m) T o

-nlf2a (o)

Fig. 4.10. Dispecsion relations for Gy
linear d‘a‘omic lattice ]'or M — . (i) In dia(omic latﬁcw, the al-
Acoustical branch coincides with the lowed frequencies constitutc (two fre-
K-axis and optical branch becomes quency bands, onc corresponding to the
: parallel to the K-axis. acoustical mode and the other to the
optical mode of vibration. For polyatomic lattices having N atoms per prim-

itive cell, the number of frequency bands is N.

(ii) - If all the atoms have the same mass m, the frequency range for

both monoatomic and diatomic lattices is the same; o2 varies from 0 to 2f3x

1 l < w e i i : 3
- (;+;—) or 4p/m (Fig. 4.8). In monoatomic lattices, the whole range cor-

responds to the acoustical branch. In " tomic lattices, the range is divided
into two parts; in the first part, @2 varies from 0 to 2@7mwhich corresponds

: 2
lothcacoﬁstiq:a!btanch,andinmeswondpan.mzliefsind\emnge -£—<w2<5£-
AB/A g

which com:sponds.to the optical branch. The , ;
forbidden gap is absent in this case. 1

(i) As the heavier mass, M, increases,
the optical branch flattens and the acoustical
branch - yields downwards. For M—, the

el

oo

acoustical branch co'mcides with the K-axis and 1 For acousticat
the optical branch becomes parallel to the K-axis : branch
: ’ |
and represents a single frequency -i—‘: as shown : |
in Fig. 4.10. The physical meaning of this is that | ;
¢ ry atom in the lattice behaves as if it is : i g
|

-
>

| B—

2a
X |
For optical
branch

Fig. 4.11. Variation of

completely free and isolated from its neighbours.

2
1 oscillates with its natural [rcqucncy"j'%.
Einstcin used this model of lattice vibrations 10

develop the theory of specific heat of solids. It : .
may be further noted that the allowed frequency amplitude ratio B/A versus
2 K for acoustical and optical

ands into lcvels. An identical
ban gctgomprasedlno vels. An 1 . i

Lattice Vibrations
' 117

:xltuauon ariscs for the energics of electrons. We get cnergy bands when the
oms are bound in a solid and the energy levels when the atoms arcl:'fec

(iv) As the lighter mass m decreases, the optical
upuards while the acoustical branch is not A g o
3 ch .disappcars altogcther. This is expected as, for hi-ap{)'roz;ch' Zcro
e lattice becomes monoatomic with a lattice constant 2a. ;i
.(v)  The variation of amplitude ratio B/A widl wioée vector K for both
ﬁ E ; - - e T ¥ ; : 7, :
optical and acoustical branches is shown in Fig. 4.11. For K = - the ratio
BIA is zero for optical branch and infinit ' s s
s i » te for acoustical branch. This indi
?:(, m(tlht.: acoustxcal branch,allthelighﬁalomswithmm;::l::dr;st'

; —BZan ,nnthcopucﬂbranch,aﬂﬂwheaﬁaaomswiﬂlmast b i
( s 0): Thus at the edge of the Brillouin zone, only one of the subal:::tia“eft
gscxllaftf:;;g —the blanwe. ice of heavier atoms in the acoustical branch zmc(;:s &

nconcf:hsl;:;ammsmtbcopﬁcal branch.'lhetwomodesha\?ediﬂer:nnt
freque. masses are unequal and represent standin s wi
difference of n/2. For K < n/2a, both the subl;lticcs viﬁx";':::avm i
Significance of the Theory ; i

e ']l‘ht: lhc.ory nfdicqlcs the cxistence of frequency bands in the diatomi

biddz: y: omx;h lattices. The bands are separated from one another b ;'o:'c

b 5 c;s)s.onl; ::hrzzialfs cannot' propagate the vibrations of all po)s,sibk;
y requencies are allowed which lie in the allowed

44 PHONONS

>

- 'We know that the ener, it
Sl gy of an electromagnetic is quantized and
this quantum of energy is called a photon. Similarly t‘l‘::l;q P
vibration or an elastic wave is also quantized » the energy of a lattice

is known as phonon.-A_Il types of lattice vibrations in crystals comprise
are acoustical phonons and excitations of the opﬁml‘bnnch generate optical

:hh::znslh:doc:s( of the concepts which apply o0 photons are also valid fo
ns. For example, the concept of wave particle duality holds good Tz .

- phonons. Also, the cnergy of a is given | :
Ry of a phonon is given by j @, v Ll
ucncy o & made of viion. I s th mumter of spom .
particular mode of vibration, the total energy of that mi :I s "sa':“ o

= e S b LA
o ke

vhere £ AR i e
:1'; angcn m t:e zero.or a posnnvc,l.l;teger. Since the number of phohons ma
cmperature, the average number of phonons in a vibrationayl
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modc 1s given by
1

ﬁ‘-’-‘-_—_‘—'—_—'—'
exp ) 43
; kT4

-where kg is the Boltzmann's constant and T the absolute temperature of the
crystal. Thus the number of phonons can be increased or decreased by raising
or lowering the temperature respectively. The frequency of phonon waves
may vary from 10* 10 10'2 cps, i.c., the vibrational spectrum of phonon waves
occupies a wide frequency range. The phonons, being indistinguishable
particles, require Bose-Einstein distribution function to describe their distri-
bution in the allowed cncrgy states of the system. Due to particle nature of

—phonons, the interaction of a phonon withi another phonon or an electron may
be considered as a scattering collision between the two particles.

There is no direct experimental evidence of the quantization of lattice
energy. However, the following experimental facts forcefully suggest the
existence of phonons : Rt

@) The lattice heat capacity approaches zero as the temperature
approaches zero. This can be cxplaincd only if the lattice vibra-
tions are quantized in terms of phonons. This will be described
later. '

(ii) ~Thecrystals scattor x-rays and neutrons inelastically. The change
in momentum and energy during this process can be associated
with gain or loss of one or more phonons. The properties of
these phonons can be determined by measuring the momentum
and energy of the scattered x-rays or neutrons.

45 MOMENTUM OF PHONONS

Physically, a lattice phonon does not carry any momentum, but it
interacts with other particles and ficlds as if it has a momentum kK, where
K represents the wave vector of the phonon. Also, from the de Broglie relation

R
i

it is apparent that a phonon of wavelength A carries 2 momentum # K. The
-quantity 2K is somctimes called the crystal momentum. The physical signif-
icance of 1K is provided by the momentum conscrvation laws in crystals.

The wave vector conservation law for elasiic scattering or the Bragg's
diffraction of x-ray photons from crystals is given by

K=k+G 431)

T

430)

S

A

L

i
i3
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Photon ( o/
(/) Photon ( w/,

Photon ()
2

Phonon ( ﬁ')

(a).

(b)

? Fig. 4‘.11 2. Inelastic scattering of incident photbn of wave vector k to produce
cattered photon of wave vector k'. along with the emission (a) or absorption (b)
of a phonon of wave vector K.

w 3 ‘ »
here k' and k represent the wave vectors for the scattered and incident

photons respectively and G is the reci i
_ procal lattice vector. The i
‘of momentum and energy yields. Sy

rk'= pk + 3G 4.32)

where ® , and o e —'hm Ph‘ i
e plh : ph Are the frequencies of incident and scattered photons
pectively. In this process the crystal as a whole recoils with a moment
:h('} and t'he frequency of the incident photons remains unchanged, i.e ol
=0 S’h' Thl§ also foliows from the relation k'l = Ikl which holds good 'f'o(rnx- .
ray iffraction. Such a process in which the frequency of the incident photo
1s the same as that of the scattered photon is called normal or N-progess ;

; Cpns‘ider.now 'th? case of inelastic scattering of the ‘photon which
z ocecad12a s with the emission of a phonon of wave vector K as shown in Fi
.12a. The wave vector conservation law then takes the form gl

| K+K=k+G (434
Accordingly, the momentum and energy conservation laws can be written as
hk‘+;._K=_nk+r,G (4.35)
e ROy + o = oy, (4.36)
where o is the frequency of the phonon generated. In case a phonon is

' absorbed in the scatterin o
: g process, as
I cstion:lasy sivés p Vshown in Fig. 4'12b'. thc» wave vector

and

'am‘} .

e K=k+K+G @437)
lnd the momentum and energy ‘conservation laws become ;
MK = hk + AK + AG 4.38)
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and P - RQy = RO, + A0 (4.39)
From Eq. (4. 36) or (4 39), we find that @', # @pp, .Sucha proccss in which
the freqn‘ency of the photon changes is calf umclapp (after the German for
" “flipping over") or U+ ﬁ?&ces.{ In this process a photon is created or absorbeg
‘in addition to the Bragg‘s rcﬂccuon and the momentum is transferred to thc '

'crystii s'a whole.
4.6 lNELXg'ﬂC SCA’ITERING OF PHOTONS BY PHONONS

“Tne meiastxc scattcrmg of a photon by a phonon (sound wave) in a

* crystal thay fesult iri thé‘creation or absorption of a phonon. The. photon-

'phonon ‘interaction occurs due to the Change in the local concentration of

oA atoms, and henécmxheicfracme index of the crystal. Conversely, the electric

- fidld ofthehght‘WaVﬁﬁGixbes mechanical vibrations in the medium and hence
. affécks i&s*elastﬁ: ﬂ-diﬁmes

Consxder a photon of fxequency V= —-& and wave vector k propa-

gating through a crysial whu:h is viewed as a continuum of refractive index
n. Then, we have
: Bek
== orhu=1= (4.40)

. O Sk L du = —

where c is the vélocity of light. Let this photon interact with a phonon. As

a result of this in‘eraction, the wave vector and frequency of the photon
 change fo k' and v°respectively. If a phonon of wave vector K and angular
‘frequency’ o is creaféli’ﬁi tﬁis process (Fig. 4.12a), the conservation of energy
; mﬁ”ﬁﬁﬁi&ﬁtﬁl Ews

i# ""’ph & ampb +ho (441)

hk = 2k + 2K (4.42)

" 4he Eq. (4.42) has been written without taking

*into-account the phenomenon of Bragg's diffrac-

 “tibn along with that of scattering. Taking v, as the

'Velti’citybf sound (phonon) and assummg ittobe
e cﬁishh’(: we can write

=vk - (443)

" The wavelength of the emitted phonon is

; comparabic to the wavelength of the incident

Fxg 2,13 Sbléctioh rule photoﬁwﬁcrcas its energy is only a small fraction

diagrant foF the emission o_f ‘of the incident photon encrgy. From Egs. (4.40)
" a phonon when k'= k' “and (4. 43), we find that, since v, << ¢ or c/n,

- %bwnw e
05
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0, >> o. I, therefore, follows from Egs. (4.41) and (4.42) that

@ph = Vg
and
k=k

The wave vectors k, k', and K are related (o cach other as shown in Fig.4.13.

It also follows from Fig. 4.13 that, for k = k', the triangle becomes lsosccles
and we have

K A 2k si:_x% ; . (4.44)
where ¢ is the angle between k and k'. Thus a éhonon is produced when a
photon is scattered inelaSﬁcally atan angle % from the direction of incid_encc.
The frequency of the phonon is given by

o =vK
= 2y_{csin%
v, O 0 i
=2~——"Lsin% (4.45)
€

The phonons have been generated in quartz and sapphire in the owave
frequency range by scattering the visible light produced from an intense laser
source. The observed shift in frequency of the photon agrees well with the
shift calculated from Eq. (4.45) using the value of the vclocny of sound
determined by ultrasonic methods at low frequcncm i

4.7 SPECIFIC HEAT

The specific heat of a substance is defined as the heat required o aise
the temperature of one gram molecule of the substance through 1°C, i.c.,

o bl Sy “;
c== . (446)

where dQ is the amount of heat added to a system to raise its tempemtuxe

from T to T + dT. The quantity of heat required to increase the tcmperamrc
of a body is different under different conditions; aucordmgly. one ‘can have
various types of specific heats. For example, the specific hmt ‘at constant

. pressure, Cp is gencrally different from the specific heat at constam volume,
o ’Ehc'fonncr is always | grcatct than the latter.

Aecordmg to the first law of thermodynamncs, the heat’ added toa
syslcm is uscd up in two ways; firstly, to increase the internal cnergy of the
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system. thereby raising its temperaturc, and secondly, to do some work on
the system to increase its volume against an cxternal pressure. It is the latter
quantity which may havc different values under differcnt-eenditions. If the
system cxpands against a constant pressure, then the first law can be writter
as 3 ok 5

dQ = dE + pdV 4.47)
The first term on the right hand side represents the change in internal encrgy
of the system and the sccond -onc represents the work donc ‘o change the
volume by an amount dV at a pressure p. If heat is added to the system at

constant volume, the sccond term in Eq. (4 43) vanishes and the specnﬁc heat
- at constant volume may be expressed as

- (@), -(F)

Similarly, one can express the specific heat at constant pressurc as

(2
In gases, ihcre is a large differcnce in Cp and C,. However, in solids, duc
to a small change in volume, C, is almost the same as C, particularly at low
temperaturcs. For this rcason, the term ‘specific heat of sohds is commonly
used in case of solids. However, it strictly means the specific heat at constant
volume and is given by Eq. (4.48). Thus, in solids, most of the heat supplied

is used up in increasing the internal energy. The increase in internal energy
of a solid may occur in two ways :

(i) ~The atoms, which ordinarily vibrate freely about their equilib-
rium positions, arc set into rigorous vxbrauons This is manifest-
ed by a rise in temperature.

(i) The frec clectrons in case of metals and scmiconductors get
thermally excited to higher energy states.

The first contribution ariscs from the atomic vibrations and may be
_called the lattice specific heat. The sccond contribution arises from the
_¢lectronic system and is a relatively small contribution. Thus, in general, the
spccnﬁc heat of a solid may be expressed as - . ,
-l : oGy, WG (4.49)
For further discussion on this chapler, it is assumed that no free electrons
are present and the specific heat of a crystal is only due to the excitation
of thermal vibrations in the lattice. i.c., only the lattice specific heat is to
be considered. % -

(4.48)

w
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Occasionally, the term ‘heat capacity’ is used instcad of specific heat’
and is defined as the heat required to raise the temperature of the completc
mass (or volume) of a solid through 1°C. Thus the specific heat is the heat
capacuy per gram (or per unit volume). The cxperimental facts about the heat
capacity of some representative inorganic solids arc given as follows:

(i) The heat capacity of most of the solids at room tempcrature is
closc to 3Nkg, where N is the number of atoms in the solid and
kg is the Boltzmann's constant. For one mole of éloms. the heat
capacity is given by 3N kg, where N, is the Avogadro'anumber.

- Its valuc-is 25 J/mole-K or 6 cal/mole-K approxirately.
(ii) At lower temperatures (T —> 0K), the heat capacity decreases
- sharply and follows 73-law for insulators and T-law for metals.
If metal becomes a superconductor, the decrease is cven faster.
(iii) In'magnetic solids, the heat capacity increases near the Curie
temperature when the magnetic moments become ordered. This
is also true for alloys éxhibiting order-disorder transformations.

We discuss below the theoretical explanation of the facts regarding the
lattice heat capacity. The discussion is primarily applicable to insulators.

48 CLASSICAL THEORY OF LATTICE HEAT CAPACITY

A crystal consists of atoms which are'axi'anged in a periodic manner
a_md are bound together by strong binding forces. Each atom is free to vibrate
about its equilibrium position and constitutes a three-dimensional harmonic
oscillator. The effect of imparting thermal energy to a solid is to increase its
internal energy in the form of vibrational energy of these harmonic oscillators. -
Thus, in the classical theory, it is assumed that each atom of a crystal acts

 as a three-dimensional harmonic oscillator and all the atoms vibrate indepen-

" dent of one another. Further, a system of N vibrating atoms or N independent.

mrce-dlmenswnal harmonic oscillators is equivalent to a system of 3N iden-
tical and independent one-dimensional harmonic oscillators. This is because
cach vibrating atom has three independent vibrational degrees of frecdom
and, according to the principle of equipartition of energy, the vibrational .
energy is distributed equally among all the three degrees of frecdom. Thus

‘ _each vibrational degree of freedom can be regardcd as a one-d:mensnonal
harmomc oscxllator

‘We assume that alch harmonic oscillator vibrates with its natural
frequency © . However, the cnergies of these osciallators may be different
becausc they may vibrate with different amplitudes. Also, each oscillator may
acquire any value of cnergy ranging continuously from zero to infinity. In
order tp determinc the heat capicity of a solid, we find out the averaec thermal
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energy of single one-dimensional harmonic oscxllator. mumply it by 3N and
then use Eq. (4 46) or (4.48).

The encrgy € of a onc-dmiensional harmonic oscillator of mass m and ’

angular frequency @, is given by

i 4 ;
A ._‘ + Vi

g !
l -
= -—f x4 i’mmozxz _ (4.50)

’ 2 ' :
where zl— represents the kinetic energy, p being themoqnenmm, and V (x)
m

is the potential encrgy ata displacement x from the mean position. Assuming
that the dxstnbuuon of oscillators in energy obeys the Maxwell-Boltzmann

distribution law, the average energy of each harmomc oscillator is given by -

. .
Bt iy = g
" jsexp( kBT) € S :
€ =
? € d
-_—— e
stp[ kﬂ.)

Usmg Eg. (4.50), we get

e

"' )w{ ) v

mogx® )
oo~y one (-

o ' 2 el ;
()] ee i) o

2.2

— e p mw x
_ﬂe.’p( 2mk,T ”"( 2k,T ]‘W’

s moix?) i ﬁu‘nixz ;
/i {,{[ B ot BT Y b W

EEEEC
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- 22
Ic p( p p X i ‘Dox
2mk T ,{ P’_ 2kgT
3 A 1 =
Now Ju exp (—au? Lresticlh
e Z j _e'xPr(—,au )du— 4 a3
i gy 1 In
and Jexp (—au?) du = —~ ‘/:
g : Ry ; 2 Va

T .
A [ 24T
ks e ["(ZMBT) ]“ b oy -\ mo?
B g =3 — mo;
5 [x@migT)[* i 1 [ (21:,1)}”
a1
2 mo?
= SksT+ % kgT
= kgl : @s1)

ﬂm&c&&lvnhahmdmgyofaaysulcomamngNldennca!ammsor
3N one-dimensional harmonic oscillators becomes
= 3Ne = 3NkgT 4.52)

Ittslmponanttono(ethatdletotalw'brauonalenergyofaaystahsmde- 9 ‘
pendentofdxctypeofﬁequencydxsmbuuonofosclﬂaorsasmmedmthls |

model. Also, theenergyEdcpmdsonlyondletemperaumpmvldedmc
volume remains constant.

Using Eq. (4.48), the heat capacity of a solid consisting of N atoms ‘

is

i | |
C = (-——) - =3Nkg (4.53) |
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The rholgr hcat capacity is, therefore, given by I ,
: Cym = 3N kg = 3R = 5.96 cal/mole-K (4.54)

- Thus, according

to the classical

Ag : . heat capacity of
7 -all the-solids is
. Si constant and is
indepcndent of
tcmperature and
frequency. This is
4 called the Dulong
and Petit's law.
The result is in
good- agrcement
with the observed
heat capacity for
a number of sol-
ids including
metals at high
temperatures and often at room temperature too. The theory, however, fails
to account for the value of heat capacity at low temperatures. As shown in
Fig. 4.14, the heat capacity approaches zero for Ag, Ge and Si as T approaches
zero. This discrepancy was resolved first by Einstein and then by Debye by
using the quantum theory. : 5 o8 :

C,(cal/mole~K)

P : | | |
0 100 200 300 400
T(K)

Fig. 4.14. Heat capacity of silver, germanium and silicon
as a function of temperature.

49 EINSTEIN'S THEORY OF LATTICE HEAT CAPACITY

Einstein, in 1911, attempted to resolve the discrepancies of the clas-
sical theory of specific heat by applying the Planck’s quantum theory. Einstein
retained all the assumptions of the classical theory as such except replacing
the classical harmonic oscillators by quantum h::smonic oscillators which can
have only discrete energy values. The salient features of the Einstein’s theory

" are listed below : AR , :
(i) A crystal consists of atoms which may be regarded as identical
and independent harmonic oscillatos. -

(i) A solid consisting of N atoms is equivalent to 3N one-dimen- .

sional harmonic oscillators.

(iii)  All the oscillators vibrate with the saine natural frequency due_
to the identical environment of each. '

(iv) ‘The oscillators are quantum oscillators and have discrete energy

theory, the molar

. Maxwell-
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spectrum rather than ﬂlccomi'nunﬁs onc as for classical osciliators. A

(v) Any number of oscill
state.

(vi) The atomic oscillators form an assembly 6_f systems which are
- distinguishable or identifiable due to their location at separate

and distinct lattice sites and hence obey the Maxwell-Boltzmann
distribution of cnergics.

Co.nsidering the Planck’s quantum theory, the discrete encrgy values
of an oscillator with frequency v -are given by

. €, =nhv = nh®, (4.55)
wheren=0, 1,2, 3, ... is called the quantum number. Einstein later uscd the

wave mechanical result which gives the energy levels of the harmonic
oscillator as ¥

sy 1
N = (n 4 E) hy = (II = E) O, (4.56)

@, 1s the temperature independent zero point energy contribution

to t?]c internql energy of the oscillator. To calculate the average energy of an
oscillator, we replace integration by summation in the expression for the
Boltzmann distribution of encrgy and obtain

3 ¢, exp (— % )
E S n=0 kBT A
= 4.57)
z o i €, i
n=0 ' ( kBT) :

Using Eq. (4.56), we get
0 1 : : sﬁv..
- b (n+-—-) ho [-—( l) oo 3 80
L0 3 o €Xp | | n+ 2) kgt

S R [—(n+‘l) ""’0] '

n=0 2 kgT

© 1) ;
: hmonzﬁo(n+ —2-) exp [(ru%) x]

— = o @ss
Zcxp-[(n+—l-)xJ. et gy
n=0 : 2 B

1
where 5 h

ators may be present in the same q@nlum '
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Jolss och S Sard ___-)’
“ hog (-2— g ..k 2 £ 2 .
s dbi (77 + S, Sy )
d 33 A Sy ]
= tm)o pe In [e B i +
d ‘xlz x 2x ___]
= moEM[e (l+e + e + )
Now In(l1+&+e¥+-—)=-In(l-¢€)
V d X x ]
£ = — |= —-In{l -¢€
e =ty L |Z-m(-)

(4.59)

If Eq (4.55) is used in Eq. (4.57), the expression for the average energy
- o (4.60)

ol
]

ho :
5 exp -E;;‘ "'1

The cxpressnon (4 59) is |denncal to (4.60) except with the difference of the

energy = mn which i is the temperature mdependent zero pomt energy as, for

R i hanics, the atoms are not
iT=0,8s Zh0, Thus, aocordmg}o quantum mec!

e
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at rest even at 0 K and each atom possesses the vibrational energy of 2 hO,.

This energy, however, has no contribution to It may be noted that the
expression (4.59) also contains the frequency of lhc oscillator, in contrast to
the corresponding expression (4.51) of the classical theory.

The expression for the internal energy of the crystal becomes

e
3 3Nk G
= > Nha, emnw*’_ : S . (4.61)
2 ho tkyT
OE ho e " Mo'ls
C= = 3Nk g
v (57‘) B (kBT) (eruo.,/k,r o 1)2 (4.62)
; |
Let By = —o 4.63)
kB : ¥

where 0 is the characteristic temperature known as the Einstein temperature

[95 )2 2T

C, =3Nkg | T (eOE /T—l)z » (4.64)
We now consider the following cases :

(£) High temperature behaviour

For temperatures such that

kpT >> ro®, or »T>>GE,

we can write

0o/ KsT

; ho ho
-1=14+ 0 (4.65)

and from Eq. (4.59), we get

E:lhm +k,T=k,T

mmmhnghtcmperaummeavmgewbmnonalcnergyxsmesamasthm
obtained from the classical theory. Also, the Eq. (4.62) becomes

hmo
p L 'k,r)

. Using Eq¥(4.65
po, ) , B, smgliq( )
kgT 3
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s v ho g
e (1 % kBT)
ho,
For large T, - 0 and we get
kgT
C, = 3Nkg B
st (for N=N,)

which is the Dulong and Petits's law as obtained from classical theory.
(i) Low tempercture behaviour
For temperatures such that
kBT << ‘h ®_or T << _95,
we can write ‘

L o
JoolkaT _ 1 = @olksT

Therefore, Eq. (4.59) becomes

l -hm Ik,,T
§ =% -i hﬂ)o + hwoe »

(4.66)
it shows that, at low temperatures, the average vibrational'energy decreascs
exponentially with decrease. in temperature. The expression (4.62) for C,
becomes

: : :
ho, —hwoksT @.67)
CV = 3NkB (kBT) e

or, in terms of O, it becomes

2
C, = 3Nkg (9%) ¢ 1= . (4.8)
Thus, for 7<< B, the heat capacity is propx‘m.ional 10 eveﬁ’?' w;gch is thet
dominating factor. However, experimentally it is found to vary as for mos!

of the solids. ; ‘ .
~ Atheoretical plotof C, versus T8 using- Eg. (4‘.64)'for diamond using
0,=1320Kis shown in Fig. 4.15. Somg experimental points are als;::l shqw:
for comparison. It is seen that the Einstein curve fits the experimen pl(i)m
well over a wide range of temperature except for very low (liquid hc_ uﬁ)
temperatures where it falls more rapidly than the observed decrease in C,
~ which follows T3 law.
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The Einstein temperature defined by Eq. (4.63), which distinguishes
between the low and high temperature behaviours, can be determined if @,

is known. As described in Secs. 4.2 and 4.3, the natural vibrational frequency
~ can be determined from the atomic mass and the observed elastic constants

of the crystal and, for monoatomic crystals, it is equal to ,/4;} / m.For typical
metallic elements, the value of 6, varics from 100 to 200K.

Glia i e e G e S
5 }—
~ )
hf 41— : Theoretical
2 curve
£ :
ol
3 . o
et .
S > ‘
D
el
] 1 1 | 1
0 0.2 0.4 0.6 0.8 1.0
T/6g

Fig. 4.15. Comparison of theoretical heat capacity of diamond calculated

from Einstein’s model with the experimentally observed values. .
Although the Einstein’s model provides a much better explanation for

the variation of heat capacity with temperature than the classical theory, it
fails to account for the values of specific heat at vegy low temperatures. The
discrepancy arises due to the over-simplified assumption of the Einstein's
model in which the atomic oscillators are considered to vibrate independently
at the same frequency. These oscillators, in fact, are coupled together and
there may be a number of possible vibrational frequencies rather than a single -
frequency o . This fact is accounted for in the Debye's model which is

~ described below.

410 DEBYE'S MODEL OF LATI‘ICE HEAT CAPACITY

The Einstein's theory assumed that the atoms of a crystal vibrate totally
independent of one another. The vibrational motion of the crystal as a whole
was considered to be the same as the vibrational motion of 2single atom and,
therefore, all the atomic vibrations of the crystal were assigned a common
frequency o  which is the natural frequency of vibration of a siagle atom.

- This assumption is over-simplified since the atoms are bound together in a '
~ crystal and form.a system of coupled harmonic oscillators which cantiot ° 7

> ‘vﬁ ;
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vibrate independently. This fact was taken into consideration by Debye who,
“in 1912, put forwatd his model of lattice heat capacity. In this model, the
vibrational motion of the crystal as a whole was coiisidered to be equivalent
to the vibrational motion of a system of coupled harmonic oscillators which
can propagate a range of frequencies rather than a single frequency. Debye
proposed that crystals can propagate clastic waves of wavelengths ranging
from low frequencies (sound waves) to high frequencies corresponding to
infrared absorption. This means that a crystal can have a number of modes
of vibration. The number of vibrational modes per unit frequency range is
called density of modes, Z(v). We now determine the density of vibrational
modes of crystal treating it as a continuous medium.
- 4.10.1 Density of Modes
Consider a one-dimensional continuous string of length L. Let it
vibrate in a longitudinal mode with both ends fixed. Let x be the position of
a linc element and u (x, t) its displacement from the mean position at any time
t. Therefore, the amount of strain, e, is given by

o

- solutions are given by

Ixnai:;Vibral:om ; . ‘
: > . s h e / : 133 :
o*u » i »
(Ex—z—J AXY= pr gz_u. or -a.z_u. e g azll
% 3 3(2 i Nl Y T
- . : .a:_’i b :
& - i

¢ “ o g‘ 3 S ( x )

dimensional wave cquation. S

ime; ince the string j ' €
‘solutions of Eq. (4.69) should £l il e 2o

correqund {o standing waves. These types of

-

u(x, ) = A sin (_nzn_x) €os 2mv,, ¢ : “ 70)

du . Where n is a positive inte :
= — B er = 1. .
s o lcg 1. Using Eq. (4.70) in (4.69), we get
If this strain is produced by a force F and Y is the Young's modulus of the b 2L
string, then, for a unit cross-section, we can write : AL
—}i = end Dn = ~vi = &
€ ' Sl @.71)
Now consider an element of length Ax. If the strain at one of its ends is E. v
e(x), then its value at the other end is : ; i.e., v, = i’ v, = s G 3"_: '
: i 2L g 3_2L’°tc"' 4.72)

I 0u
e(x)+-é;Ax-e(x)+5x—2-Ax

The force at the two ends of the string is .
S

0
e®Y and  [e(x) + —a—% AQY
: x
Therefore, the net force on the element is
o*u i
o | AT b
The force on the line element Ax can also be written as : 4
: az N R
PAX |57 |

 where p is the density of the string. Therefore, we have

This shows that the frequency. of the
smngcanhavediscretcvaluesonlyandis

—

k. s J AR
( ) ‘ mpegrah_nult;pleqf i.llmphesthat

d-‘? ﬂje.que.m_:y Spectrum: of a continuoys

- string is discrete and contains an iliﬁnitc
number of Parallel lines equidistant from
416 each other asshowninFig.4.16,

Fig. 4.16. Frequency s, :
e pectrum : .
: of a continuous string. me‘ Eqs. (4.71), we have

S

v —

B 5
e b
Vs
‘rZL‘_
: dn = ZZ gy;
- ;:du ; (03
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Considering now the three-dimensional case; the wave equation (4.69)

" can be written as

Pu Fu Pu_ LT .
Fe i e T 4.74)
i i i be taken as a cube of side L
three-dimensional continuous medium can : .
'\.Iv‘ll]\eosc faces are fixed. In analogy wi(.h Eq. (4.70), the standing wave solutions
of the wave equation (4.74) are ;
' T, s Yol ntioia
ux, y,z, 0= Asin('n-zix) sin (ﬁy[)‘] sin ("%‘Z) cos21tpt (4.75)

itive i > 1. Substituting this solution into (4.74)
where n, n,, n, are positive integers = 1.S g

and si‘mpli{;'ing, we obtain

2.2
2. 4n*v i
L = (4.76)
= m2en’+ nl)= i
: ; 4LZUZ
24nl+nt= M )
or : nx + n}, + nz v2 :

s

o : i
This equation gives the possible modes of vibration. The integers ;x, n, .
; i rmi
n determine the possible frequencies or wavelengths, In order to dete!
k4

the number of possible modes of vibration, Z(v)dv, present in the frequency

range L and L + dv, we consider a network of points in ;l:je spacetdifgic:
i i . radius vector,

by three positive integral coorc.:hnates n,n and n, The

any point from the origin is given by

2

: 2.2
2=4{.0.

= n“‘2 + ny2 +n, (4.78)

‘vl'
This is the equation of a sphere of volume
V= :;- TIR3

" Differentiating it, we get '
. dV' = 4nR%dR
f m i and v + dv should
ber of modes present in the frequency range v
r:eh‘:hzusmame as number of points lying in the volume interval Vand V' +dV

“ orin the range R and R + dR of the radius vector. Since each point oc:‘cup}e:c),
e rage, 2 7o't volume in the space of integers, the nuwber of polnt
7N avera s -3 BINnG 1 Ua “o : .
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% ~.present in the volume dV" of the spherical shell is numerically cqﬁal to the
volume of the shell, i.e., i

ot dn = 4xR%dR :

But since a mode of vibration is always determined by the positive values

ofn,, n, and n, only, we must consider the number of points lying in the octant

defined by these positive integers only. Thus the number of possible modes
of vibraton is ; :

e -¢r§€‘4 & % 2

A . 1 3 i : ; ?
k- Z(D)du=—(41tR2dR) : L B
. : 8 3 A i iy
3 . 2.2 41(L3 2:_
4 }'4““'20 2= b
8 Ve Y% Ve
- | 4nV :
g [7-} . ‘ (479
5

where V = 1.3 is the volume of the solid cube. For a bcrfect continuum, the
possible frequencies vary between zero and infinity and the number of
possible vibrational modes increases

with square of the frequency as shown
T % in Fig. 4.17. This type of situation arises
Z(v) in case of electromagnetic waves
travelling in a box. Thus Eq. (4.76) is
i : fundamental to the theory of black body
vV ——p

R 4.17. O R agating n a solid are of two types —

three-dimensional continuum. - =
: The velocity of propagation, v, of trans-

verse waves is generally different from the velocity of propagation, vp of-
~ longitudinal waves. Also, for each frequency or direction of propagation, the
' transverse waves have two vibrational modes perpendicular to the direction
 of propagation whereas the longitudinal waves have only one mode which

lies along the direction of propagation. For such a case, the total number of
»i‘.vﬂntional modes is expressed as ;

3 2 l 2
Z(v)dv = 4nV (;—3 + v_3) Pk @5
t e :

In general, the elastic waves prop-

uamvasewavesandlongimdinalwavs._ .




e ' _ ; Solid State Physics
4.10.2 The Debye Approximation A

If the interatomic distance is small as compared to the wavelength of
elastic waves, the crystal can be regarded as a continuum from the point of
view of the wave. Based on this idea, Debye assumed that the continuum
model is applicable to all possible vibrational modes of the crystal. Further,
the fact that the crystal consists of a finite number (V) of atoms is taken into
account by limiting the total number of vibrational modes to 3N. This puts
an upper limit to the frequency of the clastic waves which can propagate
through the crystal. This highest frequency propagating through a crystal is
called the Debye frequency, U, - It is common to transverse and longitudinal
modes of vibrations. Hence the frequency spectrum of a continuous medium
~is cut off at the Debye frequency as shown in Fig. 4.18. For the total number

“of vibrational modes with frequencies ranging from zero to vy, we can wrife

R Lattice Vibrations
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The vibrational energy of a crystal is determined by using the Pianck's

theory. The average energy of an oscillator havin
! gt 7 - g frequency v at a temper-

hv

€ = -

We can associate a harmonic oscillator of the
We c . same frequency with
each v1brauona§ mode. Thus the vibrational energy of the crystal is gizen by

Vp
E= | €Z(v)dv
0 v
Using Egs. (4.80) and (4.83) we get

. .t 1 hv?
= TSt
. 0 v; v; ) PhT i ;

1l

Z(v)

~—
A

, g
v ——
~ Fig. 4.18. Frequency spectrum of
transverse (1) and longia«imal )
modes in ¢ continuum showing
Al - "Mahuve frononr~

- . AT
CUl-OJ] Gi INE Ueuyc groygworsey.

Vp
| Z(v)do = 3N . , 4.81)
0
Using Eq. (4.80), we obtain y
v i ;
| 4.“"'[—2; + 'l?) o'do = 3N
0 A
: 3
or 4uv(-23—+—13—]—°-=3N
A4} Vi 3
STy 1) '
- A [ :
S g &t . 4.82)
gdos 4 \vf v ]

This equation can be used to determinc

vy, Taking velocity of sound of the order
of 10% ms ~T and N/V=1028m3, we get
vp=1013 571, This corresponds to the
wavelength of about 1 A which is of the
same order as interatomic distance. This
violates the basic assumption of Debye
and hence puts a question mark on the
validity of the continuum theory, partic-
ularly in the high frequency region. Fur-
thermore, the velocities ‘v, and v; have
been assumed to be independent of
wavelength which may not be always
m_‘ ¥

3 holkgT

v 3
4mhy (—2; + i) Joo %
s Yi')] 0o e 1

From Eq. (4.82), we obtain

E=
03 N il i
Putting — = _hu,,
g = d =x,, we get
B B
xk
T .
h
kT
do=-2" i
h :
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o b 0e* -1
3 3
kBT Xm i - dx
* B e 4.85)
o (’"’o) g (J) -1 ]

As in the Einstcin's theory, we introduce here a characteristic temperature,
Op, called the Debye temperature defincd as

el (4.86)
kB 2 R
0

‘ o o
Equation (4.85) then becomes
. 3 0p/T 3
7 B ixdx
= e 4.87)
E = 9NkgT [90) ({ o . ,

The specific heat is given by

; 3 4 a
OE YT oy !

T gy e — dx - 4.88)
Cv—(aT)v = 0y (OD) / ] 2 o

& . ,
=3R (-TQ) B~ (for N=N,)
The function Fy, is called the Debye function and is expressed as
i 4 oo x4 :
FD=3(—T—) g itk (489)
%) o (¢*-1) .

We now consider the high and low temperature cases.
* ' (i) High temperature case

For T >> O, x is small compared with unity for the complete range
of integration. Therefore, we can write : :

ef-1l=x
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Equation (4.87) then becomes

E

3
ONk,T (—] [ x%dx
0

8p
,‘]" E = 3 NkBT s ( 4-90)
L OE
f‘ e C, = :37 = 3Nkp

3R (for N=N,)
~ Thus at high temperatures, the Debye's theory also obeys the Dulong and
_ Petit's law as obeyed by the classical theory and the Einstein's theory. This,

in fact, means that the quantum considerations carry almost no significance
at high temperatures. 12 B

(ii) Low temperature case

P

For T<<90.xm= 9# ..._) o) '

%

Therefore, Eq. (4.87) becomes

TY >k
E=9NkgT| —| |

8p) oef-1
Now :
°°x3dx 1:4
0e*-1 IS
E = 9Nk, T L 3 E““‘ :
Pite. 3L LT o
4 gt
b SR E 3
=— 7% Nkg— 4. =
5. Bei "(4,91) S 3
. ; : g
~ This shows that the vibrational energyis © 1 :
~ proportional to 7* which is analogous to 0 40 120 -160 - 200

 the Stefen's law of black body radiation. T(K)
- Thus it follows that both phonons and |, | : e
~ photons obey the same statistics except Fe. 4'1,9' Ca"w"m NF Db St
~ with the difference that photons obey T* m;?‘gogm:wgzgzm wﬁ:’ ‘,(:'87)
: ‘ law at all temperatures whereas phonons ; W‘Wz’w ot
Acircles?. for silver. .
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The expression for specific heat is obtained as’

; : 3
oE 12 4 T
AP P k
Cv_(a.T)v 5 N (GD)

= .1__2.1‘4R L
5 o

'fhﬁs, at very low temperalures, the specific heat is proportional to 7°. This

0p
is called the.Debye T3 law and holds for T < —2 g

There is an excellent matching of the experimentally detcrmined
values of the specific heats at various temperatures with those calculated
theoretically using the Debye's model as shown in Fig. 4.19 for silver with
8, = 225K. This also proves the validity of the Debye's approximation at
sufficiently low temperatures.

A comparison of results of the specific heat obtained from the Einstein
and Debye models is made in Fig. 4.20. The Debye model yields somewhat
higher values of specific heat as compared to the Einstein wiodel. This is
because of the fact that the Debye madel takes into account the low frequency
modes which, at low temperatures, have higher vibrational energy and hence
larger specific heat. The Debye temperature 6, can be obtained from Eqs
(4.82) and (4.86) provided the velocities of sound in iransverse and longi-
tudinal modes are known. For isotropic medium, one can usc the average

: Z 1 ey G
velocity v, and replace the factor (E EJ by 3/v; in Eq. (4.80). Alter-
natively, 9D is chosen to be that value which produces the best fit between

the experimental data and the expression (4.88). There is, in general, a good
agreement between the theoretical and

5 experimental results.

3 Accurate measurements have in-
'é $ Einstein dicated that the temperatures at which
s 2 the T ? law holds are quite low. Ac-
= L 4 3 4 1 4 44 cording to this model, the law should
S :

002 o6 10 14 18 hold for termperatures below 0.1 8,
T/O ' - whereas it may be strictly valid for T%
Fig. 4.20 Compﬂﬂw'l of specific heats g /50. The specific heat is, however,
obtained from the Einstein and Debye relatively insensitive to the variations
models [Egs. (4.63) and (4.87)].  in the density of modes.

(for N = Na) (4.92) .
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4 10.3 Limitations of the Debye Model

' (i) The Debye's continuum model is valid for long wavelengths
only, i.c., only low frequencics are active in the solid.

(i) The total number of vibrational modes are assumed to be 3N.
This js difficult to justify as the solid is considered to be an
elastic continuum which should possess infinite frequencies.

(iii) The cut off frequency is assumed to be thc same for both
longitudinal and. transverse waves. This is again difficult to
justify becausc different velocitics of transverse and longitudi-

nal waves should imply different values of cut off frequency for
these waves.

(iv)  According to the Debye's theory, 6, is independent of temper-
ature, whereas actually it is found to vary up to an extent of 10%
or even more.

(v) The theory does not take into account the actual crystalline
nature of the solid. The theory cannot be applied to crystals
comprising more than one type of atoms.

(vi) The theory completely ignores the interaction among the atoms
and the contribution of electrons to the specific heat.

SOLVED EXAMPLES

Example 4.1. The visible light of wavelength 5000 A undergoes scattering
from a crystal of refractive index 1.5. Calculate the maximum frequency of

radiation, given the velocity of sound in the crystal as 5000 ms',
Soldtion. The frequency of the 'phonon emitted is given by
2v,o:. ph't =5 %
Velocity of sound in the crystal, v, = 5000 ms!
. Refractive index of the crystal, n = 1.5 :
The frequency of incident radiation, Opps is calculated as :

: 2
_u)ph=21m = 21:—1'-

2n .x 3Ix 108
5000x 10710

the phonon generated and the fractional change in frequency of the incident -
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= 3.77 x 10! radss.

For ® to be maximum,

. 10
sin =1
where ¢ is the angle of scattering.
2v n
Lo
; c
2% 5000x3.77x 10 x 1.5 _
iz 3x10%

= 1.86 x 101! rad/s.- ;
If m'ph represents the frequency of the scattered photon, then we have
©pp ~ w’ph =2 |
Therefore, the fractional change in frequency of the incident photon is -
Oph~ Oph _ O

© ph O ph

11 ;
1.86x10
== =5x 107
3.77x10 :

Example 4.2. The radii of Na* and Ci~ ions are 0.98 and 1.81A respectively.

The Young's modulus of NaCl in [100] direction is 5 x 10! Nm2. Assuming

that the extension in [100] direction produces negligible contraction in the

perpendicular directions, calculate the wavelength at which the electromag-

netic radiation is strongly reflected by NaCl crystal. Atomic masses of Na
" and Cl are 23 and 35.5 amu respectively. ;

Solution. The frequency of radiation strongly reflected by the ionic crystals
is given by

: 2 _l_. + _1.)
W vt T
where m and M denote the masses of the constithent ions and B is ihe force

constant. Since the extension in [100] direction produces negligible contrac-
tion in the perpendicular directions, we can write o

where a is the interatomic distance and Y is the Young's modulus

'.',2 _1_.;,_1_
® =20ij M
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int t ic dis tance alOIlg [100] dircction Of NaCl is the Su 11
: th m
of N + 1 Cl l 3 & 1S Wy of the radii

®2=2(0.98 + 1.81)~ 10—'°x5x10'°x[i i ) X :
B B3] perxig¥
or o =3.46 x 10¥rad/s

Wavelength of e.m radiation which is strongly reflected by NaCl is

ao & 2me _ 2% x3x101

S g Gl f 103 m.

Example 4.3. Gold has the same structure as copper. The velocity of sound

in gold is 2 100 ms™! and that in copper is 3800 ms~!. If the Debye temperature
of copper is 348 K, determine the Debye temperature of gold. The densities

of gold and copper are 1.93x10* kem™* B i
: L. gm~ and 8960 kgm™3 and th i
weights are 197.0 and 63.54 amu respectively. ; s

Solution. The Debye temperature, Op, is defined as

where \ED is the Debyf: frequency and is given by the relation

-1 ;
D azv v? v? :

Here N is the number of atoms present in volume V of the crystal and v, and
v, represent the longitudinal and transverse velocities of sound waves itlx the

crystal respecti 3 i : i
wrz' = pectively. Replacing v; and v, by v, the mean velocity of sound,

. iy Y2
Up = b
. A (41:V)
h 3N 173
ol (4 )
B nV

- Considering one mole of atoms, we can write

_ by ( 3N, )"
: D™ kg \4nM

i wl:xcre N,is t'he Avogadro's number, M is the mass of one mole of atoms and
~ p is the density of crystal. The individual cxpressions for 0, for copper and

- gold are
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; ; h ) 3Nafcy
®ole = 5, Cedeu | 2,

and

IN, P4 #
h aPAu
©o)y, = kg (V‘)"‘_‘ (47‘-MA14)

From the above equations, we obtain
1/3
(vs)Au Mcy PAu_ ]
(GD)Au 3 (GD)Cu (VS)Cu Mp, Pcu |

-4 1/3
2100 | 63.54x1.93% 10 :
=348 3800)|  197.0x8960

=170 K

Example 4.4. The Debye temperature of diamond is 2000dK_ Calcu[lrz:;ist}:)uf
density and atomic
locity of sound in diamond, given the 3
glxca?:o:fl 3213);00 kgm‘3 and 12 amu respectively. 1f the intcratomic spacing
_is 1.54 A, estimate the frequency of the dominant mode of lattice vibration.

~ Solution. As shown in the previous examplc, the Debye temperaturc may be
expresscd by the relation.

‘ 5 Nap)m i
O = 3 Ve anm
which gives

1/3
kb, [ 4nM
", = h 3Nap

- Here, we have :
2000 K

6p =
M = 12kg
p = 3500 kgm™
% ¥ 1/3
1.38x1072 q000 (  4mx12 )
Ve =T en10® \3x6.023x10% %3500

=12 % 10* ms™L.
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Thcocderofmagmmdcofﬂ:edommtphononwavclcngthatatcmpcmtmc
T('l‘«ep)nsasnmatedfromthemlaUW

(0 :
Ay= ('#)a _

,' - ‘where g is the interatomic spacing.. - ;

b - s 20 s 107 L Lo K100
| 298

The fréquenf:y- of the corresponding laitice vibration is

1.2x10%

e LG 101 3
1.03x10

ﬁd =v. /A, =

: SUMMARY
1. The atoms of a crystal experience coupled vxbrauons A crystal may
i osgillate in normal mode due to its internal energy or may undergo forced
vibrations due to the effect of some external forces which may be mechanical
[ or clectromagnetic. The vibrations of the former type are associated with

thermal properties and those of the latter type are associated wuh acoustical
and some optical properties of solids.

2. The dxspcrsnon relation for a one-dimensional monoatomic lattice

ol ]

“whaexxsthepropagauonvectoroflhewave,ansdlemmomxcdmance
. and @, ,/45/ is the maximum angular frequency of vibration, B and
m bemgthe mmatomic' force constant and mass of each atom respectively.

S lnamaommclamce,thcdnspasnoneffectsmneghgbleathw
hquenc:w(l(-’ O)a:dthelamce behaves as a continuum® For frequencics

] <J2§I_;,thchmcebchamasadxspersxvemedmm.hactssalowpass
: ;f ﬁllaandcanpmpaga&canumberofwavclengthsalmesamefrquemy For
I fmqucncy ©= ’,/46/»:, the standing waves are formed and there is no
mferofstgnalorewgylhmughmelamce. :

_ 4, The K-values associated with vibrations of moneatomic latm:ccan
;‘;begrouped;mtannomn;om.Thelamcewavambedcsmbedby K-

B is .
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‘values which lie within the first Brillouin zone.

5. The dispersion curves for a one-dimensional diatomic lattice com-
prise two branches — the upper one the optical branch and the lower one the
acoustical branch. The latter resembles the dispersion curve for monoatomic
lattice. The two branches are separated by a forbidden band whose width
increases with difference in masses of the two types of atoms. This band
consists of frequencies the vibrations corresponding to which are not allowed.
Thus the lattice acts as a band-pass filter.

6. In thé optical branch, the neighbouring atoms move in opposite

dircctions, whereas in the acoustical branch, they move in the same direction.
The optical vibrations are excited by a force that distinguishes between the

two types of charged ions, ¢.g., the response of ionic crystals to electromag- ‘

netic radiation.

7. In a lattice contmnmg N atoms per primitive cell, the numbcr of
frequency bands is N.

8. A quantum of energy of a lattice vnbraﬂons is called a phonon.

Phonons may be emitted or absorbed ¢*¥ring inelastic scattering of photons
from crystals. The energy of a phonon is iAo where o isthe angular frequency
of the lattice vibration.

9. The average number of phonons in a mode of lamee vxbranons at
termperature T is

10. Accordmg to the Dulong and Petit's law, the molar heat capacity

of all solids at all temperatures is 3N kg where N, is the Avogadro’s numbe;
and ky is the Boltzmann constant. The law approxnmately holds for. most o
the solids at or above room temperature and completely fails as Tapproaches
0 K where C, tends to vanish.

11. Emstemcons:deredthealomsofaerystalasldennealandmde-
pendent thres-dimensional quantum harmonic oscillators, all vibrating with
the same frequency @, andobtmncdthefoﬂomngexpmssmforthemohr

heat capacity : i
2 0T .
e g E
c, = 3R (—E—) T

where O is the Einstein temperature which is defined as -~ . * " -
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The Einstein model does not explain well the temperature variation of
specific heat near 0 K. -

12. Debye explained the variation of speclﬁc heat over the complete
range of temperature by considering the atom of a crystal as coupled har-

monic oscillators and obtained the following expressnon for molar specific
heat

390/7' 33 i e
c, =9R(L) I e
; 0 - )

2
D (e—' s 1) ‘
where : ! it §ogs
Y
" kgT
and eD i _’fu_D
kg

is the Debye temperature, v bemg lhe frequency of an oscxl}ator and vy, the
maximum frequency of a vibrational mode. According to this model, i o ocT3
at low temperatures. This is called Debye 72 law and is in good agreement

with experimental observations. At high temperatures, C, approaches the
classical value 3R.

VERY SHORT QUESTIONS

1 Deﬁne phase velocity and group velocity?

2 Give dxspers:on relation for one-dimensional monoatomic lattice.
8. What are Brillouin zones?

4 Does a linear diatomic crystal have a constant forbidden gap?

5

What is meant by optical mode of wave [Sropagation in a linear
diatomic  crystal? -

o TS

What is meant by acoustlcal mode of wave propogation in a diatomic
crystal"

* What ls a phonoh? Give an evidence for the existence of phonons.
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10.

a1

12.

13.
14.
13,
16.

What is the value of hcat capacity for most of the solids at room

SolidSiate Physics
P;é: bhonén-disbcrsion curve for a diatomic lgtﬁce' (m1>_-’”2)-
e i
What is the normal scatiering process of a photon?
A 10 .
What is umclapp scattcring proccss of a phopn. i
List the major contributions to the latticc heat capacity. .

temperature? !
State Dulong and Petit’s law. . |
What is Einstein temperature? 5t ;
Give drawbacks of the Debye model. X ‘
Define the Debye temperature. :

§i4 SHORT QUESTIONS o 1.

10atomi i veloc-
Show that for one-dimensional monoatomic lattxcc: the phase
ity is equal to the group velocity at low frequencies.

. (¥ L1 ) | f ves 1n a1l | Omic

i est neighbour e,
linear lattice of mass m, spacing a and and the nearcs gh

i d
interaction ¢. Hence fin :
(a¢) The maximum frequency that can be propagated through the
a . :
lattice. i |
(b) The allowed values of the phonon wave vector. : . ?
Describe the concept of Brillouin zones as applicable to one- ?
sional monoatomic lattice. . ; N
i s the effect of variations of relative masses of the‘, two ;ygesrt)) ‘B
Dtlsa;sand the wavelength of elastic waves of the forbidden gap
atom :
a linear diatomic lattice. : :
" Describe the movement of atoms in the optical and acoustical modes ,;
. i linear diatomic crystal. o i
of wave propagation for a i : B
Differentiate between optical and acoustical branches of diatomic ’.
l .
linear lattice. Why are these branches named sq‘{ v
N different branches of the dispersion relation curve. entify
ame ies O
individual modes of vibration for KBr? : R
Wha honons? Express the laws of conservation of ene: lg}ymn |
; ar:nfl in the case of inclastic scattering of a photon by a phonon, ?
mome!‘ TP . 1
S'hob that, in ti;e long wavelength limit, the velocity of sound is
yhow :
independent of the frequency.

&

_ Describe the classical thebry

Discuss the
law? :

Calculate the density of normal modes
~ assuming the dispersion relation
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What are normal and umclapp processes? Explain with the help of
- vector diagrams, : ‘

" Give laws of conservation of cnergy
and umclapp sgattering of a photon.

Why specific heat at constant pressure is greater than the spépiﬁc heat
at constant volumc? /

and momentum for the normal

Enlist the salient features of the Eins;tcin’s theory of lattice heat
. capacity. How is it diffcrent from the classical theory? -

‘What is Debye temperature? What is its signiﬁi:gmce? If a solid has

the Debye temperature of 2000°C, what can you say about its room
temperature specific heat? i

'LONG QUESTIONS !

Derive dispersion relationship for a one-dimensional atomic crystal

and discuss the niture of acoustic and optical modes. Show that the

group velocity vanishes at the zone boundary. Give pysical interpre-
1ation of the result. : : :

’ .
dimensional monoatomic
n calculating the specific

Deduce vibrational modes of a finite one-

lattice. How does this knowledge help i
heat?

Desciibe inelastic scattering of photons by phonons. Obtain an ex-

pression for the frequency of phonons generated when a photon is
scattered inelastically at an angle ¢,

of lattice he:‘;t capacity and obtain the”
value of molar heat capacity for metals,

Describe the Einstein model of lattice heat capacity., Discuss the
successes and failures of this model.

Derive an expression for the lattice heat capacity of a solid following
Einstein model. Discuss the assumptions and predictions of this model
and comapre it with experimental observations.

How does the Debye model differ from the Einstein model of lattice
heat capacity? Discuss the consequences of this difference explaining
the low temperature behaviour of specific heat in each case.

Debye model of lattice heat capacity. What is Debye T3

for a linear chain of atoms
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®=0,lsinyKa . -
where a is the spacing and © , is the maximum frequency. What will
be its value in Debye approximation? ‘ Pus i
What are the assumptions of the Debye model of lattice specific heat?
Discuss its predictions and limitations as compared with Einstein
model. ' s ; ;

The visible light of wavelength 4000 A undergoes scattering from a
diamonid crystal of refractive’ index 2.42. Calculate the maximum,

' frequency of the phonon generated and the fractional change in the

frequency of the-incident radiation, given the velocity of sound in
diamond as 1.2-x 10* ms™!. (9.12 x 10!! rad/s, 1.9 x 107%)
Compute the cut-off frequency for a linear monoatomic lattice if
the velocity of ‘sound and the interatomic spacing in the lattice are
3 x 10 ms~! and'3 x 107%m respectively. 2 x10'3Hz)
A system consists of 102> atoms which act as simple harmonic oscil-
lators each having a frequency of 10!2Hz. Ignoring tiie zero point
cnergy, calculate the mean ihermal encrgy of the system at 2.5K, 25K,
250K and 2500K. What conclusions can you draw from your: an-
swers ? [9.07x10737, 3.41x10%J, 9.39x10%J, 1.03x10%]
Show that the zero point energy of ‘a solid according to the Debye

4 9
model is -g,RBD. ,
Using the Debye: approximation, show that the heat capacity of a
- liriear monoatomic iattice at a temperature T << 8, is proportional to

_ T/ 8. The effective Debye temperature in one dimension may be

expressed as i
ho _ whv,

0, = —.
D kB kaa :

where v, is'the effective velocity of s_ohnd and a is the interatomic

'spacing. SR e i o
' NaCl hias the same structure as KCL. The Debye temperature of NaCl
and KCl are 281 K and 230 K respectively. If the lattice heat capacity
of NaCl-at 5K is 1.6x10” 2 ymol~1K-!, estimate the heat capacity of
KCl at 5K and 3K. (29x102, 6.26x10Jmol'K™)

\

- FREE ELECTRON THEORY
-~ . OF METALS

5.1. DRUDE-LORENTZ'S - CLASSICAL I v ,
ELECTRON GAS MODEL) = TR e
v 3 4.

; Drude, in 1900, postulated that the metals consist of positive ion cores
with the valence electrons moving freely among these cores. The electro;
are, however, bound to move within the metal due to electrostatic at!r;x:tin:
‘betwcen the positive ion cores and the electrons. The potential ficld of th(:c
ion cores, which is responsible for such an interaction, is assumed to be
f:onstant throughout the metal and the mutua! repulsion among the electrons
xs.ne‘glected. The behaviour of free electrons moving inside the metals :
considered to be similar to that of atoms or molecules in perfect gas Tbes:‘;
free ele'cu_'on.s are, therefore, also referred to as free electron gas a.nd the .
theory is accordingly named as fiee electron gas model. The free electron
8as, however, differs from an ordinary gas in some respects. Firstly, the free
clectrog gas is negatively charged whereas the molecules of an ordl'na.ry as
are mostly neutral. Secondly, the concentration of electrons in an clec:on
gas is quite large as compared to the concentration of molecules in an
ordinary gas. The valence electrons are also called the conduction electrons
and obe'y the Pauli's exclusion principle. These electrons are responsible. for
conduction of electricity. through metals. Since the conduction electrons
move in a uniform electrostatic field of ion cores, their potential energy
fc?gnsconstamandisnormallylakenaswo, _i.é.,lhe'existcnceofionm
ls.xgr.lo:ed,flhustheto(alenergy ofacnnductioneleétronisqqnhhbits
kinetic energy. Also, since the movement of conduction electrons is restrict-
edto within tbe¢rystal only, thepotcnﬁglencrgybfastaﬁoﬂatyelet:tmn
msx!ea.mcta_lmlgsthmlhepomialmgyofmidenﬁdlﬁlecmﬂjmt;
outsfde it. 'Ih:sen:tgyduffmnoe. V,, serves as a potential bamerandstops :
the inner electrops from leaving the surface of the metal. Thus, in free

electron gas model, the movement of free electrons in a metal is equivalent :
&o thcm?vem‘e_n(ofafreeclectron gas inside a 'potential energy box' which,
in one-dimensional case, is represented by 2 line as shown in Fig. 5.1 :
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‘ Vacuum Bascd on the Drude's considerations that
—n "2, the electron gas behaves as a perfect gas, HAA.
g Lorentz postulated in 1909 that the clectrons con-
stituting the electron gas obey Max.vtrell-
Boltzmann statistics under equilibrium conditions.
Vo The combined ideas -of Drude and-Lorentz
constitue the Drude-Lorentz theory. As the the-
o | ¥ oryis based on the classical ideas of Maxwell-
Metal surface Boltzmann statistics, it is called the classical
Fig. 5.1. Memllic.: surfaf:c theory. i
?"L"Eff’ simppe .}'.'Z'fo'  The theory has been successfully applied
fe‘;tni:einpr?;entialalergyof to explain the various propemes of n'lctals'fho:
a stationary electron present cxample, it proves the validity of ‘Ohm's law.'
at the surface of the metal fee clectrons in a metal move in random direc-
and just outside it (in vacu- tions and do not constitute a current until -an
s electric field is applied across the metal which
accelerates the electrons in a particular Mon. The electrons, homer,
cannot be accelerated indefinitely. Dunng their motion, the electron§ : :
clastic collisions with the metal ions which slow df)wn their speed. This leed
tise to a steady state current of magnitude pmpomonal tothe vol'tag'e v:p;;\l:so
provided the tlemperature remains consiant. 1nis icads to Unm,s ld' ;
as the free electrons can move easiy, e metals exhibit nigh clec_m(fal a:‘:
thermal conductivities. Moreover, since the electrons move freedy inside

metals irrespective of the crystal structure, the ratio of the electrical conduc- -

tivity, o, to the thermal concuctivity, K, should be constant fo_r all metals at
a constant temperature, i.e., e
2 — constant i
~ . K Sepin i s W :
This is called the Wieflemann-Franz law and has been nealwed in practaee
The theory also explains the high lustre and complete opacity of mf’,(a.ls.
opacity is due to absorption of all the incident elect}'omagneuc radiations by
free electrons which are then set into forced oscillations. The .electro.ns re_tum
.to their n(£:1a1 states by emitting the same amount of energy in all duecuonsf
thus producing metallic lustrc. 7 : ; £
Besides these succesaes, the theory also met witha nmx}bet of failures.
Tt correctly predicted the room temperature resistivity of various metals l;ut
‘the ternperature dependence of resistivity could not be qs@b!;shed accurately.
The theory predicted that resistivity variesas /T MWIy itis found
10 .araxy linearly with temperature. ‘The o ¥ failed to explain the heat
capacity and paémnaggctic susceptibility of

-

oyt

" al potential box bounded -
.:‘; by infinite potential en- V(x)=0 forO<x<lL
2 m barriers.

coaduction clectrons. These '
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of energy which may be thermal or magnetic in nature. The application of

. - Maxwell-Boltzmann statistics to this theory allows all the free electrons to

gain energy which results in much higher values of heat éapacity and para-

- magnetic susceptibility. As we shall describe later; the use of Fermi-Dirac or

‘quantum statistics allows only a fraction of the total number of free electrons
to gain energy and the values of heat capacity and paramagnetic susceptibility
thus obtained match with the observed values. These are the principal achieve-
ments of the Sommerfeld's theory. The classical theory is also unable to
account for the occurrence of long mean free paths (~108 to 10° interatomic
spacings, or more than one centimetre) at low temperatures.

5.2  SOMMERFELD'S QUANTUM THEORY
Considering the free nature of valence electrons as assumed in the

classical theory, Sommerfeld treated the problem quantum mechanically

using the Fermi-Dirac statistics rather than the classical Maxwell-Boltzmann
statistics. The possible electronic energy states in the potential energy box
and the distribution of electrons in these states are then determined using
‘quantum statistics. We describe the dne-dimensional and threc-dimensional
cases separately. Lot : ; .
5:2.1 Free Electron Gas in One-Dimensional Box
Consider an electron of mass m which is bound to move in a one-
.dimensional crystal of length L. The electron is prevented from leaving the
crystal by the presence of a large potential energy
barrier at its surfaces. Although the barriers extend
over a few atomic layers near the surface, these are
taken infinitely large for the sake of simplicity. The
problem is identical to that of an electron moving in
a one-dimensional potential box which is represented
x by aline and is bounded by infinite potential energy
0 L~ barriers as shown in Fig. 5.2. The potential energy
R within the crystal or box is assumed to be zero. Thus,

3 $

V(x)—>

Fig. 5.2 One-dimension- e have -

V)= forx<Oandx2>L 6.1

\,

b ; The wave function y, of the electron occupy-
ing the nth state is determined from the solution of the Schrod inger equation,

e,

5 ';:, i | &

7 HaTa s :
dy 2m s
s b, I

; 153 -
propertics are based on interactions of free clectrons with the external sources
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where E, reprcscnts the kinetic cnergy of the electron in the nth state and V
is its potenual energy. Since V = 0 inside the box, Eq. (5.2) becomes

dz\l’n z-'ﬁ'E,\v,. =0 b s et B
R i Ll e B8 1
'l‘hegmeralsolutibntothisequaﬁonis Shpwing
Y, (x) = A sinkx + B coskx s A

whcreAandBarearbmaqconstantstobedﬂammedfromtlwbomdary ;

conditions and k is given by ;
& o

’I‘heboundarycondmonsare KL e W
y,0=0  and y,L=0: . . (56)
These conditions are based on the fact that at x=0and L, V- co and the product
V(x) y,(x) in Eq. (5.2) also approaches infinity. Thus in order that the wave
function y, (x) may be continuous, the kinetic energy E, must also become
infinite which is not feasible. Hence y,(x) must vanish for x=0and L.

For x = 0, Eq. (5.4) gives B = 0 and the solution (5.4) becomes
y,() = Asinkx : 6.7
Also, since y,(L) = 0, Eq. (5.7) yields
sin kL. = 0

p

m & .
k=— g - (58)

" wheren=1,2, 3,.A...Thns the expression (5.7) fonj the aliowed wave function

nx NG o '
v =A sm(—,_— < ol
'Ihcallowedencrgyvalmcanbeobtmnedﬁom&;s.ss.S)and(SS)as
2 2,2 e
E=L(E)=”"é : (5.’10)‘
"® .2m \ L 8mL _
or ; E"ocnz
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N

 allowed erergy values E, exist
only for integral values of n.
The number n is called the

8'.

- . energy spectrum consists of
discrete energy levels where
the spacing between the levels
is determined by the values of
n and L. It decreases with in-
crease in L. If L is of the order

- of a few centimetres, the ener-
gy levqls form almost a continuum. But if L has atomic dimensions, the

spacing between the levels becomes appreciable. The plot of E, versus n
. is shown in Fig. 5.3.

The constant A in Eq. (5.9) is deterr-i-- 1 by using the condition that
i the probability of finding an electron somuw? = on the line is unity, i.c.,

! [V (v ()de =1

_Edergy in qnits of h2/ a,m_z :
o

‘o

' Fig. 53. E, versus n for a
one-dimensional crystal.

: Using Eq. (5.9), we get

2 L
A
- =1
. z
5 2 21
A‘ s b
Substituting it in Eq. (5.9), we get the normalized wave function as
v-(;)= S ﬂ) ‘ .11
" L L) ; 3

N It is apparent from Egs. (5.9)
and (5.10) that the allowed’
wave functions W,(x) and the

quantum number. Hence the
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The energy levels and the wave functions cormponding ton=1,2,3 and
‘4 are shown in Fig. 54.

We now discuss the d:stnbnﬁon of electrons among the allowed
energy levels and determine the Fermi energy and the density of states.

(i) Fermi ‘Energy
The electrons are dtstnbutcd among the various possnble energy levels
in accordance with the Pauli's exclusion principle which states that no two
electrons can have all their quantum numbers identical, i.e., each orbital or
quantum state can be occupied by at the most one electron. But the different
- states may nave different values (non-degenerate case) or the same value
(degenerate case) of energy. In a solid,
"an electron in a conduction electronic

where # is the principal quantum num-
ber and m, is the magnetic spin quan-
tum number. Each set of values of n and
~m, define a quantum state. For each
= value of n, m; can have two possible
5 values, +12 or -1/2. This means that
3 € each energy level defined by the quan-
E tum number n can have two quantum
‘gstam and hence can accommodate a

Enargy in units of h2/ 8mi.2

spm up and the other with spin down.
In other words, each energy level is
- doubly degenerate. For example, if there
- are seven electrons of appropriate spins
then.mthcgroundstate these can be

Fig 5.4. First four wave functions (solid_accommodated in four energy levels;

lines) and ‘the corresponding energy the first three levels would have two
levels (broken lines) of an electron in gjec1rong each with opposite spins and
@ one-dimensional crystal.  the fourth level would contain the last
unpaired electron. These four energy levels are represented by the values
1,2, 3 and 4 of the quantum number 7. Thus, we find that if the total number
_of clectrons to be accommodated is seven, the energy levels with n <4 would
be uccupied while the level with n > 4 would be empty. The topmost filled
~energy level at 0 K is known as the Fermi level and the energy correspondmg
o, this hvel w;dled'!he Fermi energy, Ep.

“If N is.the total number of clectrons $0 be accommodated on the line
then, for even n, we .can write

state has the quantum numbers n and m_

& ma.xnmum of two electrons, one with
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i 2 = 6.12)
cre ng represents the pnncnpal quantum number of the Fermi |

‘orn= n,, Eq. (5.10) gives e

Pl LT S B
B 2w ae Lo (5.13)

Thus the value of the Fermi energ

y depends upon the |
numbcr of electrons in the box. P° ¢ length of lhe box the

For example, taking

L =105 clcctrons/A or 5 x 107 clectrons/cm,
the Eq. (5 13) gives , i
Ep=37x10"erg =24 ¢cv
Thus if we accommodate 5 x 107 clectrons on one centimetre length of the

line, the energy of the topmost electron would be 2.4 cV
(ii) Total Energy

The total energy, E ,
determined by summing up
electrons, the number of fii

of all the N electrons in the ground state is
the energies of the individual electrons, For N
led energy levels is N/2 and E is given by
NI2
=2 XE,

n=1

Here the factor of 2 appears because each level conminé tw6 eléét.rdné'v;ri.tli
equal energxes Using Eq. (5.10), we get '

. B (aY Nz, :
Eo_-z‘z;(z) B B

Since

t™M
b
|

= %s(252+3§;bl)"

£ o Yot s21

Hence Eq. (5.14) becomes
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2 (x) 1 N,s_l.ﬁz_(ﬁ’_’.‘_)z.n
Eo=2i;§('i ‘a\3] i 3 2m\2L

or, using Eq. (5.13), we obtain

158

1 i :
EO 2= -SNEF : (5'15)

Thus, for one-dimensional crystal, the average kinetic energy in the Sfo.“_“d
state is one-third of the Fermi energy. |
(iii) Density of States _‘ ; _ : .

“The denSity of states is defincd as the number of e.lectfon_xc states
present in a unit energy range. It is denoted by D(E) and is given by

: dn i '
DE) = 21, ALY (5.16)
ot R (240

where dn represents the number of electronic quantum states present in the
encrgy interval E and E + dE. For a free elec.tron gas, since each encrgy
Jevel contains two electronic states, one with spin up and the other with spin
down, the actual density of states is twice the value given by Eq. (5.}6). Thus,

we have cdl
i ; ; ,
PR, Pl S NI
DE) =2 ‘
From. Eq. (5.10), we obtain - :
: £'= _h_z_ (1)22" .hzn
dn. 2m

L

Therefore, Eq. (5.17) becomes
am?|  gmi? 1
D.(E) =2|——1|= — ;

Again, from Eq. (5.10), we get

Hence
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The plot of D(E) versus E is shown in
Fig. 5.5. It indicates that all the levels
preseiit below the Fermi level are filled
and all those present above it are empty.
This type of situation, in fact, exists at
absolute zero. Thus at 0 K, the Fermi

els in the metallic crystals.
S.2.2 Free Electron Gas in Three

g ! ' Dimensions ;

A e,:f,m,,w Sikikiad W,-,hoiu,gy f;fa Consider now the behaviour of
 one-dimensional metallic crystal. Ar the free electron gas in a three-dimen-
" 0K all the states upto the Fermi sional metallic crystal. The potential of
1 level are filled. 7
R * stani and may be taken as zero, whereas
~ ithas a large valuc outside the crystal. For simplicity, the three-dimensional

Density of states D(E) —»

" Energy , E Ee

'\‘w_:' crystal may be rcgarded as a cubical box having length of the edge equal

~ to L. The free particle Schrodinger equation in three dimensions is

il‘ L s
2 : -

2m
o | V2y(r) + %E,‘\v,‘(r) =0 5.19) -
. R Sl
- where o o o

(3

" s the Laplacian operator and E, is the total energy (kinetic energy in the

 of the one-dimensional normalized wave function (5.11), ie,, - - %

Comsiee level divides the filled and unfilled lev-

the electrons inside the crystal is con-

~ present casc) of the electron in the k-state. Since the electrons areconﬁned
10 a cubical box of edge L, the solution to Eq. (5.19) is just an extension -

"."" -- 3_ ; mxx ' _gny—y il __""é ; -. .‘
B vo- (5 (T)u(F)  em
wher ux.u,andnzareposiﬁveinwgeréahd"jsn} mthenonnalmg

stant. This equation represents a standing wave solution. It is; however,

: obnvenicnttoworkwiththephnehvglﬁngwavesoluﬁon_oflhp";ype :

e 3 e iy i R
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and A is an arbitrary constant. Such wave funcuons must satisfy thc.:' pcriofl:;
* ° boundary conditions, i.c., they must be periodic in x, y and 2 with peri
B "'equal to L. These boundary conditions are
G ya+L y,d=v®x2 ‘ ,
yx, y+ L, 2) = v 5 9 i i (5.23)
Wy ¥, 2+ L) = w5 5, D 4 iy
An application of the {irst boundary condition in (523) to the wave fpncnon
(5.21) yields : ;
 explithx + 1) + kyy + kall = exp lilkx + kyy + kz)l.

“or’

exp(ik,L) = 1
or : : ;
' 2% 4w, 2R (5.24)
kx = 0, . 4 _Z'v - = L .' * L

: 4
. 2”" . .y . . Th

. the qﬁantmn‘ numbers of the problem in
: threecomponcmsofkalsoform ' f the pr :
 addition to the quantum number 71 which represents the spin direction. Tthus
the state of an electron is specified completely by a set of four quantum
-numbers k. k, and m,. i
Wi 'l‘hcx’allk:;ed cigen values of the state or orbital with wave vector k
are obiained from Eq. (5.22) as

Jogs Tuge gt o :
fatl o E (EeBiR), | o

' where the magnitude of the wave vector K is related to the wavelength A
. o Moo 9 N
| L e *(5.26)
: iti to see that the energy e e
' mmmemdwweﬂM(mdﬂm
.~10“5—eV)mdmybemgadedsmﬁnmformqﬁofthewpo&&

spectrum consists of discrete energy
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Thesc levels are also said to be guasi-continuous. In fact, the spacing
ﬁ' between the levels depends upon the dimensions of the box. For dimensions

i

of the order of a centimetre, the Ievels are so closcly spaced that they almost
- form a continuum as predictcd by the classical mechanics. If, however, the

boxhasﬂomicdinwnsions,lhccnagylcvelsmwidclyspachamldiscrctc. :

The constant A in Eq. (5.21) can be determined by using the nonmal-
ization condition, i.c., i

:I:v'(r)v(r)dV='_l

2
© 0

LL
[JA%e ™ e* dxdydz = 1
00 ’

9 gof Aok inofuk Yo
A

Hence the normalized wave function is written as

1 12
i (r) = (;) o (5:27)

The distribution of electrons among. the allowed encrgy levels and the
density of states are described in the following scctions.

(i) Filling of Energy Levels

As described earlier, the distribution of electrons in the allowed
energy levels follows the Pauli's exclusion principle. In the present case, we
have a set of four quantum numbers k,, ky, k, and m, which represents a state
of the system. Apparently, each state can be-
occupied by at the most one electron. It also

i s 5 Vacuum
~ follows from the expression (5.25) that a set of ¥ip T
‘,‘{Vllucs of k,, k, and k, ‘defines an energy level. TEFO
- Now since for each set of k,, k, and k, the fourth } =+ E,
Xy tum number can have two values £1/2, it 3 ¥ (es‘{“m,gcy‘;
follows that each energy level contains two quan- @ A
. fum states of orbitals and hence can accommo- ' AR l

e a maximum of two electrons, one with spin
lip and the other with spin down. In other words, . ;
ach energy level is doubly degenerate. Thus a F'& 36 Sonmmerf o ‘édijz;
otal of N non-interacting electrons at 0 K can °

OSmhce

~ / the levels below E;, are
0 filled inN/2 energy levels. The topmost filled - ﬁlldand'alllhwou'oa:;;
vel is the (N/2)th level and all the levels lying . E,, are empty.

{
|
MJl
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above it arc empty. This level is, therefore, the Fermi lc_vel ai it d:;nd;sc nﬂ::
filled and cmpty levels at 0 K. The energy of the Fermi level, ormee:e“er
encrgy, is denoted by Eg,. The distribution o‘f electrons gong oo thi
levels present inside the box at 0Kis shou:n in Fig. 5.6. uz we e
unlike the classical theory, the Sommerfcld’s quantum theory docs no o
the condensation of all the electrons into thc. stfuc of zero cne‘rlgy :v 4
absolute zcro. These clectrons arc rather distributed among the discre
energy levels having cnergies ranging from 0 to Eg,

We riow discuss the cffect of temperature on the occupanc{::f cnlcrfg'l
levels. It is apparent that, for tempcfatures greater than O K, tl;c mrﬂx::: ﬁc“cd
may not be the topmost filled level since some of the electrons rg Fn
energy levels may be cxcited to the higher level.s. 'lhulsdsg::nzcc b dbiz ey
below E,, would bc empty while some above it wou p up iCd. o
probability that a particular quantum statc of energy is occup
temperature T is given by the so called Fermi function

1

f(E): -
: E-Ef 1
exp( kgT ]+

where Ej is the Fermi energy. The plot of f(E) versus E is shown in Fig.
5.7 for diffcrent temperatures. &3
At absolute zero, the Eq. (5.28) gives

(5.28)

EBD=1 for E<E,
=0 focr B>k :
(519) :

This indicates that all the energy statcs
e i |
above it are empty, i.c., the Fermi =l b
uilmtionﬁmctionisastepﬁlmn.‘mm.

» 4t 0 K, the Fermi level Ep, represents _
the highest filled energy level. Los

For temperatures greater than 0K
but less than the melting point of the
metal such that kgT' << Ep, the distri-
bution function loses its step character.
The probability of occupation, RE), 2
decreases gradually from 1toOneat Ex. 1, Fermi distribution function for

' This indicates that some of the Sales g e different temperatures. The
'bclowE,,-munptywhilesomeoﬂlets mofﬂael"emumw""
above it arc fillod. This is because SOme  gemperature is also shown.

Fa Wy

.-\'E

e E!:

F0

Fig. 5.7. Schematic represeniation of

(i) Density of Available Electron States, D(E)

B
JH

2
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of the electrons from the encrgy states bclow;E‘ Fgain thermal energy and get
excited to the statcs above E. At E = E, Eq. (5.28) gives

: 1
fED =5

Thus, for temperatures greater than 0 K, the Fermi level may be defined as
the level where the probability of occupation is 1/2. Unlike Ep,, it is not
the topmost filled levcel; instcad, it lics between the filled levels and empty
levels. Apparently, the position of the Fermi level is not fixed, but changes
with temperature. An approximatc rclationship between E and E; is given

as follows :
2
R
12 EF’" P

However, in case of metals, since the spacing between the levels is quite small
(~10719 ¢V), the highcst filled energy level is usually taken as the Fermi level.

For cnergies below E: such that (E— E) >> kpT*, E) = 1, provided
T does not differ much from 0 K. Thus it is only in the vicinity of E; minus
a few kT that {E) becomes less than unity, i.c., some of the states below
E would be cmpty and some above E would be filled. It, therefore, follows
that as the temperature is raised above 0 K, all the electrons would not gain
cnergy as expected classically, but only those which lic within an energy
range kpT below the Fermi level can do so. This is because the electrons
present near the Fermi level can jump to the vacant higher energy states after
acquiring encrgy of the order of ky7, but the clectrons present well below
the Fermi level cannot do so due to the non-availability of empty states within
the range k,T. Thus, according to quantum mechanics, only a small fraction
of the clectrons can gain thermal energy and get excited to the energy states.

B =By (5.30)

The value of this fraction is M—

= 0.01 at room temperature for E; = 3.0
F

eVy.

As defined earlier, the density of states, D(E), is the total number of

_available clectronic states (or orbitals) per unit energy range at energy E. To

obtain the expression for D(E), we consider the linear momentum p which,
in quantum mechanics, is represented by the operator

* According to the classicai mechanics, kT represents the energy acquired by a

. particle at a temperature T K. At room temperature, kpT ~ 0.025 eV.
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. : p=-ihv
When operated on Eq. (5.21), it gives ‘
py(r) = —ihVy,(r) = Aky,(r) (5.31)

This indicates that the plane wave function y, is an cigen function of the lincar
momentum with the eigen value fik. The particle velocity is given by

-y . (5.32)
m v

In a system-of N free clectrons, the oc?upied states or orbitals in the ground

statc may be represented by points inside a sphere in the k-space. The encrgy

corresponding to the surface of the sphere then represents the Fermi cnergy,

Let kg be the wave vector from the origin of the k-space to the surface of

_ the sphere as shown in Fig. 5.8. Then, using Eq. (5.25), the Fermi energy
is written as

Ep= ok} - (533)

It is observed from Egs. (5.24) and Fig. 5.8 that there is one allowed wave
vector or one distinct triplet of quantum
K, numbers k,, k, and k, which corresponds
to the volume element (2n/L)? of k-
space. Thus, in the sphere called the
Fermi sphere of volume @n3)3 p the
total number of electronic states or
orbitals is

2 3
_k’ 2_.5 3n
i L

Fig. 5.8. A sphere of radius kg in the

k-space containing points which ( &

represent the occupied states of a  Where the factor 2 appears because there
system of N free electrons in the  are two allowed values of m, and hence
ground state. two electronic states, corresponding to

: each value of k. The number of states

has been set equal to the number of electrons, N. From Egq. (5.34), we obtain
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NIV, and is im.‘:epcndt.:nt of the mass of the clectron. The expression for the
Fermi energy is obtained by using Eq. (5.35) in (5.33) as

23 -
2 E i
PRI G I G -

i.c., E; depends on both the electronic concentration and mass. The total
number of electrons is, therefore, given by

3/2
N____‘;(ZmE,.-
3>\ A%

The electron velocity, v, at the Fermi surface is obtained from Egs. (5.32)
and (5.35) as i e

“ 173
Akg k[ 30N
(5.38)

Vp= — = —
F m m 4

The density of states function, D(E), is obtained by'using the fact that, in the

ground state of the system, all the energy states below E are occupied and
the total number of states is equal to the total number of electrons, i.o.,

? ‘E)dE=N

. (5.39)

Substituting the valuc of N from Eq. (5.37), we ;ct'

E; v i

| D(E)dE =— (szF)

0 3n h*
Expressing the intcgral in an indefinite form, we obtain

0, 2 13 | 11
k,,:[ 7 J (5.35)

- This shows that the value of kg depends on thé concentration of clectrons,

5.37)
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The variation of D(E) with E is parabolic and is shown in Fig. 5.9. The value
of D(E) also increases with increase in crystal volume; this is to accommodate
the total number of electrons N which also increascs [Eq. (5.37)] with volume

of the crystal. At the Fermi surface, the density of states is obtained by putting
E= E,,-mEq (540), hes

D(EF) (5.41)

- Y (y_i-)” £
g dEp - 2n? \n?

This result may also be obtained and expressed in a simple way by taking
the natural logarithm of thc expresston (5.37), ie.,

lnN = -:-lnE, + constant

: dN 3 dE;
% - W T Ry i
: Thus, within a factor of the crder of
il ' unity, the number of electronic states or
orbitals per unit energy range at the Fermi

energy is equal to the total number of

o conduction electrons dmded by the
5 ‘Fermi energy.

E‘g : The density of filled electronic

= . sh(cs.N(E),atqnywmpuaweTis

Fig. 59. Vaﬁg&j&d'afdedﬁly of  obtained by multplying the density of

electronic stafes' wi fwﬁira states, ?(Dvﬂoxwmcmbabﬂkyof
free eleciron: gas in three dime oowpauon.ﬂE). of the quantum state £
“L7 = at' that temperature, i.c.,
AE) s the Ve N(B)= IXE) RE) - (543)
fE)/is the Pérmi function and is defined by Eq. (5.28). The
*filléd elébironic states in meencrgymnchandE+dEat
tempeth is then givea by, - 0

-NE)E = D(EY RE)dE : (5.44)
~Emmmﬁﬁwmwon gas at absolute zero.

B o mctbsalnumbnofclecmmcanbeobtamedby integrating Eq.
(&43). e,

We now disclss sor

N= ZN(_E)dE - Tote)s(ee

(5.45)
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Using the expression (5.40), we get

: T P
N oss St (2;2”1) ‘{Emf(E)dE

4

=5t ( ) [IE"’f(E)dE jc"’f(E)dE

- Now using Egs. (5.29), we get

b 32
g v Eg,
. S (2_';_) T E"aE
2% h (4]
- e do IR 2_'".3'2,;«?
213
% [ 3x’N
F - s alv A
4 :
. Putting NI_V = n, the electron concentration, we obtain
2 2 213
¥ 2 V23 o )
Eg, = -i;—(:‘!u n) = S_u; (;—) - (5.47)

This shows that the Fermi energy at 0 K can be calculated simply from the
electron concentration n. We also conclude from the above relationship that
the clectrons have some definitc energy even at absolute zero. This is some-
thing entirely different from the classical theory according to which the
(b) Average Kinetic E"ﬂ’-&

The average kinetic cnergy of an electron at absolute zero is calculated

= IED(E)f(E)dE

Uuaglhcw(iw)form“obﬂm

z- 2 2y [fss"’f(s)m IEE‘"I(E)JE]
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Now using Eq. (5.29), we get

o 21t2 hz
i
] 2
2V Zﬂ) 1gn g
S \a’) N
Substituting the valuc of N from Eq. (5.37), we oblain
"R %Epo (5.49)

This relates the average kinetic energy of an clectron at absolute zero to the
Fermi energy at the samce temperature.
53 APPLICATIONS OF THE FREE ELECTRON GAS MODEL
The clectronic properties of metals can be broadly divided into the
following two groups :
- (i) Static properties
(i) Transport propertics

- k
The static properties are those which can be treated cllcctively by

considering just the energy levels or the distribution of energy levels to which
the clectrons belong. More specifically, we nced to consider the ovc.rall
change in potential of the electrons without investigating deeply. the detailed
préccss producing the transitions. These properties include various _electron
cmission properties, the magnetic properties and the propertics like heat
capacity and contact potential. These properties arisc as a rf:sult of the
excitations of the electrons by light, thermal energy, strong electric fields, etc.

The t;arispon propertics are those which can be treated by consi'derfng
the detailed response of the electrons to an external ficld, i.c., byponsxdes:mg
the acceleration properties of the clectrons. These propertics include electrical
and thermal conductivities, Hall effect, thermoclectricity, etc.

We consider below the electronic specific heat of metals.
53.1 Electronic Specific Heat

. The average kinetic cncrgy of a frec clectron as given by the classical

statistical mechanics is

™| W
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lfdwtﬁdalcon(ainsﬂfwcelecﬂons. lllt_:ntlu:k_rt;:lkinﬂicmdgy becomes
| E=NE,= M,T

The electronic specific heat is, therefore, given by

3 ;
C. = 2 Nkg . v

The measurement of optical reflection coefficient of metals indicates
that the number of clectrons per atom in metals is of the order of unity.
Thercfore, considcring one gram atom of the metal, the value of electronic
specific heat is obtained as (3/2)R or 3 cal g-1K-! approximately. On the other
hand, the specific heat associated with the lattice vibrations at high temper-
atures is about 3R or-6 cal g~'K~!. Thus one might conclude that the specific
hcat of metals should be about 50% greater than the specific heat of insulators.
This is contradictory to the experimental observations which indicate that the
clectronic contributi-n to the specific heat is very small. At room termperature,
the clectronic contribution is not more than 0.01 of the value given by Eq.
(5.50). Also, this contribution decrcases lincarly to zero as T approaches zcro.
It, therefore, appears that all the electrons might not contribute to the specific
heat; instead, only a small fraction of the total number of clectrons might
contribute. This view is supported by the quantum theory.

As described carlicr, the quantum mechanics suggests that only thosc
electrons contribute to the specific heat which lie within an energy range k1’
below the Fermi level. This happens because when the electron gas is heated
up to a temperature 7, these clectrons acquire energy of the order of k pT and
jump to the cmpty higher encrgy states. The deep lying clectrons cannot do
s0 because the unfilied energy staics arc not available to these electrons for
cxcitation. These electrons, as such, do not contribute to the specific heat. The
number of clections which contribute to the specific heat is of the order

(5.50)

kyt T
N(é’—-) or N( -,;--) where T, is called the #esmi termperature and is
F 4 r

defined by the cquation

- "//‘;:—\
¥

Using the cteciive value of N, Eq. (5.50) becomes

LM =
v 2 NH(TF)

i

(3.5
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i i i hes zeroas T — 0. Using
isi tes that C, is proportional to 7 and approac ero as :
;I;;::c:l‘d\l/:uz of 'I'vand T as 300 K and 3000 K respectively, the above

cquation gives the value of C, as

3
C, = (0.01) [5) Nk,
The specific heat calculated from this cquation agrees with the cxperimental

obscrvations. Thus the quantum mcc!nan?cs modifies the thermal behaviour
of free clectrons in a simple and satisfying manner.

SCLVED EXAMPLES

Example 5.1. The atomic radius of sodium is 1.86 2. Cz'culate the Fermi
encrgy of sodium at absolute zero. .

Solution. The Fermi energy at 0 K is given by the relation

. 22 (3N )
Eg = 2m 4
. : ' it in volume V of

where N 1s the number of free (valence) electrons :tuebm
the metal. We consider a unit cell of sodium which is bec.

Radius of the sodium atom, r = 1.86 x 107 1%m

i R idan B ¢ 3
Volume oithmmn cell, V=a’= g

: L
4x1.86x107'°
b R R

=793 x 10 m*

‘ Sincemaomofwdiumhsmhmmmmm

of free electrons in a unit cell of sodium is 2.

B2 —5 = 2.52 x 107 electrons/m’.
V  7.93x10
(esxi®) ., - e
Ly NN
® 2x9.1x107!
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=498 x 10719 -
=3ileV.

- Example 5.2. Derive pressure versus volume relationship for a free clectron

~ gas at 0 K. Hence obtain an expression for the bulk modulus in terms of the
- average kinetic energy.

Solution. From thermddynamics, we have

£ O0E

& P=—-—

v_" where E is the internal encrgy of a system of particles occupying a volume
w

V at pressure P. For a free electron gas containing N electrons with average

 kinetic energy E_ at 0 K, the cnergy E may be ieplaced by N-I:fo. Therefore,
we have

¢

Using Eq. (5.49), we obtain

*

T

3

3

L}
§%
R T

&

<| e
&
9

which gives

.
T e R S

2. W24 g a3
= e N — 5.52
5 2m(3: N)' (V) oA
s :
or p:% ff" - (553)

This isﬂ\cprcssurevmvolumcmhionshipferaﬁecclecmgasmox,
The bulk modulus is given by the expression :

B=-V—
oV
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Diffmmialil;g (5.52) with respect 1o V, we get -

(5.54)
where we have usod Egs. (5.53) and (5.49).
SUMMARY

1. According to the frec clectron gas model, the valence electron§ of
the atoms present in a metal move frecly among the positive ion corcs just
like the molecules of an idcal gas. These elecuons are also callcd the con-
duction clectrons and are responsible for conduction of clectricity.

2. The encrgy spectrum of a free clectron gas present ir? onc or '.t\rcc-
dimcnsional box is discrete particularly when the box hasealomlc dimensions.
For laboratory dimensions, the levels almost forma c.ontmuuru. The allowed
cigen values of the states with wave vector k are given as

52,2 2
'k h v B T
=—=— ki + Kk +
Ex 2m 2m ( =t by kz)

where m is the mass of the electron.

3. The Fermi level is the level which divides the filled and u'n.ﬁlled
statcs. It is the topmost filled level at 0 K. For T > 0 K, the probability of

occupation of this level is 1/2. The position of the qumi lcvel changes with-

temperaturc and is expressed by the relation
- 2
rl 'Kz kBT

* where E o is the Fermi cnergy at 0K :
4. The Fermi eneigy varies with clectron concentration n as

El" = E"—:; (37!2'!)2,3

"

S
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5. The number of elecironic states present in a unit energy range is
called the density of states. In a three-dimensional box of volume V, the
density of states at cncrgy E is given by

: S e ) b ke ,,,'
D(E) = 2,7‘,(-——) 5.

hz
At the Fermi level, D(E) may be cxpresscd as
: A ol
E)=—- —
=3 Ep

where N is the total number of electrons.

6. The average kinctic energy of an clectron at 0 K is 1ciated 1o the
Fermi encrgy at the same temperature as

E, = ‘5 Egy
7. The free electron gas model explains the electronic specific heat of

* metals by restricting the number of electrons contributing to specific heat to

N kaT 5 : g ;
T It yielded the cxpression for specific heat as

3 kaT
T TN L L
T B(E:v)

n

VERY SHORT QUESTIONS
What do you understand by free electron gas ?
What is Wiedemann-Franz law ?

Define the Fermi energy for metals. How does it depend on mass of
the sample? E

What is the significance of the Fermi distribution function?
Define density of states.

What do you understand by a Fermi gas ?

What is the Fermi sphere ?

Can a mietal be associated with two Fermi temperatures ?

SHORT QUESTIONS
How does a free electron gas differ from an ordinary gas ?
How does the classical free electron theory lead to the Ohm’s law?

Explain complete opacity and high lustre on the basis of the Drude-
Lorentz free clectron theory.

What are the failures of the Drude-Lorentz free electron theory ?
Obtain an expression-for the energy cigen values of an electron using
the Sommerfeld’s free electron theory in one dimension. :
Derive the three-dimensional wave function for the free electron gas
and obtain its eigen values. . :

Write the expression for the Fermi-Dirac distribution function and
discuss its behaviour with change in temperature. e

il B

R v
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How does the Fermi encrgy of a metal depend on temperatute, con-
centration of clectrons and the total nuinber of electrons present in thic
mctal ?

How docs the quantum free clectron theory explain the observed
small values of clectronic specific heat of metals ?

LONG QUESTIONS

Describe the free electron gas model of metals. How docs it help o
cxplain the lattice heat capacity of metals.

_ Obtain cxpressions for the Fermi energy, the total encrgy and the

density of states for a free electron gas in onc dimension. Show the
variation of density of states with cnergy.
What is the Fermi energy? Calculate its valuc for the free electron gas
at 0K and mention its significance.
Derive cxpressions for the Fermi cnergy and density of states for a frce
clctron gas in one dimension.
Show that for a one-dimensional metallic crystal, the average kinctic
cnergy of electron in the ground state is onc-third of the Fermi encrgy.
Show that the average kinctic energy per electron for a three-dimen-
sional free clectron gas at OK is '
Eo = (3/ SHE FoO
where Ep, is the Fermi cnergy at OK.
Discuss qualitatively why the clectronic specific heat is tempcrature
dependent and is much less than that expected from the classical
behaviour of free clectron gas.
PROBLEMS : :
Calculate the Fermi energy of electrons at OK for a metal with electron
density of 10%8m3. : : (1.69¢V)
Silver (fcc) has an atomic radius of 1.44 A. Assuming silver to bc
monovalent metal, calculate the value of the Fermi energy, the Fermi
temperature and the Fermi velocity.
7. (550 eV, 63850K, 1.39x10° ms™)
Aluminium metal crystallises in fce structure. If each atom contributcs
single clectron as free electron and the lattice constant is 4A, calculate
(treating conduction electrons as free elecum_l’Fermi gas)
(i) Fermi encrgy (Eg) and the Fermi wave vector (kg),

(ii) Total kinctic encrgy of free electron gas per unit volume at 0K.

Given 7=1054x107? erg-s; Electron rest mass = 9.11 X 10-28g.
228 eV, 7713 x 100 m™!, 2.14 x 10% cVm™)
The density of potassium is 860 ]qg,’_n‘fl"'f’T Calculate the Fermi encrgy
and compressibility of potassium at OK. (Atomic mass of K = 39.1
amu) (2.02 eV, 3.51 x 10719 N-'m?)
If Fermi temperature is of the order of 5 X 10%K, provide a rough
estimate of clerronic specific heat at 100K. (» 0.025J)

"

§

sHwn Reee

o

i p.v

CHAPTER -VI . .

BAND THEORY OF SOLIDS

6.1 INTRODUCTION

'I.'he free electron theory described in the previous chaptcrﬂ was suc-
cessful in explaining the various electronic and thermal propertics of mctals
such a’s. specific heat, paramagnctism, etc. However, there arc various othc;
propertics which could not be explained by this theory. For cxample, the
theory could not explain why certain solids have a large number of 'frcc
clectrons and thus behave as good conductors while certain others have hardly
any- el'cctrons and are, therefore, insulators. It also could not account for the
variation of resistivity with temperature for the latter type of materials.
Mermom, the properties of semiconductors could not be explained on the
basis of this theory. :

T!u; failure of the frec electron model is due to the oversimplified
assumption that a conduction electren in a metal experiences a constant or
zero potf:ntial ‘_iué to the ion cores and hence is free to move about in a crystal;
the motion bemg restrained only by the surface of the crystal. In fact, the
potential due to ion cores is not constant and may change with position of
the electron in the crystal Some contribution to potential may also arise
because (')f the other electrons present in the crystal. Thus the actual nature
of potential under which an electron moves in a crystal is very complicated.
To a reasonable approximation, the ion cores may be considered at rest and
th?: potential expericnced by an electron in a crystal is assumed to be periodic
V{ll.h period equal to the lattice constant as shown in Fig. 6.1 for a one-
dimensioral case. This assumption is based on the fact that the ion cores
in a cry$tal are distributed periodically on the lattice sites. The potential
contribution due to all other free electrons may be taken as constant. This

- type of periodic potential extends up to infinity in all directions except at
;ﬂle.surface of the crystal where, due to interrruption in periodicity of the

ce, it has a shape similar to as shown on the right hand edge of the figure.

('ﬂl is type of potential irregularity may, however, be ignored.

The periodic potential described above forms the basis of the band

1 theory of solids. The behaviour of an electron in this potential is described
4 .1by constructing the clectrot} wave functions using one-electron approkinia—
A B 175
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tion. In this approximation, the total wave function for the system is obtaincd
from a combination of wave functions cach one of which involves the
coordinates of one clectron. In other words, the ficld experienced by a -
oarticular clectron is assumed to be the resultant of the ficld duc to fixed
- uclei and the average ficld due to the charge distribution of all other
clectrons. As we shall discuss later, the motion of an clectron in a periodic
potential yiclds the following rcsults :

(a) There exist allowed encrgy bands scparated by forbidden re-

gions or band gaps.
(b) The clectronic energy functions E(k) arc periodic in *he wave

vector k.
1* V(x)

- '.
t

NAL

Fig. 6.1. One-dimensional representation of potential experienced by an
electron in a perfectly periodic crystal lattice with lattice constant a.
The potential near the surface is shown on the right.

These results are in contrast with those obtained from the free electron theory
(constant or zero potential case) in the sense that, in the free electron theory,

E varies with k as "

a

— —— — —
— ———

T e - — —— — ]
e ——— —
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2m

i.e.. there is no upper limit to the energy and k can have discrete valucs,
which means that the cnergy levels are discrete and may have any spacing
depending on the dimensions of the box. The existence of band gaps is the
most important new property which emerges when the free electron model
is extended to include the effect of periodic potential of the ion corcs. It will
~ be shown that thgse band gaps result from the interaction of the conduction
electron waves with ion cores of the crystal and are of decisive significance
to determine whether a solid is a conductor, a semiconductor, or an insulator.
Besides this, we shall also cncounter some other- remarkable properties of
clectrons in crystals. We first determine the electron watve functions for a

periodic Ialti_t':e.

P 0 of the Bloch Theorem

.~ Order differcntial equation (6 3). Then the

Band Theory of Solids
62 THE BLOCH THEOREM

As described in case of the free €ory, '0 en‘ -
i free clec the one-dimensional
% . _ tron th , the i i

Sc rodnngq ¢quation for an electron moving in a constant l;mtennalSI i
, - al vV is

177

dzty 2m '
c—— = o
e e R AL AT ©.1)
The solutions to this equation are plane waves of &le type v |
% ek penl : -
where ; : (6.2) |
i a2 2
(tz-vo)=__2 = _p
0 2m. K

For an electron moving in a one-dimen

Schrodinger equation is written as sional periodic potential, V(x), the

d*y  2m 5
dxz . h—Z[E 3 V(x)]\l’ =0 (6 3)
Since the potential i iodi A ;
: s i :
B have periodic with Peﬂo.d equal to the lattice constant, g

k. V(x) = V(x + a)

, Lhere 1s an important theorem kn

o y ROWH 28 the Bloch theore .

5. . :l'l:'uf’::sczﬂg \Zéﬂ; the solutions to Eq. (6.3). Accordi:,ng(:; g,:s‘;] loquet's

- (6.3) are plane wav e o g

R lated by - » es of the type of Eq. (6. i

o aTh by -a function u,(x) having the same penoqu Nt
ce. Thus the solutions are of the form wcity 28 that of the

k. y - = oitkx
k. W) = eKx y(x) (6.4)
Ufx) = u(x + a)
] 'rhe .
1 wave functions of the type of Eq. (6.4) are called the Bbc 5 ﬁmqfﬁ-s)

ons.

Ce o
tg(x)andﬂx)bctworealandindcpcndcnts'c;iumnstomeseﬁo d o
- n :

s general solution can be written

Y = A fx) + B g(x)

“ twhae A and B are arbitrary s
Bt 3 constants. Since V(x) = Vix + - .
. S + a) must alsg be the solutions to Eqg. (6.3) in addla)":xikon[mwlﬁ:(ms x) ag(n dx f(+ a:)‘,-

B Mﬂ‘
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i ‘ h ve more than two independent Solutions, the

:'Iil:‘c";;::' g%é?ﬂm) must be exgﬁﬁbb in terms of the functions

g(x) and flx), i e - :

iad L fwea) = o) +ae® | _ :

gx<a) = Byx) + 538(3)] ; 6.7
where o, @, By and B, arc the real functions of. energy E. Mcr general
solution to Eq. (6.3) as obtaincd fmm the functions (6.7) is

yix+a)= Afa+a)+Bgx+a)

= (Aay + BBy fx) + (Acy + BB,) g(x). - (6.8)
_If the constants A and B are chosen such that ‘
' Ac, + BB, = M S ,
and Aa, + BB, = AB 6.9)

: whcre A is a -onstant, we find from Egs. (6.6) and (6.8) that the functions
- y(x) has the property ~
o wix + a) = Ay(x) 6.10)
The Egs. (6.9) -ield non-zero values for A and B only if the determinant
of the coefficienis vanishes, i.e. if

(a1 -2) B
1 (B2-2)
or’ AR (g +BA +a B - ap =0 (6.12)

We now show that 0,8, — 0,8, = 1 Since g(x) and flx) are the real and
“independent solu ions to Eq. (6.3), we get

=0 : (6.11)

-i%(;l + %’;—' [E-V(x)] s(x) = ©

. dz(:) +%[E—V(x)]fx) =0

obtain

ks fig gy
f(x)'%‘ = 8(")"';x(T) =0

: Mumplyﬁg_nie xouner by fi#) i@ thie latter b - g(x) and subiracting, we

Band Theory of Solids : .

or, : f(x)g%i—x—)- - g(x)-‘i‘%(}-;El = constant

The left hand side is called Wronskian, W(x), of the solutions and is coristant
in this case. Further, from Egs. (6.7), we obtain

o -?vmdgx A dj‘x
ﬂxm)dg(;:a) g(xm)df(::a)=(a,B2—a2ﬂ,)[f(x), dfc)_g(x)di )]
o - Wx+a) = (By-aBy) Wix)

Hence

- oyBy - By = 1 i3

Thus, Eq. (6.12) becomes Lo :

5 AZ-(a; +BA+1=0 (6.14)

It gives two possible values of A and hence two functions ¥, (x) and Yo%)

which have the property as given in Eq. (6.10). We'consider the following
two cascs : Gt P
Case I For energy ranges such that (o + ﬂz)2 <4

The Eq. (6.14) will have complex roots A, and A,. Since A, = 1

these will be complex conjugates of each other. We may, therefore, write

Ay = eita :
e  mes | (6.15)
Wwhere k is real. The corresponding functions y;(x) and y,(x) then have the
property ' :
Y + @) =y )

and Yo (x + ) = e y,(x) ] (6.16)
or, in general, ; o :

W(x+a) = e y(x) (617

~ Itis easy to see that a function having such a property is the Bloch function
- of the type of Eq. (6.4). To check this we replace x by x+a in the Bloch
function (6.4) and obtain

} Y(x+a) = e2ik0+a) 4 (x1q)
Using Eq. (6.5), it becomes :
; V(x+a) = e*ha y(x)

. Which is the same as (6.17). Thus we find that the function y(s), which

fepresents a solution to Eq. (6.3), has the same property as that expressed
Eq. (6.17), Eq. (6.10) with A = ¢%%3, or the'Bloch function (6.4). Hence
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the Bloch functions of the type of Eq 6.4) reprcsént the solutions to the
Schrodinger equation (6.13). This proves the Bloch theorem. '

4 Case II For the energy ranges such that (a; + B,)? > 4

The Eq. (6.14) will have real roots A and A, which may be taken as

A =e and A, =¢ (6.18)
where u is real. The corresponding solutions to the Schrodinger equation are
; y;(x) = e®u(x)  and Yo(x) = e u(x) (6.19)

Though mathematically valid, these solutions are not the acceptable

: . : y(x+na)
electron wave functions because these are not bounded. The ratio _‘V(x—)—
L -

approaches infinity as n approaches +o0. This is contradictory to the require-
ment that the wave functions should remain finite at all points in space
because of their probabilistic interpretation. In case I, however, |y(x+na),
is equal to ly(x)! and the ratio of these is always finite.

The roots (6.15) and (6.18) depend on o and B and hence are functions
of energy E. The allowed roots (6.15) we associated with allowed energy
regions and the disallowed roots (6.18) are associated with the forbidden
energy regions. This means that the energy spectrum of an electron moving
in a periodic potential consists of allowed and forbidden energy rcgions or
bands. This result will be illustrated using the Kronig-Penny model."

In three dimensions, the Bloch theorem is expressed as

: W) = €% u (r) (6.20)
If the lattice potential vanishes, u, (r) becomes constant and Eq. (6.20) give:
Yi(r) = P

.Thus the wave function becomes the one of a free electron.

6.3 THE KRONIG-PENNEY MCDEL :
This model illustrates the behaviour of electrons in a periodic poten-

tial by assuming a relatively simple one-dimensional model of periodic

potential as shown in Fig. 6.2. The potential energy of an electron in a linear

array of pos'itivc, nuclei is assumed to have the form of a periodic array of |

square wells with period of {a + b). At the bottom of a well, i.e. for 0 <
x < a, the electron is assumed to be in the vicinity of a nucleus and the
potential energy is taken as Zero, whcrcas outside a well, i.e. for -b < x <0,
the potential energy is assumed to be V. Although this m&e] cmploys a
very crude. approxunahon to the type of penodlc potential existing insidc
a lattice, yet'it is very useful to illustrate various important features of the
quantum behaviour of electrons in the periodic lattice. The wave functions

*Since the potential is
function (6. 4), i.

2
' 2*°“l’ 0 forO<x<a

§ dx (6.24)
el PwiEn . e A
 dx? = for—b<x<o (6.25)

penodlc the wave functions must be of the form

W(x) el U (x)

x) . 6. 26)
Is the periodic function in x with periodicity of (a+b)
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I V(x)
Y
~-b 0 a A : :
Fig. 6.2. One-dimensional penodzc Ppotential used
by Kronig and Penney
Are obtai
. 2ned by writing the Schrodinger equatnons for the two regions as
dy & 2m P ‘
sz hz vV =0 forO0<x<a 6.21)
2
dy 2m
At .
B (E-Y)wy=0 for—p< x<0 (6.22)
Suming that the energy E of th
| quanm,cs . Bg:s of the electrons is less than V o We define two
i 2mE Lt 2m(V, - E)
o i B 2 . 1679
ore, the Egs. (6.21) and (6.22) become ;
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uk(}t) = w(x +a+b) ; ' : 6.27)
From Eq. \6.26). we have / .
d
- »ke"“uk(x) » el
dup  ikx dzuk
w4 & ——2—
dx dx
Substituting Eéa"(é‘zb) and (6:28) in Eqs. (6.24) and (6.25), we get
d u‘
———-’-

and %_’?: -ﬁft*’f%(?) +2ike. (6.28)

2%——*— +¢((1 —k} )uL—O'

f&u#ﬁ (B

where u; and u, represent the values of u(x) in the intervals 0 <x < 4. and
-b < 5 <'0 respéctively. The general solutions to these equations aie

u=A g‘ﬂ-*k + B gi@thx 0<x<a 6.31)

: b—b <x<0 (6.30)

and it
' uz—Ce(H)"-t-De'(W)‘ —b<x<0 (6.32)

where A, B, C and D are constants which can be determined from the
following #bounq;y conditions :

. fd) ()
u () =0} - ( s )x ! ( & Joo (6.33)
. Ty du, _[duw
Thq\ m&(ﬂ} con to the requirements that the wave

Ay, 7= be continuous,
funcno‘q@qgﬁmmﬁ‘”andhcnceumddxmmt co
34). corry _totherequucmemsofthepen

At(q?k)'-#f.(mk) = C(ﬁ-ak)—D(Bﬂk)
- AdGN 4 BeHaha = Ce PRy pelBrikd
Ai(a-k)ee-Bi(a+k)e e = C(B-ik)e *P-DiB+ik)e®™ §635)

0<x<a (6.29)

!
L
i
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'Ihcseequanonsareusedtodetermme(heconsmtszi B, CandD A non-

zero solution to these equations exists only if the icterriinant of the coef-

ficients of A, B, C an(l,D vanishes, i.c.,

1 . N ) : 1 :
(k) —i(otk) Pk —~(B+ik) -
dlota okl Bk} B+t o
ia-k)eHeRa  * _jark)e iR (B it} G10 _(B4ik)ePriby
On solving this dﬂummant. we obum
B"-H! i : .l & :
2o smhﬂb sinoa + coshﬂb cosoa = cogk(@fb) ; (6.36)

Tostmphfyth:seqnaaon, KmmgandPenneyeonsndaedlhemewhcn Yo
tends to infinity and b approaches zero but the product V,bremamsfinuc,
i.e., the potential barriers become delta functions. Under these circumstances,
the model is modified to the one of a series of wells separated by infinitely

thin potential barriers. The quantity lim Vb for V, —)cpandb-—>0|scalled
the barrier strength.

As b — 0, sinh Bb — Bb and cosh Bb = 1." Also, fx'om,"Eqs- (6.23), we
have 1 . G

B*+a?  my,

20  opn?
Therefore, Eq. (6.36) becomes
3 3 ( hza )anaa-l-cowd coska (637)
We define a quantity P as : s

Mslmdhmvobofﬁepmm Thus increasing
i P"““Wwoﬁ'b@n%mmﬂywa

| Poricalr poteaial el Using Eg. (638) n (637), we g

P""‘% +m=e¢¢k§ (6.39)
aa
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""—P sin (18+008 aa
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Fig. 6.3. Plot of the left hand side of Eq. (6.39) as a function of aa using P =
3n/2. The solid and broken lines on the abscissa correspond to allowed
and forbidden energy regions respectively.

This is the condition which must be satisfied for the solutions to the wave
equation to exit. Since coska lies between +1"and -1, the left hand side should
assume only those values of aa for which its value lie®®between +1 and 1.
“Such values of fore, Tepresent wave like solutions of the type of

ﬁq. (6.26) and are allowed. The other values of aa are not allowed. Figure

6.3 shows a plot of the left hand side versus aa for P = 3n/2. The vertical

axis lying between ~1 and +1, as indicated by the horizontal lines, represents
the values acceptable to the left hand side. It may be noted that since a?
is proportional to the energy E, the abscissa is am of the energy. The
following conclusions may be drawn from Fig. 6?;*

(i) The energy spectrum of the electrons consists of alternate
regions of allowed energy bands (solid lines“on abscissa) and
forbidden energy bands (broken lines).

- (i) Thé'width of the allowed energy bands increases with aa or
o the cnergy. -

(iity  The width of a particular allowed energy band decreases with
" increasc in the valuc of P, i.e., with increase in the bmdmg
energy of the elecirons. As P — ®, the aliowed energy tands

are compressed inlo energy ievels and a line specteam is

resulted. In such a case, the Eq. (6.39) has solutions only if !
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sinaa = 0
oa = inn
e n is on integer. Therefore, from Eq. (6.23), we have

a’n? ah? 2
= h R (6.40)

2m 2'na

This expression gives the cnergy levels of a particle in a constant potential
ox of atomic dimensions. This is what is expected physically as, for large
, the tunnclling through the barrier becomes difficult. In thc other extreme
se, i.c., when P — 0, Eq. (6.39) becomes

cos aa = cos ka
a=k .

fhercfore, Eq. (6.23) gives

o

2m

hich is apphcable to completely free electrons

it which all the energies are allowed. This is 7
ain an expected result as, for P approaching =
gro, the electrons become free and, therefore, |
the free electron model involving quasi-contin-
us energy levels becomes applicable.

These results are summarized in Fig. 6.4
Jich shows the energy spectrum as a function
P. On the extreme left, i.e. for P = 0, the 0
gy spectrum is quasi-continuous and on the 77z €~ > _P_

freme right, i.c. for P = e, a line spectrum is

ulted. For any other value of P, the position Fig. 6.4. Allowed (Shaded)ﬂﬂd
id width of the allowed and forbidden bands are  forbidden ("Pe")_ enersy
pined by drawing a vertical line. ronges as g function of F.

Energy versus Wave-Vector Relationship — Different
~ Representations

- It follows from Eq. (6.39) that coska takes a specific value for each
ved energy value E. However, coska is an even periodic function of k

that the energy E is also an even periodic function of k with

d of 2n/a: This type of periodic representation of energy is shown in
0.5a for the first few allowed bands. This representation can be obtained

pmodxc repetition of the rcglon —nla<k< n/a 1.c., the first Brillouin

-

ains unchanged if k is replaced by k + 2nn/a, where n is an integer. -
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zone, and is known as the periodic or repeated zone scheme. In this scheme,
k is not uniquely defined as, for each value of E, there exist a number of.
k values. It is, therefore, gencrally convenient to introduce the foﬂowmg two
schemes :
(a) -The extended zone scheme
(b) The reduced zone scheme A
. Acurve of E versus k in the extended zone scheme is by solid
lines in Fig. 6.5b. The corresponding parabolic curve ( : §) for free
clectrons in the constant potential is also shown for comparison. We note
that the E~k curve of the extended zone scheme is not continuous and has
" discontinuities at -
k=2 (6.41)
a

where n = 1,2, 3, ... These values of k define the boundaries of the Brillouin
zones. As described in Chapter II, the first Brillouin zone extends from

_n/a to + n/a, the second one extends from n/a to 2n/a and from - n/a to
_ — 2nt/a, and so on. Since k = 2n/A, Eq. (6.41) glvcs ;
nk=2a: % (6.42)

which is the Bragg’s law of reflection for normal incidence. It thus follows
that, for the values' of k as given by (6.41), the electrons suffer Bragg
reflection which results. in discontinuities in the E-k curve.

' The E-k curve in the reduced zone scheme is shown in Fig. 6.5¢ It
is obtained by ‘reducing’ the contents of the other Zones so as to correspond,
in general, to the first zone, i.e., to the region — wnla < k < n/a. The wave
vector k belonging to this region is called the reduced wave vector and can

be obtained from the wave vectorkbclmgmgtoﬂwmponoutsldemcﬁrst
Brillouin zone by using the relation ;

i : - k=K-G ;

whueGisasuinblycﬁosenmxprocallatﬁcevm.

6.3.2 ‘Number of Wave Functions in a Band
lthasbecnshowntlm,manmﬁnmlylongooe-&mmﬂaystal

: ﬁmemeutamaﬂowedenagymg&whwhhanamdnsmhmon

of energy. WenowconsnderaﬁnnccryshloﬂwgthLa\ddeﬁummﬂhe

" number of possible wave functions, states or k-values per band. Using the

‘periodic boundary conditions, we have
B e SR ¢))
Since the wave functions are Bloch functions, it requires

6.43)

e

(6.44).
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' el y (x+L) = e‘f‘ u(x)
Using Eq. (6.5), we obtain _
. ekxtl) = gikx -
or ekl = §
which gives
2101 2 - B ;
= — : - (6.45)
: k gaa (6.45)
with n = +1, 22, ..., or Jixs '
2x 4z .
k=t ' T L (6.46)
Therefore, the number of possible wave functions i in the range dk is ¢
L :
—dk. .
dn = 7 6.47)

Considering now the first Brillouin zone, the maximum value of k is n/a
where a is the length of the primitive cell. If N is the number of primitive
cells in the crystal of length L, then a = L/N. Therefore, the maximum value

of k in the first Brillouin zone is —]YE- Thus the m (6.46) is cut off at

Ni/L which means that the total number oi allowed k-values in the first
Brillouin zone is equal to N. Hence the total number of possible states in
any energy band is equal to the number of primitive unit cells N. We further
note that since each band can be occupied by a maximum of two electrons,
each band can accommodate a maximum of 2N electrons. This result is quite
important for explaining the distinction between metals, insulators and
semiconductors.

64 VELOCITY AND EFFECTIVE MASS OF ELECTRON

6.4 1. Velocity of Electron ,

We consider the velocity of an electron described by a wave vector
k. According to the wave mechanical theory of particles, a particle moving

with a velocity v is equivalent to a wave packet movmg with a group velocity
Vg Thus, we have

v-*,*‘—;:—' 649

whmmxsﬂ\eangnhrﬁeqmncyoﬁhcdeBmghewava.Msn,&cewxy
E of the particle is given by E
E= hao
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Fig. 6.5. E versus k curves in three different zone schemes drawn on the same scale.

Figure (b) also shows allowed and forbidden energy bands. The dotted parabolzc.

curve in Fig. (b) corresponds fo free electrons in a constant polenuaL

- Band Theory of Solids

Therefore, Eq. (6.48) can be written ds.

For free electrons, we have

189

649)

This shows that, for a free electron, v is propomonal to k. However, in the
band theory, E is generally not proportional to k. The variation of E with
k based on the band theory is shown in Fig. 6.6a. This shows that the slope
dEldk of the E(k) curve is not constant but changes with k. Using this curve
and employing Eq. (6.49), one can obtain v versus & curve as shown in Fig.
6.6b. This curve indicates that the velocity of the electron is zero for. k=0
and +n/a where the slope dE/dk is zero, i.e., at the top and bottom of the
energy band (first Brillouin zone). For k = k,, where k, corresponds to the
inflexion point of the E(k) curve, the absolute value of the velocity attains
a maximum value equal to the free electron velocity. Beyond the inflexion
point, the velocity decreases with increase in energy which is altogether
different from the behaviour of free electrons.

6.4.2 Effective Mass of Electron

Consider now the effect of applied electric field £ on the motion of
an electron present in the Brillouin zone. We assume only one electron in
the Brillouin zone so that the Pauli's exclusion principle is not violated. If
c is the velocity of the electron and the field £ acts on it for a time di, the
increase in energy of the‘i\ectton is given by

We can write

%'l%

= eEdx = eSvdt = —(—yg

-
= —

dE
dk
e&
3

f""\g

)*

&%
i
>

(651)

(650)
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o W s (6.52)
or d‘ d‘ ' ] :

where p represents the crystal momentum. It follows from Eq. (6.52) that the
rate of change of crystal momentum is equal to the impressed .fott':e eg. It
is thus an analogue to Newton's second law for an clectron in a periodic lattice.

The acceleration a of the electron is obtained by differentiating (6.49)
with respect 10 ¢, i.c., ;

b 1 dE (&)
TE . A
Using Eq. (6.51), we obtain
; 2
IR A , (6.53)
82 i
For a free electron of mass m, ‘
as £ '(6.54) ] E |
e | |

A comparison of Eq. (6.53) with (6.54) yields an o
interesting result of the band theory, i.e., an
electron moving in a crystal has an effective mass

m* given by

n iagid of
6.55) (b)] . |

[ E} : u
— : ]
dk [y
|

|

: 1
This indicates that the effective mass of an IK
electron is not constant but depends on the value lL N :
. -of d2E/dk?, i.c., on the shape of the E(k) curve. (c) i =
' The variation of the effective mass with k is \1 : /
shown lin Fig. 6.6¢. The effective mass is positive | "
in the lower half of the energy band and negative " {
in the upper half. It becomes infinite at the inflexion i g T
points of the E(k) curve. Thus theelectronbehaves =&~  _,
as a positively charged particle in the upper half .
of the band only. . ~ Fig. 6.6. Variations of ener
It is generally convenient to introduce a 8’;‘;;";"? I;:d d:{;iz";nmg-‘
correspond to inflexion
points in the E-k curve.

m* =

factor

imum of two electrons, the effective
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ﬂ:izﬂ(gz_f_] 2 (6’56)

*
m n

which measures the extent up to which an electron in the k-statc behaves
as a free clectron. If f, = 1, the clectron behaves totally as a free electron.
If f,< L, i.e. m* > m, the clectron behaves as a heavy particle.

The concept of the negative effective mass may be understood in terms
of the Bragg's reflection when k is close to +nt/a. Due to the Bragg's reflection,
a force applied in one direction leads to a gain of momentum in the opposite
direction which results in the negative effective mass.

The concept of effective mass has a physical significance. It provides
a satisfactory description of the charge carriers in crystals. In crystals such
as alkali metals, which have partially filled energy band, the conduction takes
place mainly through electrons. However, in crystals for which the cnergy
band is nearly full, except for a few electron vacancies near the top of the
band, these negative charge and negative mass vacancies may be considered

as positive charge and positive mass particles called holes which act as .

positive charge carriers to produce conduction.

6.5 DISTINCTION BETWEEN METALS, INSULATORS AND -

SEMICONDUCTORS -

To distinguish between metals, insulators and semiconductors on the
basis of the band theory, we consider an énergy band which is filled with
electrons up t0 a certain value k; (k,<n/a) as shown in Fig. 6.7. It is of interest
to know the éffective number of free eléctrons present in this band which
gives information about the conductivity of the band. In the expression (6.56),
we intreduced the term f, that represents the extent up to which an electron
in the k-state behaves as a free electron and hence participates in electrical
conduction. Thus, in order to determine the total effective number of free
electrons in the energy band, we have to sum up over all the possible fs
corresponding to the various occupied energy states present in the band.
Therefore, we can write :

Ny=3f; (657)
The Eq. (6.47) gives the number of - - +
possible states in the interval dk for a :
one-dimensional lattice of length L as

bk by
Lty ¢
dn 2= (6.47)
Since each state is occupied by a max-

1
) X
number of free electrons present in the

by g Fig.6.7.Energybmd(ﬁlﬂBM
bmdwxﬂunﬂwhmxts—klandﬁlbe- z0ne) filled up 1o the state k;,

NI ,mMN’J
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comcs
L L :
Neﬁ,=.22n -k.fk& = ;-2{‘& (6.58)
Using Eq. (6.56), we obtain
; N .= _2£ -’-’-l.. k.i‘.z_E_dk
_ 2Lm (dE) it '
=—|— 6.59
7 \@),, 19
f
Conduction band ce : . 3ER

Energy

Insulator Semiconduc(or. Metat
(a) (b) £c)

Fig. 6.8. Electron distribution in an insulator, intrinsic semiconductor and metal
at 0 K. The shaded regions are occupied by electrons.
This yields the following results :
(i) The effective number of free electrons in a completely filled

band is zero. This is because dE/dk vanishes at the top of the
band.

(i) The effective number of electrons attains a maximum .value
when dE/dk becomes maximum, i.e., when the band is filled up.
to the point of inflexion.

It follows from the above discussion that a solid having a certain
number of energy bands completely filled and all other bands completely
empty, as shown in Fig. 6.8a, is an insulator. On the other hand, a solid haying
a partly filled energy band has a metallic character (Fig. 6.8c). The situation
depicted in Fig. 6.8a can strictly occur only at 0 K. At temperatures gréalcr
than 0 K, some electrons from the topmost filled energy band (valence band)

Band Theory of Solids : foy 0 D

may get excited to thie next higher empty hand (conduction band) where they
‘participate in the conduction process. The number of such free or conduction

electrons depends on the value of the forbidden encrgy gap between the

valence band and the conduction band. The larger the band gap, the smaller
the number of free clectrons and hence the larger thie tendency of the material
to behave as an insulator for all practical purposes. An example of this type
of material is diamond which has the band gap of about 6 eV. If the band
gap is small (z1cV) the number of thermally excited electrons becomes
appreciablc even at ordinary temperatures and the material behaves as an
intrinsic scmiconductor (Fig. 6.8b). The examples are germanium and silicon.
At 0 K, even thege materials behave as insulafors because electrons from the

- valence band cannot Be thermally excited to the conduction band to cause

conduction."Thus it is evident that all the intrinsic semiconductors are insu-
lators at 0 K and all the insulators may behave as semiconductors at temper-
atures sufficiently higher than 0 K.

It isimportant to note that the conductivity of semiconductors ificreases
with temperaturc owing to the increase in the number of conduction band
electrons. The conductivity of metals, however, decreases with increase in
temperature. This is because more and more phonons are excited at higher
temperatures which may scatter conduction clectrons and reduce their mo-
bility.

SOLVED EXAMPLES

Example 6.1. Using the Kronig-Penney model, show that for P << 1, the
energy of the lowest energv band is

3 2
h
= 2

g

|

§

Solution. Referring to Eq. (6.39), the energy of the lowest band corresponds
to k = + n/a, i.e., when

sinoa
P( 32 ]+eosaa=tl

 Considering only the magnitude on the right hand side, we. obtain

—’—’-(smaa) = 1-cosaa
pITS,

b B~

'
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- For P << 1, we can write ; 4

aa P
or il e
2 aag
: 2P
5 ; A kg
it | 2z
Using Eq. (6.23), we get
' 2L 2P
hz az.
| : 2
o s—l-f;-
,bEnmpk6.2.11mencrgynearmevdeneebmdedgeofaaysta'lisgiveﬁ
. , ,_ }
= - AK?

where A = 1073 JmZ. An electron with wave vector k = 1010 k. mis
removed from an orbital in the completely filled valence band. Determine the
effective mass, velocity, momentum and energy of the hole.

~ Solution. We have

E=—Ak2
dE :
i 2 DAk,
 dk
and £2£=;
: dk®

Band Theory of Solids =~ - . : ; L

O 05><10‘3‘)

24 oo G

-=—55x10‘3°kg

- Since the effective mass'rof aholeis opposité to that of an electron at_the samé
location in the encrgy band, the effective mass of hole is

. my = -m, = 55%10 kg
. The wave vector of hole is opposite to that of electron, i.e.,
| , k, = -k, =-101"k, m™!
-+ The momentuin of hole is -
' P = Rk
=-1.05 x 1034 x 100 k = -1, 05x10-24 k, Jsm!
The velocity of hole is

e i 105x10'“k
Uy it 5.5x107% -

'y

The encrgy of the electron with wave vector k, is

=-19%10°k, ms™'

E, = - Ak?, _
= -10739(101° k )2
= -10719]
- Therefore, the energy of the hole referred to zero at the top of the:
~valence band is
E,=-E,
] _._." 10—19 J C

SUIWMARY

. I The band theory assumes that the potenual expenenced by an
.ﬂelectton in a crystal is periodic with- pcnod cqual to the lattice constant.

- 2. According to the Bloch meorem the solution to the Schrodinger
. ve equation for an electmn movmg m a penodnc potent:ai is ot‘ thc form
of the Bloch function. i e.,

\vk(r) e“"’ “g(f)




P
106 ; ' e Sowsmrwcs
where u,,(r) is mymmt ungp: a qrystal lattice translation. v
; on moving ina penodrc potermal
ions or bands which are separated by
: | ‘The forbidden energy regions
are those m wmh K.W comy v;hm and no Bloch function type

solutions to the wave equation axe ppsslble

4. The width of the allowed energy bands i increases with increase in
total encrgy and decrease in binding energy of the electrons. For very large
binding energies, the energy bands are transformed into energy levels. If the
clectrong are completely free, the energy spectrum is quasi-continuous.

5. The E-k curve in the extended zone scheme has discontinuities at

nm

k=2

b a .
where a is the length of the primitive cell and n = 1, 2, 3, ... These k-values
define "¢ boundaries of the Brillouin zones which produce Bragg reflection
of elcctrons

- 6. In a crystal having N primitive cells. the maximum number of encrgy
states per band is N and the maximum number of electrons per band is 2N.

7. The velocity of an electron is given by the expression

y= — —

h dk
It becomes maximum at the inflextion points of the E—k curve where it
approaches the free electron veloclty Beyond the inflexion points, the ve-
locity decreases thh increase in energy.
: 8. The effective mass of an electron moving in a crystal depends on
! d:eshapeofmeE—kpuxveanduglvenbyﬂwexpmssmn

5. For a oue-dimensional latice o leagih L, the total ffective number
&mmhnmwﬁwmmwwamvﬂw
ky (ky<nla) is
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oy 2Lm dE '
ZE dk k k
29 ,

-whcrcmlsthemassofanelet'::mn Nﬁxszcroatuxetopofthebandand

~ attains a maximum value at ﬁ\e pomls of inﬂéﬁxon

VERYS"""" :

‘ l What is the Bloch func(ién? _‘
2, What is forbidden energy gap? :
* Can an clectron possess neganve efféctive mass? Justify

Give the order of band gap for a metal a sem:cdnductor and an
insulator.

5.  Why a solid whose energy bands is filled can not 'bé'.a nietal?

' SHORT QUESTIONS

il What are the shortcomings of the free electron theory? What is the
main cause of its failure?

2, Comparc the salicnt fedtures of the band theory vis-a-vis the free

electron theory. Discuss the successes and failures of these theories.

"3, What is the Bloch thedfem 7

Explain the concept of forbidden energy bands.

S Distinguish between a metal, a senuconductor and an insulator on the
basis of their energy band. structure

R Show that the existence of eriérgy -gaps at the boundaries of the :
' Brillouis zone of a One-dlrnensmnal lattice is equivalent to the con-

dition of Bragg rcﬂechoh of ‘electron waves 0]

o i Show the dcpendence of Velocxly of ‘electron on wave vector k as
- predicted by the band theory.

Prove that the number of dlffemnt k-states in the first Brillouin zone
i .of a snmple cubic lattice i is ‘équal (o the number of lattice sites.

Prove that the total number of possible statés in an’ energy band of
- a finite crystal is eq‘ual to the number of primitive’ cells in it.

." 'How does the band ﬁwmy kad’lo‘"thé‘ concep't of negmxve effective
mass 92 A

" The conducﬁwty of mﬁ:ﬁs ecreases
~increases with rise ln tcmperaﬁxre Explam

wmte that of semiéonductors i
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LONG QUESTIONS

State and prove the Bloch theorem. Discuss its importance in the band
theory.

. Discuss the formation of allowed and forbidden encrgy bands on the

basis of the Kronig-Penney model. Discuss the extreme conditions
when energy levels are either discrete or continuous. What is the
effect of changing the binding encrgy of clectron on the cnergy
bands ?

:' Prove that the motion of e}cctrons through the periodic potential in
~ solids gives risc to the band structure.

What are Bloch functions? Explain the ongm of allowed and forbid-
den bands for electrons in solids. What is the number of orbitals in
an cnergy band ?

Describe the periodic zone scheme, extended zone scheme and re-
duccd zone scheme for representing E-k relationships. ’

Discuss the motion of clectrons in one-dimension according to the
band theory and show the variation of energy, velocity and effective
mass as a function of wave-vector.

What is meant by the effective mass of an electron? What is its
significance? Show that the effective mass of an electron in a crystal
is inversely proportional to the second derivative of the E-k curve.
Discuss the conditions when the effective mass of an electron be-
comes positive, negative and infinity. ;

PROBLEMS

The potential of an electron in a one-dimensional lattice is of the same
type as that used in the Kronig-Penney model. Assuming

V, ab << h*/m,
prove that the energy band gap at k = m/a is 2V bla. -

A one-dimensional lattice of spacing a has a potential distribution of
the type as considered in the Kronig-Penney model. The value of the
potential is -V at each lattice point and abruptly changes to zero at
a distance of 0.1a on either side of the lattice point. Determine the
wxdth of the first energy gap in the e]ectron energy spectrum.
(037 V)

3
it

'i‘" ‘
;5_

SEMICO’NBUCTORS

7.1 INTRODUCTION

- Semiconduetors arc materials which have clectrical conducltivitics
lying between those of good conductors and insulators. The resistivity of
semiconductors varies from 105 to 10* ohm-m as compared to the values
ranging from 1073 to 106 ohm-m for conductors-and from 107 to 10® ohii-
m for insulators. There are elemental semiconductors such as germanium

- and silicon which belong to Group IV of the periodic table and have resistivity

of about 0.6 and 1.5x10° ohm-m respectively. Besides these, there arc
certain compound semiconductors such as gallium arsenide (GaAs), indium
phosphide (InP), cadmium sulphide (CdS), etc. which are formed from the
combinations of the elements of Groups III-and V, or Groups II and VI.
Another important characteristic of the semiconductors is that they have
small band gap. The band gap of semiconductors ‘varies from 0.2 to 2.5 ¢V
which is quite small as compared to that of insulators. The band gap of a
typical insulator such as diamond is about 6 eV. This property determines
the wavelength of radiation which can be-emitted or absorbed by the semi-
conductor and hence helps to construct devices such as light emitting diodes
(LEDs) and lasers. All the semiconductors have negative temperature co-

efficient of resistance. The band gap energies for the elements of Group IV
at 0 K are as follows : :

C (diamond) 551ev
SRR 0.75 eV

Si . 1.16 eV

Sn (grey) ~ 008evV .,
Pd =0.

At room temperature, diamond behaves ds an msulator Ge and Sias
semiconductors and Sn and Pd as conductors.

The importance of semiconductors is further increased due to the fact
that the conductivity and the effective band’ gaps of these materials can be

- modified by the introduction of impurities which strongly affect their elec-
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~ tronic. and optical properties. The process of introduction of unpunms in
semiconductors in a precisely controlled manner is called doping. Depending
~on the nature of impurities added, the semwondnctom are class:ﬁed as
 follows : 1

(a) Purc' or intrinsic semiconductors

(b) Impurity or extrinsic semiconductors -

The intrinsic scmiconductors are pure scmiconductors in which no

impurity atoms are added, whercas the extrinsic semiconductors are doped
semiconductors in which suitable impurity atonis are added to modify the

properties. In the present chapter. the effects of i |mpurmcs and charge carrier
conccntratwns in scmiconductors are discussed.

7.2 PURE OR INTRINSIC SEMICONDUCTORS A
" As stated above, the intrinsic scmiconductors such as pure Ge or Si
arc undoped semiconductors. The electrical conductivity of this type of

semicondutor is solely determined by thermally generated carriers. To un-
derstand the mechamsm of conduchon, we conslder the bondmg betveen

Si atoms

_ Fig. 7.1. (a) A two-dimensional representation of Si crystal
(b) Silicon crystal containing an electron-hole pair.

_atomsin these semiconductors. Consider, for example, the case of slhcon with

atomic number 14. Each silicon atom has four valence electrons and can form -

four covalcnt bonds with four neighbouring silicon atoms which are directed
along the corners of a regular tetrahedron. The silicon crystal, thersfore,
- exhibits a three-dimensional regular netwmktypemwhlch,fws:m-
plicity, is- reprcsanted by a two-dimensional network as shown'in Fig. 7.1a.
Appareritly, all the valence electrons in a silicon crystal participate in- the
formation of covalent bonds and no electron is free to cause conduction

~ particularly at 0 K. Hence purc silicon behaves as an insulator at 0 K. As the
- temperature increzases above 0 K, some of the valence clecirons may acquire
' sufficient thermal energy to break their covalent bonds and become free from

the influence of cores of the atoms. These electrons move randomly in the
crystal and are referred to as the conduction electrons. Each escaped clectron
leaves behind an cmpty space called a hole which also acts as a current
carricr. Thus when a valence clectron breaks away from a covalent bond, an

 electorn-hole pair is gcncrated and two carriers of clectricity. are produced

as shown in Fig. 7.1b. When a valence electron located adjacent to a hole

~ acquires sufficient thermal cnergy, it may jump into the hole position to
~ reconstruct the broken covalent bond and a hole is created at the initial

position of the electron. Thus the motion of an electron may also be regarded

as the motion of a hole in the opposite direction. These electrons and holes

move in opposite directions under the effect of an external electric ficld and
constitute the current.

- The energy band diagram of the intrinsic semlconductor is shown in
Fig. 7.2. At 0K, the valence band is completely filled and the conduction
band is completely empty. The semiconductor, therefore, behaves as an
insulator. The electrons present in the valence band do not conduct as these”

. are bound-to their respective cores. As temperature increases, some of the

valence band electrons acquire sufficient thermal energy to jump to the

-conduction band leaving behind an equal number of holes in the valence
‘band. The electrons in the conduction band and holes in the valence band

behave as free carriers and increase the conductivity of the material. The
conditions for the movement of electrons are, however, different from the
conditions for movement of holes; the electrons move when the conduction
band is nearly empty and the holes move when the valence band is ncarly
full. Thus the electrons move mainly under the influence of the applied field
while the holes move under the combined effect of the applied electric field-

.and the ionic field of the lattice. Thus the properties such as effective mass,

mobility!, etc. of a hole are quite diffcrent from the corresponding properties

‘of electrons. For example, a hole has larger effective mass and lower

mobility than the corresponding values for an electron. The charge of a hole
is equal and opposite to that of an clectron. These properties have been
described in the previous chapter. It is now apparent that, in an intrinsic
semiconductor, the number of clectrons, n;, in the conduction band is always

- equal to the number of holes, p,,mdlevalcnccband i, n —p,.andelﬂlct
ik :oncof(heselsmﬂedﬂlcmmnszccamerconceMratwn. ”'_ 000 -

&mdesﬂ:cgenaahonoffreeelecm—holepmrs there is another

bt ptmss callod recombmatwn of carriers in semlconductors A free electron

i 1 Mobxhty of a carrier is thc velocity- acqu:red by it in a unit eleotnc ﬁeld.
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Flectrons Conduction band

erN ,'.'.'.'.'o : _it so as to reconstruct the broken cova-
e e T e lent bond. Thus the electron/hole pair is

ofe~h | Recombination : i
o Band gap |(1°COmbin destroyed and the free ele;(tron is con-

4 .3 ; verted into the bound .elcctron. This
Holes_, o 9499 0c® recombination process-is equivalent to
N b s ; an electyon jumping from the conduc-

Fig. 7.2. Energy band diagram ofan _ - . i
inlﬁmic':endconductorsshowinf; hes itk the of-enc ey equal to
generation; and. recombination of on the band gap energy in the form of
electron and a hole.

Fig. 7.2. In an intrinsic semiconductor,

the rate of generation of carriers, g, depends on the temperature and nature
of the material. The recombination rate, R, on the other hand, depends on the

concentration of electrons and holes in a material at that temperaturc. In

cthbnum, the generation rate just equals the recombination rate, ie.,
&= R=C np;

where C is a proportionality constant which depends on the nature of the
material. Since in an intrinsic semiconductor, n; = p; , we have

§ENeCW : 1.1
For a given temperature, the quantity n; is a constant and depends only on
" the nature of the semiconductor. It will be realized later that the constant C

is related to the densities of states of electrons and holes al the conduction
band and valence band edges respectively.

7.3 IMPURITY OR EXTRINSIC SEMICONDUCTORS

: The intrinsic semiconductors, as such, are of litile importance owing
“to their very small and fixed conductivity. The introduction of impurity
atoms, i.e. doping, is the most efficient and convenient method of increasing
and altering the conductivity of an intrinsic semiconductor. Depending on
the type of doping, excess electrons or holes are generated in the material
which are frec to conduct electricity. The impurity atoms frequemly em-
ployed to dope pure silicon or germanium are the elements of Group III and
Group V of the periodic table. These impurity atoms are referred to as
acceptor or p-type and dongr or a-type impuritics as they contribute excess
holes and clectrons respectively to the semiconducting material. The semi-
conductor is accordingly known as p-type or si-type semiconductor. The
~ dopants are added in the ratio of about 1 in 10° to 10® atoms of the
semiconducting material. Such a small quantity of dopants does not bring
about any structural changes in the semiconductor as the impurity atoms

moving randomly in a semiconductor.
may encounter a hole and combine with

f
&
G

tion band to the valence band and oc- .

electromagnetic radiation as shown in :
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- replace the regular atoms in the crystal, However, the conducuvnty of the

semiconductors is greatly affected by such substitutions. o
7.3.1 Donor or n-type Semiconductor

When a pentavalent impurity atom of Group V, such as phosphorus,
arsenic or antimony, is introduced into silicon, four of its five valence
clectrons form covalent bonds with the neighbouring four silicon atoms while
the fifth valence electron remains loosely bound to its nuclcus as shown in
Fig. 7.3a. A small but definitc amount of energy is required to detach this
fifth electron from its nucleus and make it frec to conduct. The energy .

required is, however, quite small as compared to.the energy required for n

breaking a covalent bond and can be easily provided by thermal agitation
inside the crystal.

. = Donor
Band gap level

!

Valence band

' (b)

Fig. 7.3.(a) A pentavalent impurity atom (P) in a silicon crysal. (b) Energy level
diagram of an n-type semiconducior.

. The energy level corresponding to the fifth valence electron lies in the
band gap just below the conduction band edge as shown in Fig. 7.3b. This
level is called.the donor level. The depth of the donor lcvel below the
‘conduction band is merely about 0.01 eV for Ge and 0.03 eV for Si. The
electrons are, therefore, casily transferred to the conduction band leaving
behind positively charged immobile impurity ions. Thus each pentavalent

- impurity atom donates one free electron to the semiconductor. Such impu- .

rities are, therefore, known as donors or n-type impurities and the semicon-
ductor containing such impurity atoms is known as an n-type semiconductor.
In these semiconductors; the current is carried mainly by electrons which
are called majority carriers. The thermally gencra(eq holes are qalled
minority carriers®The electron concentration, 1, is obviously quite large as
compared to hole concentration, p, but their product always remains constant.
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where n; and p; are the intrinsic values of the carrier concentration. This
relationship is called the law of mass-action and will be derived laer.
732 Acceptor or p-type Semiconductor i T
If a trivalent impurity atom of Group III, such as boron, a!umxmum.

gallium or indium, is introduced into silicon, it forms three covalent bonds

with the neighbouring  three silicon atoms while the fourth bond is not
completed due to the deficiency of one electron. This incomplete bond is

shown by broken line in Fig. 7.4a where the small circle (marked 'a")

represents the clectron deficiency. Thus the trivalent impurity ‘atom has a

lendency to accept one clectron (§ay 'b’) from a neighbouring silicon atom i

to complete the fourth covalent bond. This process requires a small amount
of energy which is casily provided by the thermal agitation in the crystal. The

transferred electron leaves behind a broken ‘covalent bond, i.c., a hole, at_

position 'b* on the silicon atom which acts as a current carrier.

oot

AN B
: : evel

Valence band

(a) (b)
Fig. 7.4. (a) A trivalent impurity atom (B) in a silicon crystal.
. (b) Energy level diagram of a Pp-type semiconductor.

il The energy level corresponding to the electron deficiency of the type
' is located just above the valence band and is called the acceptor level.

- 'The acceptor levels arc located at a distance of about 0.01 eV above the top
of the valence band in Ge and at about 0.046 10 0.16 eV in Si. An electron
‘can be casily transferred from the valence band 1o the acceptor level by
_ providing this small amount of energy. This creates a hole in the valence band
- which acts as a mobile current carrier. The negatively charged impurity atom,
how:ver. remains immobile and does not contribute to conduction. 'Ilmseach

- atom o produce a hole in the semiconductor. Such impurities are, theufore,
~ known as acceptors or.p-type impurities and the semiconductor containing
_ Such impurity atoms is known as a p-type semiconductor. In these semicon-
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ductors, holes are the majority carriers and thermally generated electrons are
the minority carriers. In this case, p is quite large as compared to n but the
law of mass-action still holds, i.e., np = n,p; = n2. It may also be noted that
in either type of semiconductors, the overall charge neutrality is maintained

_as no charge is added to or removed from the material.

74 DRIFT VELOCITY, MOBILITY ANDFCONDUCTIVITYV OF
. INTRINSIC SEMICONDUCTORS

" At finite temperatures, due to thermal agitation and lattice vibrations,
some of the valence band electrons are always present in the conduction.
band, i.e., at ordinary temperatures, an intrinsic semiconductor always
contains some free electrons in the conduction band and an equal number
of holes in the valence band. In the absence of any applied electric ficld,
these electrons and "holes move in random directions and constitute no
cucrent. When an electric field is applied, these elecirons and holes get
accelerated towards the opposite ends of the field and their velocity begins
to increase. This increase in vclocity,' however, does' not continve indef-
initely because of the collisions of these carriers with the various types of
obstacles, such as atomic nuclei, phonons, etc., present in the semiconductor.
Depending on the mean free path, the carriers acquire an average increment
in velocity which is lost during the subsequent collision. This extra velocity
acquired by the carriers in the presence of an applied electric field is called
the drift velocity and is denoted by v,. It is proportional to the strength Ejof

 the applied electric field, i.e.,

v,x &

or |
g = uE (1.3)
where the constant p is called the mobility of the charge carrier and is defined
as the drift velocity acquired by a carrier per unit electric field strength.
" In an intrinsic semiconductor, since the electrons move in nearly
empty conduction band while holes move in nearly full valence band, the
properties such as mobility, conductivity, etc. of clectrons are, in general,
different from those of holes. Let v, u, and n denote the drift velocity,
mobility and concentration of electrons respectively in the conduction band.

Then current density due to electrons is given by
N J, = nevy, : *(74)

: where e is the electronic cﬁarge..We can write (7.3) for the electrons as

o i p.&' ‘

4
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Therefore, from Eq. (7.4), we obtain : .
J, = nep & ; ‘(7.5)
Comparing it with Ohm’s law, i.c., ‘
J.=0,&,
where g, represents the electronic conductivity of the material, we get
: o, = ney, : : (7. 6)

- Similarly, we can writc the expression for the conductivity due to holes in
the valence band as.

), = Pen, ; ; (1.1
where p and i, represent the conccm:auon and mobility of holes respectively.
Thus the lotal conductivity of the material is

G=0,+0, ;
= e (ny, + pu,) (1.8)
For an intrinsic semiconductor,
n=p=n,
Therefore, Eq. (7.8) becomes )
=en, (u, + pp) : (1.9)

It is important to note that, in scmiconductors, the movement of carriers
or the flow of current is, in fact, the consequence of the following two
processes :

(i) drift of carriers under the cffect of an applied field; the resulting
current is called the drift current.

(ii) diffusion of carriers under the effect of concentration gradient
of dopants present inside the semiconductor ; the correspond-
ing current is called the diffusion current.

In the above treatment, we have considered only the drift current contribu-

tion. The diffusion current contribution is absent in semiconductors having

a uniform distribution of impuritics.
Vanatlon of Conduchwty with Temperature

Assuming mobilities 0. be mdcpendent of temperature, the temper-
ature dependence of conductivity arises because of the variation of intrinsic
carrier comen(ratxon, n;, with temperature. It will be proved that n; is given
by - S
B E :

o AT (,'"" ”’p)‘ ~ exp, —E-ki?: (7.10)

-
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- where m_* and m,* represent the effective niasses of an electron and a hole

respectively, Eg is the band gap, & is the Boltzmann's constant and T is the
absolute temperature. Substituting n; from Eq. (7.10) into (7.9), we get

= e, + ) ———"ne 2(21"1.) (m“ m;)y‘cxp(—_E_L.}

which gives

(7.11)

; E,
Ino =- (—&) .3 by §-lnT + constant (7.12)

XTI 2
The first term on the right hand side is the dom-
inant term. The plot of Ino versus 1/T is a straight
line as shown in Fig. 7.5 The slope of the line T
gives an estimate of the band gap of the semicon-
ductor. £

7.5 CARRIER CONCENTRATION AND
FERMI LEVEL FOR INTRINSIC
SEMICONDUCTOR

The concentration of electrons and holes
in a semiconductor can be obtained from the
knowledge of the densities of available states in

T ——

Fig. 7.5. Plot of Inc
versus I/T.

the valence band and the conduction band as well as the Fermi-Dirac distri-

bution function. The expression for the Fermi energy is then obtained from
these carrier concentrations.

7.5.1 Electron Concentration in the Conduction Band
Referring to Eqg. (5.44), the number of free electrons per unit volume

"'iq-z'lnencrgymg'e'EandE+dEcanbewrittenas

dn = D(E) fiE) dE (7.13)
- where D(E) is the density ot states aefined as the total number of allowed

*electromc states per unit volume in a semiconductor and fE) is the Fermi

~ distribution function representing the probability of occupation of a state with

R encrgy E. The expression for {E) is given by Eq. (5.28) as

: 3 Y] % l
£ 3 exp bl s +1
. kT :
whexeas that for D(E), which is stnctly valid for free electrons, is obtamed
ﬁ'om Eq. (540) as .

(7.14)

"



: E-E (E-Eg).
1+exp(——-ﬁ.£]sexp( xT )

*D(E?f—-‘%} (e b iy

 Using Bgs. (7.15) and (7.13), we obtain 7 |

d’i“‘»%(h)mlf"’fw)dlf S e ey
gl , _

- It is apparent from Fig. 7.6 that an electron occupying an energy state E iri

the conduction band, in fact, possesses the kinetic energy (E-E ). Therefore,
in Eq. (7.15), E must be replaced by (E-E,). Thus Eq. (7.16) becomes

«\ 32 1 :
dn=2% (am) (E-E,)" — dE (117)
1 | (E—- Ep i
expl ———1 % ]
hiowr .
where m, * is the cffective mass of the electron in the conduction band. The

concentration of electrons, #, in the conduction band is obtained by integrat-
ing Eq. (7.17) from E=E_10 E = o, ie., ‘

2

L ‘)3’2? (E-E,)"*aE

B o)1 o il Gl
" Ec exp Eoly +1 electtonI ) cB.
& kT Eg :

LEATA8)
A% ; | P Euh
Now, near room temperature, kT=0.026 poe l . /
cV. Therefore, for energics greater than . A %
E_, we have ‘ ;
THies g Fig. 7.6. Band model of an

intrinsic semiconductor.

4u [\ E, -Ecr Vi urrz> | _ET—E,
- 8" el ) Jo-n) e {57

ne 25 o e eel {5550 )

l E-E __
L“ i g o T e
; dE = kT dx

For silicon,

e oW (B mye
. n= e (Zm,,) cxp( FkT c)gxuz(kT)me“dex

4 o9 2 (P £\
"= ~—2m kT GE 1% 112 ~x
PE ( ' ) cxp( T ]({x_ e dx
Now

.?xme_xdx % (E 2
0 4

B snmter Y2
m, E —
n=2 [“h; J exp [—( CkTEF )} i

From Eq. (7.14), the pfobability of occupancy of level E_ is given by

fE) = — i & ‘(EE—EF :
l+exp( Eck}EF) exP[ kT J

Therefore, Eq. (7.19) becomes

The first term on the right hand side must represent the effective density of

states:'of electrons af the conduction band edge. Denoting it by N_, we have
« 3 c,
& B Ec —EF
| n =N, exp [ ( T )J , (7.20)
where '
: . AN
£ Bt (7.21)
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p
= =2 e . m— 3
N,=28x10% (300) i
7.52 Hole Concentration in the Valence Band

An cxpwssion simil{u_‘ to (7.13) for the number of holes per unit volume
in the energy range E and E + dE can be written as

" dp =D(E)(1 -j(E)-]dE 26 : (1.22)
, where we have replaced f{£) by [1-fE)] which represents the probability

of an energy state E not to be occupied by an electron, i.c., the probability
of finding a hole in the energy state E. Now
E-Eq
i . kT
1fE) =1 —F—— =

—-E E-E ;
1+exp(EkTF) l+cxp( kTF)

In the valence band, since E<Ep, the exponential term in the denominator may
be neglegted in comparison to unity. Thus, we get

E-Ep
1 -AE) =exp T

1 exp'

(7.23)

1t follows that the probability of finding holes decreases exponentially with-

increase in depth into the valence band. Also, the kinetic cnergy of a h(?le
in the energy state E in the valence band is‘(Ev—E). Therefore, the density
of states per unit volume in the valence band can be written as

G e 112
DEy= =5 (2m,)" (£, - E) . (7.24)
where m_* is the effective mass of a hole in the valence band. Using Egs.

(7.23) and (7.24) in Eq. (7.22) and integrating from E=-w0t0o E=E, we
obtain the hole concentration in the valence band as

4n 32 E w2 (E-Eg
p= 5 (Zmp) | (E, - E) ex? T

—o
47 +\3/2 EV“EF‘Q E;' _ min E_'Ev)ds
=5 (am) °"p[ G A B
E-E .
Let =

: 211
dE = —kT dx

1) exp(%’i) ix"zkkf)"ze“ (~kT) dx
)y?exp(-g‘ik;ﬁ) (IcT):V2 Zx"ze"’dx :
o kT)mexp( ﬂéﬁ ) (;Jx/z :
: an';,kT e EF;E 5
____] exp[-("‘ﬂ.*"n : (7.25)

= o EF_EV 2
p=N, cxP[ (—FT H (7.26)

- 3/2
anka
Noméi = H 7.27)

;represents the effective density of holes at the valence band edge. For silicon,
b :

T 3/2 3
Nv =28 x 1975 (50‘) m

_. electron and hole concentrations given by Egs. (7.20) and (7.26)

Tespectively are valid for both intrinsic and extrinsic materials. For intrinsic
materials, these equations can also be written as

‘o (E.-E ; __(13’,—-13".‘1
n; = N_ exp T » Pi=N, exp \ " kT (7.28)
¢ the Fermi level Ey has been replaced by the intrinsic level E.
Fermi Level :
For an intrinsic semiconductor,

L R A

R
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n=p=1n
Therefore, from Eqgs. (7.20) and (7 26) we get

i {_(Ef,-c—TEF )] = N, exp [-(E";TE" H

- Semiconductors
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Using Egs. (7.21) and (7.27) , the above expression becomes
i 3 *
2nkT - o\32 _E it
np=n?=4 [ K2 ) (m: "'P) £ (.33)
HI';‘

'-: - This shows that, for a given semiconductor, the product of electron and hole

~ concentrations is a constant at a given temperature and is equal to the square

m‘a of the intrinsic carrier concentration. This is called the law of mass action

2E--E.-E, i N, md holds for both intrinsic and extrinsic semiconductors. If impurity atoms
i exp (————ET__—_ N,  are added to a semiconductor to increase n, there will be a corresponding
: - V ,decreasc in p such that the product np remains constant. Thus we always
E_I_E_E__,E__E— In N ‘have 5 _
or kT N, np = n; (7.34)
: y The intrinsic carrier concentration can be directly obtained from Eq. (7.32)
- or (7.33) as
' & ’v

or 2 ‘ 5 = QLN g (_%) - (1.35)

Using Eqs. (7:21) and (1.27) in Eq. (7.29), we obtain P - :

: . ™
: B . 2nkT E,

E+E, _ 3 T In o (B (7.30) L =2 > ) ( ) exp | ——£- (7.36)

Ep= i »: f:* h 2kT

F > 4 m, 1t
Ot& For pure Ge at 300 K, the intrinsic electron concentration is about 2.4x10!?
oK 3 when the concentration of germanium atoms is 4.4x10% m=>. This
” 4 shows that, at ordinary temperatures, only about five covalent bonds per 101°
Ep= E£_+_E_"- (1.31) ‘atoms of germanium are broken and contribute to intrinsic conduction. On
2

i.e.. the Fermi level lics in the middie of the conduction band and valence

A *

temperamres p:ovxded "'p*"m
band'I'lus|salsotmeata\loﬂler e s tightly as
However, in general, mpt>m*andﬂle

T exceeds 0 K. Foerat?:OOK,dlemcrcasemFermlenergy|sabout001 i

¢V only which may be neglected for all practical purposes. .
7.5.4 Law ofMassAchonandlntnnsnc Carrier Concentration
. Since for an intrinsic semiconductor,
: n=p=n,
the Eqs. (7.20) and (7.26) yield

EC_EV
np=n} =NN,exp |~

T A 8y s (1.32)
= NN, exp |~ 4t 7

' the other hand, in metals such as copper, about 10?8 electrons per cubic metre
are available for conduction.

7.6 CARRIER CONCENTRATION, FERMI LEVEL AND
CONDUCTIVITY FOR EXTRINSIC SEMICONDUCTOR

As dmcnbed earlier, the donor or acceptor levels are present in an

N-type Semiconductor

The energy level diagram for an n-type semiconductor is shown in
g. 7.7. At 0 K, all the donors are in the unionized state, i.e., all the donor
" els are occupied with electrons. As the temperature increases slightly,
s ome of the donors get ionized and contribute electrons to the conduction
. Also, some of the valence band electrons may jump to the conduction
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band leaving behind holes in the valence band. The number of holes
produced in this process is, however, quite small. Therefore, the Fermi level
must lic somewhere near the middle of the donor level and the bonom of
the conduction band. We determine the equilibrium carrier concentration at
a temperature T. Let there be N, donors per unit volume occupying the donor
levels with energy E;. Assuming that E lies more than few kT below the

conduction band, the electron concentration in the conduction band, as given

by Eq. (720).

n=N_exp| -—<_F1" .20

Cp(. kT.)- o (_7.)

The electron concentration must be equal to the sum of the concentra-

tion of ionized donors, N, in the donor levels and the concentration of

thermally generated holcs» the valence
band ie;

: n=.-N4"'+.p, : (1.37)
If a sufficient number of donors are
‘present to produce electrons in the
conduction band, the concentration of
thermally generated holes gets sup-
pressed as a consequence of the law of

_mass action [Eq. (7.34)]. Thus p may be

\_ neglected in Eq. (7.37) which, there-

fore, becomes

n=N;

v// //////

Fig. 7.7. Band model of an n-type .

(7.38)

seaseandicter. Also, from Eq.(7.34), the concentration
of ininority carriers (holes) is given by
% ‘ :

R : 398

Nd : 2 ! :
and the concentration of ionized donors is calculated as {
NF = Nyl -fE)] ¢

= ‘»Jd {/1— l -
1+expy— frofe o
kT
R n—

AT
. e

[
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=)
e ()

w555

where we have n'eglected ‘the exponent term in the denominator assuming
that E lies more than a few kT above Ed Using Egs. (7.20) and (7.40) in
Eq. (7.38), we obtain :

o {55 {555

(7.40)

or In N, (E e =in N, - Er-E; )
kT g% ik o
E.-E Er-E h
or b o SE BN S R i -
XL +* T InN; - InN, :
' E, +E kT N,
F 2 9 H(Nc) (7.41)

This gives the position of the Fermi level at moderate temperatures. Since
N_ varies as 732 as given by Eq. (7.21), this equation is not valid for T=0 K,
Also, it is not valid for T — o because, at very high temperatures, the
assumption of suppressing the holes does not hold good. The only valid
information obtainable from this equation is that the Fermi level lies some-
where near the middle of the donor level and the conduction band edge at
rpodcratc temperatures. This is particularly true for those values of T and
N, for which the second term on the right hand side is negligible. As T
increases, .the Fermi level moves downwards and crosses the donor level.
For sufﬁciently large temperatures, it drops to EL/2, i.e., coincides with the
intrinsic level E;. This is, however, not apparent from Eq. (7.41). In such
a case, the extrinsic semiconductor behaves like an intrinsic one. The
variations of (E;~7 ' vith temperature for both n and p type silicon are shown
in Fig. 7.8 for diff& . impurity concentrations. : :
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Fig. 7.8. Variations of Fermi level with temperature and
' impurity concentration for Si. :
A direct relationship between the equilibrium carrier concentration
and the position of the Fermi level relative to the intrinsic level, as obtained
from Egs. (7.20) and (7.28), is

: Ep-E
n=n exp( kT ‘) (7.42)

It is obvicus from this equation that the equilibrium electron concentratio.
approaches the intrinsic carrier concentration as E approaches E;. Also, the
electron concentration increases exponentiaily as the Fermi level moves
away from E; towards the conduction band. A similar relation for the hole
concentration will be obtained later.

The free electron concentration in the conducnon band is obtained
by subsntuung the value of E from Eq. (7.41) into (7.20), ie.,

E-E 1[N
i L bl R TP B
Nc"""[ - B "(NC

-N_d- 82 - Ed_Ec)
el TR

N,

KB
(N2 exp( o ) (7.43)
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E. . - 12
. I (N,,Nc) exp ( 2kT) (7.44)
: where AE = E ~E, represents the ion-

ization energy of the donors. This shows
that the carrier concentration at moder-

ate temperatures varies as 1/N,, !

The electrical conductivity of an
n-type semiconductor can be calculated
from

5 e everry o
Fig 7.9. Conductivity versus

_ temperature for a typical n-type
' germanium sample.

c=eny, =eNsjtp, (7.45)
where it has been assumed that the con-
J duction is mainly due to electrons.

E ‘p Knowmg the electron concentration, 7, and the electron mobility, pu, at any
~ given temperature, the electrical conductivity can be calculated by using Eq.
A’B« (7.45). The temperature dependence of electrical conductivity for an n-type
- germanium is shown in Fig. 7.9. The following conclusions can be drawn

from this curve :

(i) Starting from the very low temperature (about 10 K) corre-
- sponding to the point A, the conductivity increases with rise
: in temperature, This is due *> the increase in the number of
conduction electrons as a rezult 7 ionization of the donors. The
conductivity attains a maximu:z value (point B) when all the
donors are ionized. The temperature corresponding to this 1s
about 50 K for a moderately doped n-type germanium.

(ii) The conductivity decreases with further increase in tempera-
ture up to about room temperature (point C) and is attributed
to the decrease in the value of mobility with rise in temperature.
There is also an increase in the intrinsic conductivity but to a
lesser- extent.

(iii) The sharp rise in conductivity from C to D is due to the large
increase in intrinsic conductivity which offsets the decrease in
~ mobility. :

(b) P-type Semiconductor

f The case of a p-type semiconductor can be treated in the same way
s that of an n-type semiconductor. The energy level diagram for a p-type
- semiconductor is shown in Fig. 7.10. The acceptor impurity atoms occupy
:  the acceptor levels, E,, which lie above the valence band. For T >.0 K, a
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pan of thm acceptors is ionized by
acquiring electrons from the valence
band, thus creating holes in the valence
band which cause p-type conduction.
Apart from these holes, some thermally
generated holes are also present in the

valence band. If n, p, N, and N, rep-
resent electron concentration in the con-
duction band, hole concentration in the
valence band, total acceptor concentra-
tion, and concentration of ionized ac-
ceptors respectively, then

p;n+~;

Conduction band {X
£ %*&5&

Fig. 7.10. Band model for a
p-type semiconductor.

Neglecting n in comparison with N,
for a p-type semiconductor, we get

ps N, (7.46)
The concentration of ionized acceptors is given by
Ny =N, f(E) '
= N ‘ (7.47)
1+exp Byv By
e

Assuming (E-Ep) to be large as cdmpared to kT, Eq. (7.47) can be written
as

E,.-—Eﬂ)

N, =N, cxp( T

The hole concentration in the valence band is given by Eq. (7.26) as

©

Ef-E,
p=N,exp |77 (1.26)

Using Eqgs. (7.48) and (7.26) in Eq. (7.46), we obtain

E =E, Ep-E,
N, exp kT N exp T ) i

which, on simplification, gives

(7.48) »

-
b

e
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As described earlier, the Fermi level at moderate temperatures lies near the
middle of the acceptor level and the top of the valence band. It moves
upwards with increase in femperature and finally coincides with the intrinsic
level as shown in Fig. 7.8. The expression (7.49) is not valid at very high
temperaturcs where n cannot be neglected.

Using Egs. (7.26) and (7.28), we obtam an expresswn identical to Eq.
(7.42), i.ec.,

.’P="ie_xp( kT ) (7.50)

It indicates that the equilibrium hole, concentration approaches the intrinsic
carrier concentration as Ej approaches E;. Also, p increases exponentially -
as Ep moves away from E; towards the valence band. An expression for the
hole concentration in the valence band can be obtained by using Eq. (7.49)
into (7.26) as in the previous case. -

The eclectrical conductivity of a p-type semiconductor is given by
G, = ep, = eN,~ Hp (7.51)

where the conduction due to minority carriers has been ignored. The variation

- of conductivity with temperature is similar to that for the n-type semicon-

ductor.

It also follows from Egs. (7.45) and (7.51) that the increase in
concentration of either type of impurity atoms increases the conductivity of
a semiconductor. For impurity concentration ranging from 1020 to 1022 m™3,

.the resistivity of Si and Ge varies from 10~ to 10! ohm-m. If doping is

heavy (1023 to 1024 atoms/m3), the conductivity of semiconductors becomes
comparable to metals. Such semiconductors are called degenerate semicon-
ductors and find applications in high power and high frequency devices.

(¢) Mixed Semiconductor

In a semiconductor containing both n and p-type impurities, the law
of electrical neutrality is written as

Nf+p=N"+n (7.52)
= N, and using Eq. (7.34), we obtain ' o

N ] p=n=mn;

Taking Nt

ThlS shows that, for equal concentrations of donors and acceptors, the
semiconductor behaves as pure or intrinsiesse¢miconductor. All the ionized
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icceptors combine with free electrons of the donors and all the ionized donors
- combine with free holes of the acceptors to produce no net free carriers. Fo.
N;*#N_~orsimply N;#N, (donors and acceptors are assumed to be ionized),
the semiconductor behaves as n-type or p-type depending on the relative

magnitudes of N and N, and the cases described above become applicable.

SOLVED EXAMPLES

Example 7.1. The electron and hole mobilities in a Si sample are 0.135 and

0.048 m%/V-s respectively. Determine the conductivity of intrinsic Siat 300 K
if the intrinsic carrier concentration is 1.5x10' atoms/m’. The sample is then
doped with 1023 phosphorus atoms/m>. Determine the equilibrium hole

concentration, conducuvnty and position of the Fermx level relahve to the

intrinsic level.
Solution. Given &
= 0.135 m*/V-s

& " 3 »
K, = 0.048 m2/V-s
a o= 15% 1008 3
 In the case of intrinsic semiconductors,
n=p=n
Therefore, the conductivity is given by
o = en; (b, + pp) :

1.6 x 10719 x 1.5 x 1019 x (0.135 + 0.048)
4.39 x 104 (Q-m)™!

In the extrinsic case, since N, >> n;, and assuming all the donors to

_be ionized, we have
= 102 atoms/m>
Therefore, the equilibrium hole concentration is

16
p= .n'_ - Qi:l(_)__)_ = 225 x 109
n 102
The condﬁctivity is given by Sy
c = enp,
" 16x10-19x10?3x0135

21.6 x 102 (Q-m)-l

it
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From Eq. (7.42),

E E, = k
i Tln(”i)

, g W
= 8.62 x 107 x 300 In| ———=

4 1.5x10'¢
T ————— ——— E; = 0406¢eV
1.1eV Io.4oe eV The position of the Fermi level in the
: E‘! band diagram is shown in Fig. 7.11.
Example 7.2. In intrinsic GaAs, the

E, electron and hole mobilities are 0.85

and 0.04 m%/V-s respectively and the

Fig. 7.1 corresponding effective masses are 0.068

m, and 0.5 m, respectively where m is the rest mass of an electron. Given

(he energy band gap at 300 K as 1. 43 eV, determme the intrinsic carrier
concentration and conductivity.

Solution. Given,
M, = 0.85 m%V-s.

B = 0.04 ﬂi’N-s
m."' = 0.068 m,
mp' =05m,

Eg = 143 eV

T =30K

From Eq . 36) the mmns:c carrier concentration is glven by
2o 2nkT V4 E
b 2( e ) fma P) . ('"2#)

: % 2
5 2nx1.38x1072 x 300 i ;
(6.63x107)?

=
I

: sty i ho 52
x | 0.068x0.5%(9.1x10™!) | exp| - —
. : v T\ 2x862x107 x300

= 194 x 1012 ;3
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Thc conductmty is given by
en; (B, + up) -
=1 6x10“9x1 94x1012x(0.85+0 04)
= 2.76x1077 (Q-m)!
) Example 7.3. The resistivity of an intrinsic semiconductor is 4.5 ohm-m at
20°C and 2.0 ohm-m at 32°C. What is the energy band gap ?

Solunon. For an intrinsic scm_lconductor, we hgvc

o= en,-p

g

Using Eq. (7.36), we get

\3/2 3/4 E Y
2nkT * * e

: E,
el 8 T
where C is a constant given by

Az 34
cosm(#) 65

‘ If 6, and 0, are the conductivities at temperatures T, and T, re,Spectively,_

then
T I »

S Ry Zx_) ep{E (_l__l_)}

'02. ﬁ »Tz 2k k l
whercprepresentsthgreéisﬁvity.l‘hcaboveequaﬁoncanalsobee;pressed
as : :

2\f ) e 2 G

py = Uo; = 45 chm-m
pz.-.llcz=2.0d|m-m

Now.Wcha"c
=20+273=293K,
32+273 3051('

G S (L pke¥ g l.,(“) +§|n(392 :
T 2x138x10°2 \293 305 20) " 2 " (305

B - 3 =t 1019
3“" _ . E, 1.54xlt I

E iy = 0.96 eV

g - SUMMARY

k :

[‘I L Senuconductors are malenals which have electrical conductivity

iymg between those of conductors and insulators. They exhibit band gaps
of the order of 1 eV and negative temperature coefficient of resistance.
.Bxamples of these materials are Si, Ge, GaAs, InP, CdS, etc.

4 2. In a semiconductor, two types of current carriers are present, viz.,
electrons and holes. Electrons conduct in the conduction band and holes
; conduct in the valence band.

0 3. In a pure or mmnsnc semiconductor, electrons and holes are
thermally generated and are equal in number.

4. In a doped or extrinsic semiconductor, the conduction is mainly
by either electrons (n-type conduction) or holes (p-type conduction). The
* electrons in the n-type and holes in the p-type semiconductors arc called
~ majority carriers. The holes in the n-type and electrons in the p-type matenal
Q “are termed the minority carriers.

W

p 5. Mobility is the velocity acquired by a carrier in a unit electric field.
P' Electrons have greater mobility than holes. Hence devices with n-type
5eonductxon are mostly preferred to those with p-type conducton.

~ 6. In general, two types of currents flow in a semiconductor — the
dnft current and the diffusion current. The motion of carriers in an electric
. ‘Tﬁeld constitutes the drift current. The diffusion current arises from the
“motion of carriers under the effect of concentration gradient of the carriers.
In a uniformly doped semiconductor, the latter contribution is absent.

7. The conductivity of a semiconductor, in general, is given by
- o=e(np, + Py bl -

temperatur TheplotoflncvasusllTnsasﬂmghthneandcanbeused
dpta‘nnnethebandgap

, 9'Ihcconcentmnonofelecttonsmthecondncnonbandmdholes
n the valence band are given by the expressions :

8. The conductivity of an intrinsic semiconductor increases with

i
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The intrinsic carrict concentration is

372 2 - ; - -
2nkT R ko e
ni=2( W ) (m,, mp) exp( ———sz)

10. The law of mass action, i.e., _
holds for both intrinsic and extrinsic semiconductors. i, A
li In an intrinsic semiconductor, the Fermi level lies in the middle

of the conduction band and the valence band edges. At moderate temper-

i i -type semicon-
i i ntrations, the Fermi level of an n :
O i f the donor level and the conduction band

goereioiagisions st ductor, it lies in the middle of the acceptor

ereas in a p-type semicon . ’
T:vg;' ‘awnt:i the valet‘\yce band edge. As the temperature increases, Qle Fermi

level approaches the intrinsic level:

VERY SHORT QUESTIONS

What is an intrinsic semiconductor?
* What is an extrinsic semiconductor?
Explain the concept of hole.
What type of carriers is present in a semiconducto

Define mobility of a charge carrier.

r?

What is doping? '
Draw the energy level diagram for an n-type semicon
it.

8.  Draw the enrgy level di
it g4 .

a gvwm R W P

ductor and label

agram for a p-type semiconductor and label

Solid State Physics .~ |

= el e

Semiconductors ; 225
9.  What arc majority carricrs and minority carriers?
10.  Define law of mass-action. For what typc of semiconductors does it
hold?
11.  Define drift velocity of a carrier?
12.  What are dcgenerate semiconductors?
13.  Which has greater mobility, clectron or hole?
14.  Can a semiconductor containing both n-type and p-type impuritics
behave as intrinsic semiconductor? Give reason.
SHORT QUESTIONS
1. Give the properties of holes vis-a-vis clectrons.
2 Explain the conduction mechanism for n-type and p-lype semicon-
. ductors.
3. What are donors and acceptors? Give two examples of cach.
4. Derive and discuss the law of mass action.
3. Explain the concepts of drift current and diffusion current. How are
they different?
6. Obtain an expression for conductivity of an intrinsic semiconductor.
How does it vary with temperature?
Show a typical variation of conductivity with temperature for an
extrinsic semiconductor and explain the different regions.
8.

Define the Fermi level. What is its importance in electronic grade
matcrials?

LONG QUESTIONS

Discuss the current conduction in semiconductors. How do conduc-
tivity of a semiconductor and a metal change with impurity content?
Explain the difference in behaviour of these two materials duc to
change in conductivity.

Derive expression for density of free electrons and holes in an intrin-

sic semiconductor. Show: that the Fermi level lies halfway between _

the valence band and the conduction band.

What is an cxtn'hsic semiconductor? Discuss the variation of the
Fermi level with temperature for an n-type semiconductor.

\\\\\ ul

el
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Derive an éxprcssion for density of electrons in the conduction band
for an n-type semiconductor. :

What arc mobility and conductivity? Obtain an expression for con-
ductivity of doped scmiconductors.

Derive cxpressions for electron and hole concentrations for an ‘ntrin-
sic semiconductors. Use these results to obtain intrinsic carrier con-
centration.

Show that the product of electron and hole concentrations in a semi-
conductor is constant at a given temperature. How is the energy gap
determined from the measurement of clectrical coductivity of a semi-
conductor?

PROBLEMS

An'intrinsic germanium crystal has a hole density of 10'® m= at room
temperature. When doped with antimony, the hole density decreases
to 10'7 m~3 at the same temperature. Calculate the majority carrier
density. i (102! ;n3)

The band gaps of diamond and silicon are 5.4 and 1.1 eV respectively.
Estimate the temperature at which diamond has the same conductiv-
ity as Si at 27°C. (1200°C)

The conductivity of intrinsic Si is 4.17 x 1073 and 4 x 107*
(©-m)~! at 0°C and 27°C respectively. Determine the average band
gap of Si. : (1.11 eV)
The conductivity of a-type gerr.anium semiconductor is 39

Q!m™!. If the mobility of clectrons in germanium is 0.39 m?
V“s“‘, then find the concentration of \he donor atoms.

: (6.25 x 1020 m™3)
How many donor atoms should be added per cubic metre of pure
germanium crystal such that an n-type semiconductor is formed whose

conductivity is 500 mho/cm. Given that thc mobility of electrons in
n-type semiconductor is 0.385 m2V-!s71. MR 1™

The conductivity of a semiconductor changes when the concentra-
tion of electrons is varied by changing the position of impurity level.
Show that it passes through a minimum when the concentration of

electrons becomes 7; \/ll p/Ba where n; is the intrinsic carrier con-

centration, i, and'p.’, represent the mobilities of electrons and holes

- respectively. Dicrmine the minimum value of conductivity.(2nep )

Semiconductors
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inintrinsic Ge are 0.39 and 0.19
atrinsic carricr concen tration and

T}Zxc mobilities of electrons and hojes”
m</V-s respectively. Determing the

onductivity by a {;
l.8] = S : 5 ya actor
(1.81x10"m3, 168 O-1. 1 L8 2.69x10%3m-3)

In an n-ty
) ies 0.5 ¢V below the

pe semiconductor, the Ferm;
Lionir. . ermi leve] |

n band. If the concentration of do

i n Sl 5
the new position of the Fermi level, given k(;:tgn(;; lz\‘lf‘PICd, i
(0.48 eV below the conduction bz d)



Chapter-VIII

MAGNETISM IN SOLIDS

Magnetism was observed as early as 800 BC_in a naturally occurring
material called load stone which was used for rfavngatxon purposes. In the
modern concept, all materials, viz., metals, semiconductors and insulators,

 are said to exhibit magnetism, though of different nature. The prese‘nt chapter
reviews the magnetic terminology in brief and describes the vam_)us types
of magnetism in detail.

8.1 MAGNETIC TERMINOLOGY

When a solid is placed in a magnetic ﬁ.eld., it gets 'ma.tgnetised. The
magnetic moment per unit volume developed m§1de a solid is called mc:gd
netization and is denoted by M. There is another important paraxn(?ter cal
the magnetic susceptibility, X, which is a measpre‘of the quality of thi
magnetic material and is defined as the magnetization produced per uni
applied magnetic field, i.c., ; V
1 = M/H 3.
where H is the strength of the applied magnetic field, also fefcrred to as the
magnetic field intensity. As the vectors M and H can, in general, have
different directions, ¥, is a tensor. However, In 1s-otrop1c media, M and H
point in the same direction and ) is a scalar quantity. Il; the SI system, t?oth
M and H are measured in amperes per metre (Am™) and hence ¥ is 2
dimensionless quantity. If M refers to a gram molt?cule f’f a substance, the
susceptibility is termed the molar susceptibi{iry and is designated t?y ; A 'I‘hlei
magnitude and sign of susceptibility vary with the type of magnetism as wi
be discussed later. : : s

Tile magnetic induction or magnetic flux dens.ity B produ.xce(! inside
the medium as a consequence of the applied magnetic field H is given by

B =y, H+M (82)
where p, is the permeability of the free space or vacuum fmd is' equal to
4% x 1077 Henry per metre (Hm™!). The quantity B is measured in Weber
per square metre (Wbm™2) or Tesla (T). Usinig Eq. (8.1) in (8.2), we obtain

| B=p,(1+0H 771(8.3)
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or B=pH 8.4)
where p is called the absolute permeability of the medium. Like y, p is also,
in general, a tensor; for the isotropic medium, however, it represents a scalar
. quantity having dimensions same as that of M, It'is more convenicnt to

introduce a dimensionless parameter 1, which is called the relative perme-
ability of the mediim and is given by :

e T Ry (8.5)
Thus, Eq. (8.4) becomes :
B=p,u H (8.6)
From Eqs. (8.3) and (8.6), we get g
B=1+x 8.7)

For free space, i.c., in the absence of any material medium, M = 0, x=0,
M=}, and p_= 1, and from the above relations, we obtain

B=p H (8.8)
8.2 TYPES OF MAGNETISM

According to the modern theories, the magnetism in solids ariscs duc
to orbital and spin motions of electrons as well as spins of the nuclei. The

- motion of electrons is equivalent to an electric current which produces the

magnetic effects. The major contribution comes from the spin of unpaired
valence electrons which produces permanent electronic magnetic moments.
A number of such magnetic moments may align themselves in different
directions to generate a net non-zero magnetic moment. Thus the nature of
magnetization produced depends on the number of unpaired valence elec-
trons present in the atoms of the solid and on the relative orientations of the
neighbouring magnetic moments. The magnetism in_solids has been clas-
sified into the following five categories : :

.{i) Diamagnetism

(ii)) Paramagnetism

(iii) Ferromagnetism

(iv) Antiferromagnetism

(v) Ferrimagnetism

Diamagnetism is a very weak effect and is observed in solids which
do not contain any permanent magnetic moments. The existence of a small

- non-zero magnetic moment in these materials is attributed to the orbital

motion of electrns. This magnetic moment is always directed opposite to
the applied magnetic field. The other types of magnetisms arise due to the
presence of permanent atomic o clectronic magnetic moments. Paramag-

*.
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where Ze represents the nuclear charge and m is the niass of the electron, It
gives the value of o, as

netism is also a weak effect but, unlike diamagnetism, the magnetic moment
is aligned in the direction of the ficld. Ferromagnetism is a very strong effect
and arises when the adjacent magnetic moments align themselves in the same

direction. In antiferromagnetism, the adjacént moments arc equal and op- Ze?l
posite to each other and hence complete cancellation of moments takes W= 41—3‘ (8.10)
place. Ferrimagnetism is similar to antiferromagnetism except that adjacent vy

moments are unequal in magnitude and hence complete cancellation of
moments docs not take place. The magnetic materials are classified accord-
ing to the nature of the magnetism present. It may, however, be noted that
above a certain critical temperature, the distinction between various types
of magnetic materials disappears and all the materials become paramagnetic.
The various types of magnetisms have been described in detail in the
following sections.

8.3 DIAMAGNETISM

As indicated above, diamagnetism in a material arises due to changes
in. the atomic orbital states.induced by the applied magnetic field. An

In the presence of a magnetic induction B, the Lorentz force on an electron
moving with velocity v is given by
F = e{v x B) (.11
Assuming the magnetic field to be perpendicular to the orbit, the magnitude
of this force is
F = epoB (8.12)

If o is the freqency of electron in the presence of the field, the force equation
can be written as

clectron revqlving in an orbit constitutes an electric current. When a mag- mo2p = : — epoB

netic flux linked with such an electric circuit is changed, an induced current 41;5092

is set up in such a direction as to oppose the change in flux in accordance -

with the Lenz's law. The magnetic field of the induced curregy is opposite = mo’p ~ epwB . [Using Eq. (8.10)]  (8.13)

to the applied field and produces the diamagnetic effect. The occurrence of
diamagnetism is manifested by the very small and negative value of the
magnetic susceptibility. Diamagnetism exists in all materials but is usually
suppressed due to the presence of stronger effects such as paramagnetism,
ferromagnetism, etc. The diamagnetism has been described quantitatively
by applying the classical and quantum theories. s
8.3.1 Langevin’s Classical Theory

Consider an electron revolving around the nucleus in a circular orbit
with frequency o,. Since a moving electron is equivalent to a current, some
magnetic flux is linked with such a current loop. When an external magnetic
field is applied, the magnetic flux linked with this current loop tends to change
which alters the current in the loop in such a way as to oppose the change
in flux. This change in current is manifested by the change in the frequency
of revolution of the electron. If o is the frequency of revolution of the
electron in the absence of an applied field and p is the radius of the orbit,
then we have , ]

Sy - 2
1 W‘“’l/g : mo 2p = e g 8.9)
Lo e gy s j 4@"0 ‘

= le?

where the minus sign with the Lorentz force represents the negative charge.
Thus : ;

e
~N
+
!
|
e
[ 5]
il
<&
‘aq

eB '
S @y = 5;; (8.14)

1M
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This shows that the freauency of revohitinn afan alectran chapaes by o factar
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of %’—;- in the presence of the magnctic induction B. The + sign in (8.14)
- : : :

~ significs that the clectrons with orbital moments parallel to the ficld are
slowed down whercas those with moments antiparallel to the field are speeded
up. This result is called the Larmor theorem. The change in frequency
produces an additional current which can be written as

{ = charge x revolutions per unit time

1 eB)
= oo

2 ;
PG (8.15)
4tm : ~

The magnetic moment of the current loop containing a single electron is given
by the product of the current and the area of the loop, i.e.,

u=-=p (8.16)

The negative sign signifies that the induced magnetic moment points in a
direction opposite to the applied field. If B is not perpendicular to the plane
of the orbit, then p in Eq. (8.16) represents the projection of the radius of
the orbit on a plane perpendicular to the magnetic ficld. If an atom contains
Z electrons with their orbits randomly oriented, the total induced magnetic
moment beccomes

<p > (8.17)

If the field points along z-axis, then
<pr> = <> + <yb>

is the mean of the squares of perpendicular distances of clectrons from the
axis of the field. The mean square distance of electrons from the nucleus is

<> = <> + <> + <>
For a sphcnc.ﬂly symmetric charge distribution, we have
b = <y2> <z2>
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Equation (8.17) now gives

2 : -2
LB g el -y ,
B, = 4 g s <r > LR )

For a solid consisting of N atoms per unit volume, cach containing Z electrons,
the cxpression for the diamagnetic susceptibility becomes ;
M NpZze?

Xaia= 7 =~ Rofgptly (8.20)
© 6m

This is the classical Langevin result and shows lhat the diamagnetic suscep-
tibility is independent of temperaturc.

8.3.2 Quantum Thecry
Using quantum mechanics, it can be shown that, in the prescnce of a

magnetic induction B, the Hamriltonian ‘H of an atomic electron changes to
‘H + M’ where the term H’ may be treated as a small perturbation and is given

by

ieh ez
H =- — (V.A+2A.V) + — A? 8.21
© 2m ( ) 2m ool

wherc A is the magnetic vector potential expressed by
B=VxA

If the magnetic induction is uniform, it can be described by lhc vector
potential A as

g lB><l'
2

L1z 2 ~
= 5[i(By2- By)+ ¥(Bx- B2) + k(Boy- B3)] 822)
For the tﬁagnetic field pointing along the z-direction, we have
B,=B,=0,B =B,
and Eq. (8.22) gives '

1 1 - Fail
A =- EyB' Ay = ExB, Az =0 (8.23) _
Also, o
VA= —“Z+—+—L =90
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and

AV = Aa+ ya)‘*'Az—

g

Therefore, Eq. (8.21) becomes

iehB( 0O a 2B . N
P g & sl e x +Yy 8.24
e 2m ( oy yax) 8m ( ) {520
In quantum mechanics, the angular momentum opcrator is given by
L=-ihrxV

G R T 8 G Rl a8
EATERCERRn AR

Thus, ‘it follows that the first term on the right hand side of (8.24) it
proportional to L. The distance r is measured from the nucleus.

If we consider a unit volume of a substance containing N atoms each
having Z clcurons, the second term in the expression (8.24) becomes

Ne’B* Z 7 NZe’B* 2

_ - E.l(xﬁ 7)== e (8.26)

 where <p?> represents the mean of the squares of radii of the projections <.>f
orbits on a plane perpendicular to the magnetic field. Now if the magnetic
field induces a dipole moment in the material, the corresponding energy term
should be of the second power in B. Hence the term (8.26) may be regarded
as the energy term associated with diamagnetism of the material. Comparing

1 > 5
(8.26! with the diamagnetic energy, EM'B or — ‘i‘l'"XdiaBz we get,

(']
NpZe? :
Xdia =~ einjaged B (8.27)
Using Eq. (8.18), it becomes
2
= ﬁ'%’—ze— e (8.28)
m

where <r2> represents the mean square distance of the electrons relative to
the nucleus. The result is identical to the one obtained from the classical
theory. Thus, in order to calculaie ¥, we musi delermine <r‘> which

* volume each having a'permanent mag-
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requires the determination of electronic chargg distribution within the atom.
. Itmay, however, be noted that in the calculations involving quantum mechan-

ics, the concept of orbits is replaced by the wave function and the quantity
<r2> has a different significance. The experimental results agrec fairly well
with the theoretically calculated values particularly for light elements and rare
gases, whereas large deviations exist for ions containing a very lacge number
of clectrons. The typical value for helium is about —1.9x1076 whxch shows
that the diamagnetism is a very weak effect.

84 PARAMAGNETISM

Paramagnetism occurs in those atoms, ions and molecu'es which have
permanent magnetic moments. In the absence of a magnetic ficld, these
magnetic moments are oriented randomly and no net magnetization is pro-
duced. When a magnetic field is applied, these moments orient themselves
in the direction of the ficld which results in some net magnetization parallel
to the applied ficld. The paramagnetic materials have small, positive and

temperature-dependent susceptibility. The permanent magnetic moments of
ions result from the following contributions :

(i) The spin or intrinsic mox:zaz: of the electrons,
(i) The orbital motion of the eiezirons,
-Atii) The spin magnetic moment of the nucleus.
Paramagnetism is observed in :
(1) Metals - ; ;
(i) Atoms and molecules possessing an odd number of eléctrons,
e.g., free sodium atoms, gaseous nitric oxide, etc.

(iii) A few compounds having an even number of electrons, e. 2.,
oxygen molecule.

(iv) = Free atoms and-ions hav-
ing a partially filled inner
shell, e.g., rare earth and
actinide elements, ions of
some transition clements
such as Mn?*, etc.

8.4.1 Langevin's Classical Thebry

Langevin considered a paramag- '
netic gas containing N atoms per unit

Fig. 8.1. Magnetic dipole with
moment § oricnted at ci argle P to
the applicd magnetic field.

netic moment p. The mutual intcraction
between the magnetic dipoles was as-

il
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sumed to be negligible. In the presence of a magnetic induction B, thesc
dipoles tend to orient themselves in the direction of the field in order to
minimize their energy. The thermal energy at ordinary temperatures, how-
ever, resists such an alignment of dipoles. In thermal cquilibrium, the dipoles
orient themselves at an angle 0 with the dircction of the applicd field as shown
in Fig. 8.1. The potential energy of cach dipole in this position is given by

E=-pB=-puBcos0

Using Maxwell-Boltzmann distribution law, the number of magnetic dipoles
having this particular oricntation is proportinal to

E pBcos 6
exp | g ) ©or ©xp T 2

Also, according to statistical mechanics, the probnbility for a magnetic dipole
to make an angle between 0 and 0 + d6 with the magnetic field, or the number
of dipoles, dn, having axes within the solid angle do lying between two
hollow concs of scmiangles 6 and 0 + dO (Fig. 8.1) is given by

puBcos 8
dn o« cxp T do

uBcos © :
= k exp T 2n sinO dO (8.29)

where & is a constant. Each one of thesc dipoles contributes a component of
magnetic moment p cos 0 to the magnctization, whereas the components
perpendicular to the field direction cancel each other. Hence the average
com'poncnt of the magnetic moment of each atom along the field direction
multiplied by the number of atoms per unit volume, N, gives the magneu-

zation M, i.e.,
i A pfocos sineexp(w:—;se)de
M = Nu<cosf> = N L— =N P
Jodn  [5sin® exp(u kc;s )de
(8.30)
IR
e : e ol
e e
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Therefore, Eq. (8.30) becomes

=1 Xy 4 “k ox s
M = Nu .‘.’Qf_l = Np [_e__i_e__l] = Np [colh x—-—l-] :

=1 X _-x 3
h e"ydy &7 =g X X
= Nu L(x) (8.31)
1.0 x/3
[,
l'l
T 0.8 p;
"
0.6 &
x /
5 2
04 - "
,’
//
02
1 { i | 1 |
0 1 2 3 4 5 6
K e

Fig. 8.2. Variation of L(x) with x.
where L(x) is called the Langevin function. The variation of L(x) with
‘! 9 S -
= :_T is shown in Fig. 8.2. For x << 1, i.e., at normal field strengths and

ordinary temperatures, the curve is almost linear and coincides with the
tangent to the curve at the origin which is equal to x/3. Thus, we have

% uB : Bt
L e :
=0 = 3 S (8.32)
Therefore, Eq. (8.31) gives Sk
= NuzB'
P S
The paramagneuc suscepttbzlzty is ,glven as. 7
2
: _'EQ___.,;_. BoNp™
Kpara = B BT g

which shows that the susceptibility is mversely proportional to temperature
It can be written as 8

LA
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c :

Apara ™ '}: : (8.34)

1 N & S 5 :

where C = s . is a constant. The expression (8.34) is called the Curie
3k

law and Cis called the Curie constant. Thus we {ind that the-Curie law holds
good for puB << kT.

For large valucs of x, i.c., for high flux densitics-and low temperatures,

L(x) approachcs unity and Eq. (8.31) gives 7 ;
M = Ny =M, co (835)

This is the saturation condition which corresponds to the complete alignment

of the magnetic dipoles in the ficld dircction; M is called the saturation
magnetization.
- 8.4.2 Quantum Theory s
The classical theory assumes that the permanent magnetic moment of
a given atom or ion rotates frecly and can possess any orientation with respect
to the applied magnetic field. According to quantum theory, since these
magnetic moments arc quantized, the magnetic dipole moment p and its
component M, in the direction of the applied field cannot have arbitrary values.
We have, in general, a dircct relationship between the magnetic dipole
moment p of an atom or ion in free space and its angular momentum J as

n = —gugl (8.36)

: eh
The quantity g is called the Bohr magncton and is equal to 56 in SIsystem

and ii in CGS system of units; g is known as the Landc's g-factor and
mc

is equal to 2 if the net angular momentum of the dipole is due to electron
spin and 1 if it is due to orbital motion only. In general, it has mixed origin
and is obtained from the expression @ -

J(J+1)+S(S+1)-L(L+1)
2J(J+1)

where S and L rep?eicmme spin and orbital quantum numbers of the dipole

respectively. The orientations of the magnetic moment p with respect to the

direction of the applicd magnetic field are specified by the rule that the

possible components of p along the field direction arc given by
Wo=—fgmy (8.38)

where m;=-J, -.I+1,...‘.,, J-1, J is the magnetic quantum number associated

g=1+ (8.37)
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with J. For cach valuec of J, m , can have (20+1) values which means that the
magnetic moment of the atom can have (2/+1) different orientations relative
to the ficld. The potential cnergy of such a magnetic dipoic in the presence
of a magnetic field B is, therefore, given by

E = mgupB : (8.39)
According to the Maxwecll-Boltzmann distribution, the number of atoms
having a particular valuc of m; is thus proportional to

—mjngBlkT
Considering a unit volumc of a paramagnetic material containing a total of
N atoms, thc magnctization in the direction of the field is given by

M = N x (Statistical average of the magnetic
moment component per atom along B)

'.“d y =+, m,gu,BlkT
i I —mygn :
-n T e BIXT (8.40)
8 my=—J é —m;gup : ;
"J We consider the following two cases :
5» (i) At normal flux densities and ordinary temperatures,

| m;gppB

e
kT

Thercfore, the cxpression (8.40) can be approximated as

+J
g T —ml(l—M"—"B)
M Ky N "l]=—l kT

14 m;gupB
X {1- r
m; ==J T

G +J
- Now, 2my=0
MJ=‘J
: + J HJ+1)(27+1

MJ=—J "'J"'o 3

gu3B J(J+l)(2.l+1)

e N 3
(21+l) '
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2.3 : ;
=~ EHBE ) (8.41)
3kT ]
e hel o poNip 2J(J+1) (8.42)
-para 3kT
rase
e poNPeﬂ'pB (8.43)
i L Y
whetz pog is the cffcctive number of Bohr magnetons and is given by
e
Py =8I+ (8.44)
The expression (8.43) is identical to the classical expression (8.33) with
w2 = Py Hp (8.45)

The Curic law can also be deduced from Eq. (8.43) as described carlicr.

IM is not
kT

(i) At low temperatures and strong magnetic fields, -

smaller than unity and it is not possible o ake a series pransxon of the
cxponential terms in the cxpression (8.40). After some algcbraic manipula-

tions, Eq. (8.40) yielas

M = NgJyugB,; (1) (8.46)
whcrc.x = ng‘TBB and By (x) is the Brillouim function defined as
2J +1 2J+1) 1 - _{c_) 847)
Byx) = colh( 57 )x 5 co 57 )
For x << 1, we have ;
A s
CcO = . 3
x(.l+ 1)
Byx) = 37

Thus thé susccptibility» becomes

2 b S
M NI+’ _ BoNPer¥B (548

Xpara =" g "~ 3kT 34T
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which is the same as (8.43). For x >> 1. i.c., at low temperatures and strong
ficlds,

cothx =1

Bix)=1
and Eq. (8.46) becomes

M = NgJug _ (8.49)
This result implics the statc of magnetic saturation, i.c., all the dipoles get
aligned along the magnctic induction B. Thus, in this limit, the cxpression -
(8.46) is analogous to the Langevin expression (8.31) with the difference that
the latter is applicable to freely rotating dipoles only. In fact, for J — o, i.c.,
for a large number of allowed oricntations of a magnetic dipole, we have

X 27
coth — -» —
2J ¥
) 1)
and coth | 1+57 Jx — coth x

B (x) —» coth x — -~ or L(x)
X

Thus the quantum results approach the classical ones. This is what is expected
as the classical theory allows all conceivable orientations. For other values
of J, however, the two results differ considerably.

The order of magnitude of paramagnetic susceptibility of a solid as
estimated from Eq. (8.48) at room temperature is about 1077 which is quitc
small. It increases by more than hundred times at 1 K. Equation (8.48) is
successfully employed to predict the values of susceptibility for various
paramagnetic crystals particularly rare earth ions. The value of / is determined
by applying the Hund’s rules (1), However, Eq. (8.48) is unable to account
for the experimental observations of susceptibility for the ions of the iron

group. This is because of the prescnce of crystal field due to other ions which

M Hund’s rules state that, for the ground state of atoms with incompletely
filled shells,
(i) the electron spins add up to give (he maximum poss:ble S consistent
with the Pauli's exclusion principle.
(ii) the orbital momenta combine to give the maximum valuc for L that
- is consistent with (i)
(iii) * the value of J is given by
J =L - S\ if a shell is less than half-filled
J =L + S if a shell is more than half-filled.
If the shell is just half-filled, L = 0 and, therefore, J = §



mnotbenegleaedmcompansonwnhﬂ\cexmallyapplwdﬁeld.ln
paramagndmmamalswlmmccrys(alﬁeldlsncghgible,ﬁq (8.48) hoids
good. But when it is strong, it may break thc rotational symmetry of the dipole
" and affect its total angular momentum. Also, the average value of L, may
reduce to zero which is known as quenching of the orbital angular momentum.
In such a case, Eq. (8.39) should bc written as

E=2muB Asg=2]
e (E"-)m,s ‘ (8:50)
m =
For (M)M,B<< kT, it yields
bﬂ( ) s(snj (8.51)
G ¢

For example, for Mn®* ions, the value of ¥ as oblaincd from the above
exprmionwithS:Zisinoonfmnﬁtywil.h.dncupulmanbsavauons
where Eq. (8.48) predicts a zero susceptibility. .

85 FERROMAGNETISM

ukepanmagneusm.ferromawusmualsomedmﬂnhep(m-
enocofpermanentmagnwcdxpoles.hnunlikcpmmagnensm,d\emagneuc
(sofadjacentatomsmthnscasemahgnedmapuuaﬂardnecuon
cvmmmcabmeeofmeawlndmgnemﬁdd.msaWC
material exhibits a magnetic moment in the abscace of a magnetic field. The
magnetization existing in a ferromagnetic malerial in the absence of an
; mpwmmﬁeldsmueddnspwmmmgmhm
below a certain critical temperature called the Curie temperature, T¢, The
gnmentofmagneucmomemsbelowﬂleﬁmwmpumelsduetothe
exchange interaction between the magnetic ions and will be described later.
Abovedn&nwwmpaauue.themumaleﬁedsoﬁsudnspmahgnm
* and the ferromagnetic substance becomes paramagnetic.
mfmmmmbﬂaqumalmgemmeummnmme
' pmenccofevenamkexmalmagneucﬁdd.Thcypossssalargeand
posmvevalueofsuscepubdnywhwh,mguuinsnotcomnthuvm
with field strength. The variation of magnetization with field strength exhibits
the well-known hysteresis curve. Theexamplesoffmomgnﬂwmls
are the elements such as Fe, Ni, Co, Gdandby and a number of alloys and
oxulwsuchsMan.MnAs,Csz._etc.
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8.5.1 Weiss Theory of Ferromagnetism

The theory of ferromagnetism put forward by Weiss is centred about
the following two hypotheses :

(i) A specimen of fen'omagnetic material contains a number of
small regions called domains which are spontaneously magne-
tized. The magnitude of spontaneous magnchzat:on of the spec-
imen as a whole is determined by the vector sum; of the magnetic
moments of individual domams :

(ii) The spontancois magneuzauon of each domam is due to the
presence of an cxchange field, 81'2 which tends to produce a
parallel alignment of the atomic dipoles. The field By is as-
sumed to be proportional to the magneuzanon M of each do-

main, i.e., :

BE a0 g
where A is a constant called the Weissfeld constant and is
independent of temperatuire.

It may be noted that, in the above expressxon. we always use the
average values of Bz and M for a doiain: The field Bgis also called the
molecular field or the Weiss field and is generally quite strong as compared
to the applied field B. For iron, for example, By~ 1000 T. Thus the effective
mangetic field on an atom or-ion becomes '

Beﬁ-—B-t-BE 5.+AM Lol Ao - (8.53)
In order to develop the theory of ferromagnetism, we shall use the quantum
theory of magnetization rather than' the classical Langevm theory used by

Weiss originally. .

Consider a ferromagncuc solid containing N atOms per unit volume
cach having a total angular momentum quantum number J. By analogy to
Eq. (8.46), we can write the expression for magaenzatmn as

M = NgJugB, (x) i (8.54)
where 5 ;

27 +1 2741 1 figy
Bx) = th ~—coth| = | 55
S ( 27 )x 7Y lu) A35%)
and

_8nsBy glup ,
{ 2 \
T T (B + \M) (8.56
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144 :
In case of spontancous magnetization, B = 0 and Eq. (8.56) becomes - |
| ' (ot ®57)
kT .

xkT
= (8.58)
MD = 2glup

As T — 0 or x = ®, B{(x) = 1; the magnctic moments align thc:,mselves
parallel to the ficld and the magnetization M becomes the saturation mag-

netization, M (0). Thus, from Eq. (8.59) give

= 8.59
M(0) = NgJug (8.59)
From Egs. (8.58) and (8.59_), we obtain |

M(T) kT . .60

M(0) ~ ang2s%d
Also, Egs. (8.54) and (8.58) give

‘M‘;_‘(T)“ (8.61
- B.,(x) (8.61)
#,(0) ,
i L T>T¢c v 2 "7—< 3
Ms(T) |+ o ARG SO - cornt SERRGER
it Plot of Eq. (8.61)
T a6t
=1a . 941
=iz Piot of Eq. ( 8.60)
0.2

X >

Fig. 8.3. Graphi al solution of the simultaneous equations (8.6_0) aud (8.1;1 5
A point of intersection P determines the sponlwous magnetization M(T)
at a givei temperature. No solution exists for T >Te

izati  gi be obtained by
The magnetization M(T) at a given temperature can
solving Egs. (8.60) and (8.61) simultaneously. The plots of M(T)/M (0) versus

" Note that the Eq.
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x representing Eqgs.
(8.60) and (8.61) arc
shown in Fig. 8.3.

(8.60) represcnts a
straight linc passing
through the origin and
having slope propor-
‘tional to 7. At tem-
peraturc equal to the
critical temperature
T, this line is tangent
to the Brillouin func-
tion at the origin. The
intersection of the two G . Tonihak
plots at the point O
represents a positive
solution, but the mag-
nctization correspond-
ing to this point is
unstable. Another point of intersection appears for T < T~ which indicates
a non-zero value of M even for zero external ficld and hence corresponds to
spontancous magnctization. It also follows that the spontaneous magnetiza-
tion decreases with increase in temperature and vanishes beyond the temper-
ature T which is known as the ferromagnetic Curie temperature. The
variation of spontaneous magnetization with temperature is shown in Fig. 8.4.
It becomes maximum at 0 K when all the moments are lined up in a particular
direction under the influence of the cxchange field. This variation of M e
cnables one to classify the paramagnetic-ferromagnetic transition as a second
order phase transition, i.e., a transition characterized by an order:parameter
(e.g. M in this case) which is non-zero only, below 7.
The Paramagnetic Region naineqs: 78 0ojiw anj

i & | |

06 08 1.0
) e

Fig. 8.4. Spontaneous magnetization versus
temperature for T < T

A o 5
- Consider the magnetization in the region well“above the Curie ‘tem-
perature. For T > T, the spontaneous magnetization'is zéro and an external
ficld will have to be applied to produce some magnetization. Thisfield should,
however, be weak enough 10 avoid the saturation state: In'such a state, we
find from Eq. (8.56) that:x <<'1 and we can write ) ~=o 0w oo’

5 Fof bl
Bx) = (—S}—-)x

Therefore, the expression (8.5'4) Becomes zuli zozit GRInit
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| M = Ngug (J+1)x03 ;
o gJup(B+AM)

kT
Thus,
M= E}.‘M (B W) . (8.63)
| 3T :
which gives |
g el WRCIR  C (8.64)
& T T-T; .
wherc ’
c= Eﬂfﬁ (8.65)
a3
ANg“up/(J +1)
b S L i s (8.66)

The expression (8.64) is known as the Curie-Weiss law. Tt sgfisfactorily
describes the temperature dependence of susceptibility in the paramagnetic
region pxov:ded ‘the temperature is well above the Curie temperature. The
Curie temperature ¢ determined from the theory of spontaneous magnetization
differs by a few dcm&fmthe experimentally determined value for the
parmgneturmgxm

8.52 NatureandOrigin of Weiss Molecular Field : Exchange Interactions

Wﬁiagm',oﬁ m:wusmnsbmdonlheconccptof
o -do aaing wh f;;;’spontanmlymagneunddmbmeprn-
eneggfaqf " nole ﬁglqﬁnnedtlw Weiss field or the exchange field,
By M‘WMwmm not explain the origin and nature of this field.
The Wm fw&m pb;su“glg «due to magnetic dipole-dipole interaction

{ dmasﬂmwwldgenmﬁeldsofmewda
of 10°G only, wherea Gmcmd field strengths are observed to be quite high.
For example, tht Wﬂsa field for iron is of the order of 107 G. It was
Heisenberg whe first proposed in 1928 ‘hﬂt the Weiss field was the conse-
- quence of the quantum-mechanical exc.hange interaction between the atoms.
This interaction arises due to the Pauli’s exclusion principle according to

(8.62) :

which any change in the relative orientation of the two spins would disturb
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the spatial distribution of charge, thus producing interaction between the two
atoms. Apparently, the strength of exchange interaction between the adjacent
atoms depends on the extent of overlap of their wave functions as well as
the%telative orientation of the electron spins but not on the spin magnetic
moments. Thus this is an electrostatic and non-magnetic type of interaction.

Usmg}iadalnndontheoryofchunmlbonding,:;mbeshownﬂm
ﬂxexotalupu'gypfasystunoftwoawmscomaimanexchangemgyum .
given by :

Uy=-uSSs; (®67)
wbue&and%wﬁeqnmofmemmm.l is the exchange
mtegnlwhchnmdlobethemfanypmrofmhsm
depmdsmmemulqrofﬂndmgedmﬂmhonsofthetwomms.m.
ﬂnmdmhgmﬂ.J is positive for large interatomic
dmammdmﬁrmﬂerml‘hew(&ﬂ)ukmnas
the Heisenberg model of exchange energy. It also follows from (8.67) that
if J, is pasitive, the parallel arrangement of spins exhibits lower energy and
hence is more stable as compared to the antiparallel arrangement, thereby
producing magnetization. In a similar way, it can be concluded that the
negative value of J, does not favour magnetism.

Hg&s.l’htofarhmgcmqml.l wmuodmm

mmloﬂaera&:dlhc.’dorbu.ryrx :

The exchange integral for iron group of atoms is found to be positive
mspneofﬂxefactmatthemmmmxcdxstancefotﬂusmnplsnothrge.ms
followsfmmdxcobsavanonsofBaﬂwandSlauwhchmmatl is
posmvexflhemorglryxsmman3bm:snotmnchlm'gathan3 T
bungthedmmubamdnawm;andjandrumﬂwmoﬁbeunﬁned
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3d-shell. The variation of J, as a function of r‘-/r_,d is shown in Fig. 8.5. It
is apparent that the ratio r;/r;, favours ferromagnctism for Fe, Co, Ni and
Gd whercas for Mn and Cr it does not favour fcrromagnetism. Thus clements
like Mn and Cr do not cxhibit ferromagnctism.

The expression for the exchange field, B, and the relationship betwecn
J, and x can be obtaincd by following the procedure suggested by Stoner.
Assuming J, to be constant for all the neighbouring pairs and considering
contributions from the nearest neighbours only, we may writc the exchange
energy of an ith atom as

J

wherc the summation is over the nearest neighbours of the ith atom. Stoner
replaced the instantancous values of the neighbouring spins by their time
werages. For z nearest neighbours, (8.68) can be written as

U =-2d, (S”.<.S'xj>+sy,»<S’j>¢-Szj<Szj>) (8.69)
For magnetization, M, along the z-axis, we have

<Sxf = <Syj> =0 and <S”> = N (8.70)
8Hp
L 2eSaM i,
- gNug
It may be written as
U; = -gS, B (8.72)
2l 8.73
with B = N2l (8.73)
2/, - ;
The factor Ngsz} is a constant and is cqual to A, i.c.,
L Rl 879
Ng“up
and Eq. (8.73) gives
Bp =M

which is the same as {8.52).
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8.5.3 Concept of Domains and Hysteresis

According to the Weiss theory described above, the exchange inter-
actions betwceen the neighbouring dipoles in a ferromagnetic material gen-
cratc an internal exchange ficld B which aligns them in a particular direction.
It is, however, observed that a ferromagnetic material such as iron does not
cxhibit a nct magnctization unlcss it is placed in an cxterndl field. Weiss
cxplained this by introducing the concept of ferromagnetic domains. Accord-
ing 1o this concept, a single crystal of a furromagnetic solid is divided into
a number of small regions called domains cach one of which is spontancously
magnetized by the cxchange field. The magnetization vectors of different
domains are, however, randomly oricnted so that no net magnctization is
produced in the material as a whole. In the presence of an external magnetic
ficld, the domains pointing in the dircction of the ficld grow at the expense
of thosc pointing in other dircctions, thereby resulting in some non-zero
magnetization in the material.

Ma
Bod
Domain rotation
M, D B/ [t
" lrreversible wall
displacement
A ________
= Reversible wall displacernent
E G K 1
G
F

Fig. 8.6. Typical hysteresis curve for a ferromagnetic material indicating the

predominant magnetization processes in different revions. ‘
According to Necl, the origin of domain structurc ! 1 ferromagnetic

solid rests in the principle of minimization of the total cnerz ' of the material
which, apart from exchange energy, compriscs the miage e fi~ld energy,
anisotropy cnergy, domain wall cnergy and«magng:(ostc’i'c!:w exchange en-
crgy. As an example, the presence of frece magnetic polc, at the cnds of a
magnetized specimen generates an external field H which gives rise to the
magnctic ficld encrgy cqual to ¥2 H.B. This energy can be lowered by
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reducing the volume of the domain by subdwndmg it into- neighbouring
subdomains, thereby rcducmg the field H and heace the magnetic ficld
cnergy. However, such a subdivision of domains canpot continue indefinitely
and is restrained by the fact that the formation of domain - walls requires
additional energy. Thus, it can be concluded that, whereas the presence of
large domains is encrgetically unfavourable, a ferromagnetic material must
‘ possoaadomnstmcnmmsnng ofa numbetofsnallerdommnswhmh
corresponds to-a state of minimum energy.
Mfm@mmmmmmmmmcs,
a typical one is shown in Fig. 8.6. It is apparent that for T<T, there are two
solutions forM(andhenceforB)whrch trace the boundary of the hysteresis
;curve.mmsoluuonscmbeobtmnedfrom(hemumonofﬂicplmsof
Eq. (8.61) and the cxpression

kT 1 :
M=~(ﬂagu)x_78 . sk

where the latter expression has been obtained from Eq. (8.62). The physical
cause of the phenomenon of hysteresis can be understood from the concept
of domains. The magnetization produced in a ferromagnetic solid in the
presence of an external magnetic field may be attributed to

(a) growth in the size of domains having favourable orientation
with respect to the applied field at the expense of thosc having
unfavourable orientation, and

(b) - rotation of the directions of magnetxzanon of various domains

- along the field direction.

'!‘hesetwomgnehuuonpmmmmmaedbdow

Fig. 8.7. lemﬁ-dannldpmm: of magnetization.
thnasnnllmagnmcﬁelduappbedacmssafamammmal,
the domains pointing almost along the direction of the field grow at the
expense of the domains having opposite orientation, thus resulting in a small
magneumonamdlmdbydlemndmu(OA)ofﬂnhymm
Such displacements of domain boundaries are mostly :wq:sihlcmd hence
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the portion OA of the curve is also reversible. As the field increases, a greater
number of domains grow favourably which results in a large increase in
magnetization (portion AB). The boundary displacements in this region are
often large and irreversible. The growth of domains continues until the

-favourable domains grow up to the maximum extent with their magnetization

vectors still pointing along the so-called easy directions of magnetization. As
the field increases further, the domains rotate from their easy directions to
the direction of the applied ficld; the magnetization increases slowly (portion
BC) and finally attains a saturation value M, when all the domains point along

the direction of the field. On decreasing the field, the magnetization does not

follow the same path because the aligned domains do not regain their random
state of orientation casily. There exists some non-zero magnetization even
after removing the field altogether. This magnetization is called thé remanent
magnetization or remanence, M, The magnetization can be reduced to zcro
by applying a reverse magnetic field known as the coercive field vt coercivity,
H_ A similar variation in the reverse magnetization is observed as the reverse
field is first increased and then decreased. The closed loop CEFKC is calted
the hysteresis loop. A similar loop is obtained by plotting B versus H except
that the line Cl in this curve is never parallel to the field axis. The hysteresis
curves are quite important in determining the quality of a magnetic material
and selecting the material for a particular application.

8.6 ANTIFERROMAGNETISM

. Antiferromagnetism originates when the spin moments of the
neighbouring atoms are ordered in an antiparallel arrangement as shown in
Fig. 8.8 or when the exchange integral is negative. A crystal exhibiting
antiferromagnetism may be considered to be consisting of two interpenetrat-
ing sublattices A and B, one of which is spontancously magnetized in one
direction and the other is spontaneously magnetized in the opposite direction.
This type of magnetism was first observed in the crystals of MnO. In the
absence of an’ external magnetic field, the neighbouring magnetic moments
cancel out each other and the material as a whole exhibits no magnetization.
However, when a field is applied, a small magnetization appears in the
duecnonoftheﬁeldwhnchmuscsfwdnrmthtempamsm:
behaviour is typical of an antiferromagnetic material. The magnetization

- becomes the maximum at a critical temperature T), called the Neel temper-

ature, which is analogous to the Curie temperature in the paramagnetic or
ferromagnetic substances. Above this temperature, the magnetization de-
creases continuously which is-indicative of the paramagnetic state of the
material. The variation of susceptibility with temperature is shown in Fig. 8.9
and is compared with the corresponding variations for the paramagnetic and

fummmwmenhkcthcmmmthewhmy
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aof an antiferromagnetic substance is not
infinite for T'equal to Ty, but has a weak
cusp. The antiferromagnetic behaviour
can be explained with the help of the A| B| A| B| A| B
“molecular ficld theory which was ini-
tially developed by Necl. A bricf de-

scription of this theory is given below. Fig. 8.8. Neighbouring antiparallel

spin moments of A and B sublattices

“Consider an antifcrromagnetic  p,oducing antiferromagnetism.

substance consisting of two sublattices

opposite type. The internal or molecular field acting on an atom can be
obtained by using the molecular fieild approximation developed by Weiss in

* which the interaction between the various magnetic moments is considered.
In an antifcrromagnetic substance, besides the nearest neighbour negative AB
intcraction, therc also exists the next nearest neighbour negative AA (or AB)
interaction which is quite weak as compared to the former..If o and B
represent the interaction parameters, i.c., the Weiss field constants for AA (or
BB) and AB interactio.is respectively, the internal fields present at A and B
sites, expressed in terms of flux densitics, can be written as

B4 =—0M, - M,
B,g=—BM; — oMy

where M, and M, arc the magnetizations of the corrcsponding sites. In the
presence of an cxternal ficld B, the effective ficlds at A and B sites become

By=B-aM, - pBMy
Bp=B-pBM, —.aMB

To determine the total magnetization, M ', +M 5, of the specimen, we consider

the temperature regions below and above the Nee! temperature.

(8.76)

8.77)

Paramagnetism Ferromagnetism , Antiferromagnetism
T T x5 Byt -
: o g ; il 4
E g - ] x o |
X X183 : /\
: Tc : LT
W Y e TR -0 0
XTT & T__TC\IITC) X = Ce SERFT
(Curie law ) { Curie — Weiss law ) T+

; Fig. 8.9.
W) T>Ty 7 )
In this region, the specimen behaves as paramagnetic; the magnetiza-
tions of the two sublattices can be written in accordance with Eq. (8.33) as

-A and B such that an atom of onc type has all the nearest ncighbburs of the ;

-
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. ki
Np
e
B )
5 (8.78)
Np :
M=l o f
: " ar?
wherc - _J

W = nig2iU+1).
In thesc expressions, it has becn assumed that the A-type atoms are identical

with B-type atoms and their densities are equal, i.e, N, = Ng= N. The total
magnetization M is, therefore, obtained as

M =M, + M,

Np.z
» W(BA +Bpg)

= U (op (s By 4 3)]

3T [Using Eq. (8.77)]

& Nu2 -
= g 2o PiM] (8.79)

This yiclds the expression for susceptibility as

2o Ny’

M
x=tet E s (8.80)
+’Np (a+B) T+86

T
3k

where:

C = 2oty
3%

: 2
and o= Nu («+B)
3k

?hc expression (8.80) satisfies the experimental data on susceptibility quite
well. Itis analogous to the Curie-Weiss law given by Eq (8.64) for ferromagnetic
materials above the critical temperature except that it contains the term
T + 0 instead of T-8 (or T-T) in the denominator. The 1/y versus T curves

" (8.81)

are shown in Fig. 8.10 to compare the antiferromagnetic behaviour with the
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paramagnetic ~and
ferromagnetic ones. It
can be shown that the
Neel temperature, Ty, is T
not identical with © and
the iwo arcrelated s - F o TIX

Iy B¢
® Pra

Thus the value of -
Ty depends on the 7
strength of AB and AA o
(or BB) interactions. For
a=0Ty=0IHfais
positive, Ty < 6. Also,
T, increases with B.
These results have been
* verified i:xpaimemﬂly.

) T<Ty

In this temperature region, each of the two sublattices A ax.ud Bis
spontaneously magnetized along its preferred direction of magnetization, but
the net magnetization is still zero. The application of an external field,
* however, results in some
are two directions of the .
applied field which are i
of particular interest — T
one perpendicular and X
the other parallel to the X
preferred direction. The / .
susceptibility in these i
two directions are deter- :
mined separately and the
average is taken to ols
calculate the net suscep- :
“tibility It can be shown
that the susceptibility in

(882

-0

Fig. 8.10. Plot of 1/x versus T for para-, ferro- and-
antiferromagnetic substances above their critical
temperatures.

R LT L T

-
o

1.5
T/Ty

Fig. 8.11 Plot of x versus T/Ty for an antiferromag-

" direction of external field relative to the preferred
of temperature, Le., fe- direction of magnetization. '
mains almost constaat ;

tion, %, is independent netic single crystal. EWT<T"xisalsoaﬁ¢mn‘onbf
~ Efs

B
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below the Necl temperature. The susceptibility in the parallel direction, ¥y,
decreases continuously with decrease in temperature and approaches zero as
T— 0 K. This means that at 0 K, the internal field is so strong that it does
not allow the spins of one sublattice to change their orientation along the spins
of the other sublattice even when an external field is present. At T=T),
A=Y =X The variations of y, Xy and X with temperature are shown in
Fig. 8.11. : :

8.7 FERRIMAGNETISM

Ferrimagnetism is identical to anﬁf&mixnagnedsm except that the

~ magnetization of the two sublattices have different magnitudes which result

in a non-zero value of net magnetization. This type of magnetism occurs in
materials such as ferrites which are basically the oxides of vatious metal
clemeats. The most common example is the one. of magnetite or ferrous
ferrite, Fe30, or FeO. Fe,0;. It has been found that for this particular ferrite,
onc Fe3* ion occupies tetrahedral or A-site, i.c., it is tetrahedrally coordinated

, to four oxygen anions while the other Fe** ion and the Fe2* ion occupy

octahedral or B-sites, each being octahedrally coordinated to six oxygen
anions. The ions present at A and B sites constituie A and B sublattices
respectively and have opposite types of magnetizations. The net magnetiza-
tion of a formula unit of Fe40, is, therefore, equal to the magnetization of
a singlc Fe?* ion and is represeated in Fig. 8.12. However, one unit cell of
magnetitc having the spinel structure contains eight formula units of Fe;0,
in it and accordingly the net magnetization of a unit cell is equal to the sum
of the magnetizations of eight Fe2* ions.

Ngt

Fe3+ » Fed+ Fe?* >
Sl S il l(%) l(_du,_)

A - B B ; g
Fig. 8.12. Magnetizations of ‘he individual sites and the net
magnetization in one formula unit of Fej0,

It is thus easy to note that a ferrimagnetic solid resembles a ferromag-
netic onein the sense that both possess spontaneous magnetization. Also, both
exhibit hysteresis and almost identical magnetic properties. Neel attributed
the antiparallel arrangement of spins of A and B sites to the negative AB

- interaction. Besides this, there also exist the negative AA and BB interactions

which are much weaker than AB' interaction. The magnetic behaviour of
ferrimagnetic $olids is explained on the basis of Neel’s molecular field theory;
the detailed description is beyond the scope of this book. Above the Curie
temperature, the magnetization at both the sites obeys the Curie-Weiss law,
whereas below this temperature the saturation effects come into existence and
the magnetizations are obtained using Eq. (8.46).
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‘SOLVED EXAMPLES

’Exaﬁple k.l Calculate the diamagnetic susceptibility of atomic hydrogen
in the ground statc at S. T.P. using the wave function

W) = — 73 O (—Zr;)
(rt)

nay,

adius.
where a. (= 0.46A) is the atomic
Solutiox: The wave function for the ground state of hydrogen atom is

)= — 5 P [ . )
W)= ——% o
() v
ion from the nuclcus

The mean square distance of electronic charge distributi
is calculated as

<> = [wrtwar

_4n Jyrrtyrdr

i 2{) ,
4 ——idr
r cxp

i

1]
o—8

Now'

Tt4q_‘d-l‘ =24
0

<?>=32  (in magnitude)
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From Eq. (8.28), we have

=2

el o,
" 6m
o NpOZez 2 5
2m '
6.023x10%
Here N= =" =269 x 102 m
2.24%10
Z=1

a, = 0.46 x 1071%m

2.69%10%8 x 47 x 1077 x(l.6x 10“9)2(0.46x 10‘"’)2

x e
- 2x9.1x1073!

= -1.01 x 1075 (SI units)

Examplc 8.2. A paramagnetic gas with L = 0 and S = 1/2 contains N atoms
per m3. Obtain expressions for the atomic densities in the possible energy
levels and the resultant magnetization. If the gas contains 102% atoms per m°,
calculate the populations of the levels and the magnetization at 300 K and
5 K for an applied magnetic flux density of 2.5 T.

Solution. Since L=0, S = 1/2

: . J=12,my=t%andg=2

Therciore, there are two energy levels m}ll energies given by
E=mgupB

Let Ny, and N_;,, represent the populations of the levels with '
m; = 1/2 and —1/2 respectively. Since population of a level E is proportional

E
to exp (“E), we have -

: (_gugB gupB
L N.A=Aexp(" 21‘7._);N_y,=:h:xp( 2kT)
where A is a proportionality constant determined by the condition :

Ny +Ny=N
It gives - ’

k
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: __éFBB
N N“"( 2T )
GRIRIT 41 | mgbor < AT
B
2cosh( KT ) 2 osh( kT )
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N exp(
= R T B
Zwsh(——

If p is the atomic moment, the magnetization is given by

M=p(N,-N) =gpgJ(N_y,-Nyy)

spgB ) _ _&L‘_ILE)
°""(’ 2UT ) | ( 2kT

= gug/N
8ugB
1 | Zcosh( KT )

8ugB

Now
g=2J=1n
pp =927 x 10 Am?
N =102 m3
B=25T
k =138 x 1072 )X!
The above expressions become

, s p( 1.68)
-
Ny, =5 x 107 '

T

M=927x 1o4umn(———)

At 300 K, we get

SUp
2kT

2kT

i)

8#83)

 (8.83)
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0.994
Ny, =5 x 10?7 x %“; =4.97 x 1027 m3

1.006

=5x 10?7 x

M =927 x10% x 5.6 x 10 = 519.1 Am™!
Sxmllarly, at 5 K, we obtain
N, =338 x 1027m
Ny = 662 x 1077 m™
M=30x10*Am~ -

Example 8.3. Dy>* has outer electronic configuration of 4f° 659. Calculate
the magnetic susceptxblhty for a salt containing one kg mole of Dy3+ ions
at 300 K.

Solution. Number of unpaired electrons in Dy3+ 5.

Application of Hund’s rules yields

S=5(1R2)=52
L=3+2+140-1=5
J=L 48— 5/2+5—15/2

J(J+1)+s(5+1)J-L.(L+1)
Fris ) =133
Nuj 2;
N = BoBE 251544
ow e - J(J+1)

For 1 kg mole of salt, N = 6.023 x 10%, Thcreforé, ;

41x1077 x6.023x10% x (9.27x10‘“) x(1.33) ls(uﬂ)
= 2172

3% 1.38% 1072 % 300 2

=59 x 1074
Example 8.4. A ferromagnetic material with J = 3/2 and g = 2 has a Curie
temperature of 125 K. Calculate the intrinsic flux density near 0 K. Also,

calculate the ratio of the maghetizati’on at 300 K in the presence of an external
field of 1 mT to the spontaneous magnetization at 0 K.

Solution. At 0 K, the intrinsic flux density as gi\}'gn by Eqgs. (8.52) and (8.59)

-is
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Bp =AM =AM, (0) = ANgJup
| Using Eg. (8.66), we §ct )
~—23
;“ P 3kTc v 3x1.38x 1024 X 125 1116 T
E= gng(d+1) ~ 2x9.27x107 x(5/2)

The magnetization for T >, Tc'is obtained by using Eq. (8.64) as
' o 6B <:

- He (T—TC
‘Using Egs. (8.65) and (8.66), we obtain A

_ Ng’ppl(J+1)B .

3(T-T¢)

Also, ‘
: M) = NgJug -

s gugBU+1)
: MJ(O) ;. Sk(T—TC)

2x9.27x102* 10 x(5/2)
~ 3x1.38x1075 % (300-125)

=64 x 1076
SUMMARY

. i i id is called magne-
netic moment per unit volume of a solid is cal _
gl M, produced per unit applicd magnetic field, H,

tization. The magnetization,
is called susg:eptibility,’l.e.,
x = M/H

2. The total magnetic flux density, B, inside a magnetic ma@ﬁd is
B=p°(H+M)=p°(1 +0OH =pp, H=pH

where i, 1, and p are absolute permeability of free space, relati‘ve perme-
ability cof mredium and absolute permeability of medium respectively:

3, Magnetism in solids arises mainly from the spin.s of \m.paxrcdf
electrons. The other minor contributions arise due to orbital motion o

electrons and spins of nuclei.
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4. Diamagnetic materials exhibit a small negative susceptibility given
by :
: N p<,Ze2

‘. e =

where N represents the number of atoms per unit yoluine of the solid, Z the
number of electrons present in each atom, m the electronic mass and <r2>
the mean square distance of electrons relative to. the nucleus.

5. Paramagnetic materials possess small permanent magnetic moments

‘which are oriented randomly in the absence of the field. The susceptibility
is small bt positive.
6. According to the classical theory, the paramagnetic susceptibility

- at normal ficld strengths and ordinary temperatures obeys the Curie law and
is given by ;

_ KoV “2 -
Xpara = "y =

=30y

2
HoNu .
where C [2 g > } is the Curie constant; p being the magnetic moment

of each atom and & the Boltzmann’s constant. The quantum theory gives an
identical expression with p? replaced by p?,, p%p where pg is the Bohr
magneton and p eff the cffective number of Bohr magnetons in- the magnetic
moment of a magnetic dipole. Peg is rejated to the total angular momentum
quantum number J of the dipole as ;

Py=8 1/J(J+ 1)

where g is the Lande’s g-factor.

6. Ferromagnetic materials consist of spontaneously magnetized re-
gions called domains which are randomly oriented in the absence of an
applied magnetic field. The spontaneous magnetization vanishes above a
critical temperature called the Curie temperature when the ferromagnetic
~ materials become paramagnetic.

7. Above the Curie iempcratqre, T, the susceptibility of a ferromag-
- netic material obeys the Curie-Weiss law, i.e.,

<

X= T

where C is the Curie-Weiss constant.

L

vvvvv
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8. An antiferromagnetic material comprises two magnetic sublattices
wiih cqual and opposite magnetic moments such that there exists no net
magnetization in the material. The magnetization, however, appears in the
presence of an applied magnetic field. It increases with temperature and
becomes maximum at a critical temperature called the Neel temperature, Ty,
For T > Ty, the material behaves as paramagnetic.

9. A ferrimagnetic material is identical to-an antiferromagnetic ma-
terial except that the opposite magnetic moments of the neighbouring
sublattices have unequal magnitudes. It also resembles the ferromagnetic
material in the sense that both possess spontaneous magnetization and
exhibit the phenomenon of hysteresis:: :

VERY SHORT QUESTIONS

1.  Definc the following terms:

(i) Magnetisation (if) magnetic susceptibility (iii) magnetic flux

density (iv) Permeability (v) Rglative permeability.
2 Explain the meaning of the following terms in brief:

(i) Diamagnetism (i) Paramagnetism (iii) Ferromagnetism (iv)
Ferrimagnetism (v) Antiferromagnetism.

Define the Curic law for paramgnetism.

.

4. What is the basic cause of paramagnetism?
5. - What is spontaneous magnetisation?

6.  What are domains?

7. Whatis exchange field? f

8. Explain the folowing terms briefly :

(i) Hysteresis - (if) Coercivity (i) Remanence.
9. What is Neel temperature?
SBORT QUESTIONS
1.  Whatis dnamagneusm" Why diamagnetic materials have negative
. susceptibility? " -

2. What s the essential difference between the, classical theory and the
yuantum theory of paramagnetism? .

Gi = the Curie law of paramagnensm What is the Cune temperature?

““4.° Discuss the variation of spontaneous magnetisation with tgmperature
 for ferromagnetic materials.
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% What is the Curie-Weiss law? stcuss its application for ferromag-
nctic materials.
6. What is exchange interaction? How does it help to explain magnetism
in iron group of atoms?
¥ A Explain the cause of hysteresis phenomenon in ferromagnetic mate- -

rials? What does area of the loop signify?

8. Explain the difference between the terms ‘Cunc temperature’ and
‘Neel temperature’.

9. Explain the variation of suscepnbxhty thh temperature for antifer-
romagnetic materials.

LONG QUESTIONS

L Distinguish between the characteristic features of diamagnetism,
paramagnetism, ferrimagnetism, antiferromagnetisr: and ferrimag-
netism. Give an example of each type of material. Comment on the

_lemperature variation of suscept.lblhty for all types of materials.

- g Explain the origin of dxamagnetxsm in materials, Obtain an expression

for diamagnetic susceptibility using the Langevin’s theory. What is
the significance of negative susceptibility?

LU

Derive an expression for diamagnetic susceptibility using the quan-
tum theory. Discuss the iemperature dependence of susceptibility.

4. Describe the Langevin’s theory of paramagnetism and obtain an
expression for paramagnetic susceptibility. Comment on the tempera-
ture dependence of susceptibility. ..

3 Give an account for the quantum theory of palamagneusm and discuss
the low and high temperature cases. Explain how the orbital motion
of electrons in transition and rare earth metals is quenched. Write the
modified expression for susceptibility for the ions of iron group.

6. Give an account of the Weiss theory of ferromagnetism. Discuss the
temperature variation of saturation magnetisation. Explain hysteresis
andCuriepointonthebasisofthistheory

‘ b Explain how and why are the ferromagnetic domains formed? Draw

atypical B-H loop and describe the different i magnensanon processes,
which lead to the formanon of a B-H loop. Whatale the advantages
and disadvantages of having a B-H loop in a material ?

8.  Describe the Heisenberg’s exchange interaction. How does it explain
ferromagnetism? Relate the exchange integral to the Weiss constant
and the ferromagnetic Curie temperature. Z
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Describe the two-sublattice model to explain antiferromagnetism.

How docs this model account for the difference between the Necl
temperature Ty and the Curie-Weiss tempcrature, O"

PROBLEMS

Calculate the diamagnetic susceptibility of copper assuming that an
atom of copper contributes only one clectron and the mean square
distance of electronic distribution from the nucleus is equal to the
-radius of monovalent copper ion. The lattice constant of copper is
3.61 A and the radius of Cu*is 0.96 A. - (-4.62x 10%)

The clectronic configuration of a Cr?* ion is 3d%450. Calculate the
‘magnetic susceptibility for a salt containing one kg mole of Cr2* ions
-at 300 K. e TR % 10

(Hint : Orbital angular momentum of Cr2* is quenched by the pres-
ence of the crystal ficld).

Cu2* has nine electrons in the 3d-shell. What magnetic field must be
applied to a salt containing Cu?* jons at 1 K so that 90 per cent of
the ions are in: the ground state ? : 37T
The paramagnetism in copper sulphate arises mainly from the copper
ions with § = 1/2. Show that the magnetization is given by the
cxpression

2B
M = Nyg tanh
”Ba“(kr)

Iron is 2 ferromagnet with the Curie temperature of 1043 K and an
effective moment of 2.2 pg per atom. Compute the internal field for
iron. (2100 T)

Europium oxide is ferromagnetic with the Curie temperature of 70 K.
An curopium ion has J = 7/2 and g = 2. Calculate the internal magnetic
~flux density. Alsa, determine the ratio of magnetization at 300 K in
a field of 0.05 T to that at 0 K.

Nickel (fcc) has a Curie temperature of 358°C and a lattice constant
of 3.52 A. A Ni?* ion has 8 clectrons in the 3d-shell. Assuming
quenching of the orbital angular momentum and using the Hund’s
rules and the Weiss theory, determine the saturation magnetization,
_the Weiss field constant, the internal magnetic field and the Curie
“constant for nickel. (1.7 x 105 Am™!, 4.14 x 1074, 704 T, 1.92)

e

(347 T, 438 x 107%)

CHAPTER-IX

‘DIELECTRIC PROPERTIES OF SOLIDS

Dielectrics are basically clectric insulators which ordinarily do not
contain any frec charge carricrs for conduction. They, however, contain
positive and negative charges which are bound together and hence could be
affected by the applicd electric fields. A brief description of the properties

. of diclectric solids in the presence of an external electric field is given in this

chapter. These propertics are important to understand the propagation of
clectromagnctic waves through the material media and fabricate various

. devices such as capacitors, microphones, etc. -

9.1 POLARIZATION AND SUSCEPTIBILITY

When a diclectric is placed in an external electric field E, the positive
and negative charges are displaced from their equilibrium positions by very
small distances (less than an atomic diameter) throughout the volume of the/

dielectric. This results in the formation of a large
number of dipoles each having some dipole
moment in the direction of the field. The material
is said to be polarized with a polarization P
defined as the dipole moment per unit volume of
the material. As shown in Fig. 9.1, the effect of
polarization is to reducc the magnitude of the
external field E. Thus-the magnitude of the
resultant ficld is less than the applied field, i.c.,
. E<E,. In vector notation, we may write

ety

-+

00

OJORORORY

clolelelelelelele)
000

g syt B . E=E +E, ©.1)
Fig. 9.1. A dielectric slab The field E is called the polarization field as it
placed in an electric field E,, tends to oppose the applied field E, within the
produced by fixed C;,a,ge, material. For ordinary electric ﬁelds the polar-
(encircled) outside the slab. ization P is proportional to the macroscopic ficld
The internal polarization field E. In SI units, it is exprcssed as
E_ is assumed 1o be due to
fictitious bound charges at the
surface of the slab and is di- where g is the permittivity.of free space and x,
rected opposite to E,. is the elect.rlc susceptibility. 'Ihus, except for a
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constant factor, the electric susceptibility is a measure of the polarization
produced in the material per unit resultant electric field. ;

92 THE LOCAL FIELD

~_The clectric field acting at the site of an atom or molecule is, in general,

significantly different from the macroscopic electric field E and is called the

local field. This field is responsible for polarization of each atom or molecule

.. of a solid. For an atomic site with cubic symmetry, the local field is given
by the Lorentz relation, i.c.,

' A P
=E_+ +——=E+— < (93)
; Eloc 1 F‘p 3% A 350 : : : i
. - Thus, apart from the macroscopic, field, the local field also contains
aterm which represents the field due to polatization of other atoms in the
solid. The expression (9.3) gets modified with shape of the specimen.
9.3 DIELECTRIC CONSTANT AND POLARIZABILITY

: The electric displacement vector for an isptropic or cubic medium can

be defined as it : '
:  D=ggE=gE+P : 9.4)
where ¢ is called the relative permittivity or dielectric constant of the

dielectric. It is a scalar quantity for an isotropic msdium and is always
dimensionless. The Eq. (9.4) can be used to define the dielectric constant as

€, E+P N : (9.5)

; yroan ]
Thus, like susceptibility, the-dielectric constant is also a measure of the
polarization of the material. Larger the polarization per unit resultant field,
greater will be the dielectric constant of the dielectric.
* The polarizability, a, of an atom is defined as the dipole moment per
unit local electric field at the atom, ie., - :

‘ - p=oE, (9.6)
Thus polarizability is an atomic property whereas dielectric constant is a
macroscopic property which depends upon the arrangement of atoms within
the crystal. If all the atoms have the same polarizabiliiy and there are N
number of atoms per unit volume, the polarization can be expressed a$.

_ P = Np = NoE,,, : )
The general expressioil for polarization is, however, gi_ven by ‘
P = SN0 i) L)
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where the summation is over all the atoms or atomic sites
symmetry, _Eqs. (9.3) and (9.7) yield

- &= P 7. "
, [ - P-Na(E+3sJ so 9.9)

o

. In case of cubic

which, on rearranging the terms, gives

P Nalg L
e = — = ] No:’ 7 (9.10)

EoF -

Using Eq. (9.5), we obtain ;

or

% e g

This expression can be put in the form

&~1 _Na ok
T_’_z = 3, i t (9.12)

This is known as the Clausius-Mossotti rela.tion; It relates lhc dielectric

constant to the atomic polarizability provided the condition of cubic symme-
try holds. In a morc general form, it is expressed as

Bimd sl o Pt :
el M 3N ‘ it
94 SOURCES OF POLARIZABILITY '

.The net polarizability of a dielectric mate
following three types of contributions : :

() Electronic polarizability
(ii) Ionic polarizability
(iii) |, Dipolar or orientational polarizability

The extent to \.vhich a particular polarizability contributes depends on the
nature of the diclectric ‘and the frequency of the applied clectric field

i
rial results mainly from the

§
ok
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© 94.1 Electronic Polarizability

The _electronic 3

to the displaccment of
the electron cloud of an
‘atom relative to its-nu-
clcus in the presence of
an applied clectric ficld
as showninFig. 9.2. The
f:el;?;?::‘i‘c 2;;1:2 Fig. 9.2. Electrouic‘polariwiould'in the presence of an
a material at optical fre- g : i
quencies results mainly from the electronic polarizability. At optical frequen-
cies, Eq. (9.13) may be written as

Unpdarized atom

Polarized atom

2
w1l . L 5N (eletonic) ©.14)
n2+2 3% j
where g, has been replaced by n?, n being the refractive index.
Classical Theory of Electronic Polarizability

An clectron bound harmonically to an atom exhibits resonant absorp-
tion at a frequency given by 5 A
‘ 0, = Jpim . 1)

where P represents the force constant and m is the mass of the. electron. If
x is the displacement of the efectron under the effect of the electric field £,
then we have ; :

—¢E,,, = Px = mo % : 9.16)
“The static electronic polarizability is cgl;u_late_d as
e oy > Y ez
o = PemudSiia ©.17)
: y Eloc 3 EIOC ma®g.
! ~ To obtain the requency dependence of electronic polarizability, we

treat the system as a s: miple harmonic oscillator. If @ is the frequency of }hc
local field, the ficld at any time ¢ is given by E, . sin of and the equation
of motion may be written as

dzx
dt

n—s + m(oozx = - ek, sin ot : (9.18)
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Substituting x = x sin wf, we obtain |, b %p

. m (020 2) x, == eﬁE‘w, - 0
The amplitude of the dipole is given by- -

" which gives

i 020

- This expression gives the frcqhehc}; dependence of electronic polmizabilily.
The corresponding expression based on the quantum theory is given by :

2
o =< : 921)
( = o 8

where f,-j is known as the oscillator strength of the electric dipolc transition
between the atomic states i and j.
9.4.2 Ionic Polarizability ; :

The ionic polarizability arises due to displacement of a churged ion

relative to other ions in a solid. Assuming the forces near equilibrium as
simple harmonic, the displacement Ax in the presence of an electric field E

"is given by

BA x = eE ¥ . (922)
where P is the force constant. Thus the ionic polarizability is determined as
e # ‘ 9.23)

e B .

For =20 Nm™', a; = 1073 Fm?. The ionic contribution is important at low
frequencies. The sodium chloride, for example, has €, = 5.6 at low frequencies
whereas the value reduces to about 2.25 at optical frequencies.

9.4.3 Dipolar Polarizability

A molecule, such as H,O, having a permanent dipole moment is called
a dipolar or polar molecule and a substance comprising such molecules is

- called adipolar substance. The dipolar polarizability is the property of dipolar

substances. In the absence of an external electric field, the dipoles have
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random orientations and there

is no net polarization. Howev-

er, when the field is present,

the dipoles orient themselves

along the field and producecori- p
entational or dipolar polariz-

ability. The thermal agitation ' 0
of the molecules tends to coun- .
teract the ordering effcct of the
electric field and an cquilibri-
um state is reached wherein the
different dipoles make all pos-
sible angles varying from zero qE ~q

to « radians with the field di- - :

rection. The potential energy Fig. 9.3. A molecule of d‘ipole moinent p

of such a molecule of dipole comvrbn Aot ol
moment p oricnted at an angle @ with the field direction (Fig. 9.3) is given
by

+0 8P aE

U = - p.E = =pE cos 0 ‘ (9.24)

According to the statistical mechanics, the number of dipoles having

orientations between 0 and 0 + dB, i.e., which lic within the solid angle dQ
or 2nsinBd0 is proportional to ’ ;

u | (P Ecose)i in6dd  (9.25)
expl —— g or ex % sin :
p( n‘) LT

Sincc a dipole making an angle 6 with the field direction contributes a
componeat of dipole moment p cos 8 parallel to the field, the contribution
- of the above number of dipoles to the total polarization is

2np exp( P E:;,)se

)cos 0 sin 6 dO (9.26)

The average contribution to polarization is, therefore, given by

_ Total polarization due to all thé dipoles

o
o Total number of dipoles

kT
Ié‘exp( P Ekc;)s : )sin 8do

p[;exp( e )cosB sin do
. ©9.27)
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Putting
PE il
x=——,y=cosb and dy = —sin 6 dO,
kT
Eq. (9.27) becomes :

-1
pJye?dy
p=—4H—
[ e”dy

+1

or

~ i

l v
= coth x - = = L(x) (9.28)

where L(x) is called the Langevin function. The variation of L(x) with x has

~ been shown in Fig. 8.2. For x << 1 or pE << kT, i.e., for fields not too large

and for tcmiperatures not too iow, we have

e A G
Lix) = 35w (9.29)
Using Egs. (9.28) and (9.29), the polarization P becomes
4 szE
P = N -
P= T | (9.30)
“The dipolar polarizability per molecule is, therefore, given by
= 2
il
d=F = %l 9.31)

Thus the existence of dipolar polarizability depends on whether the molecules
possess a permanent dipole moment. The dipolar polarizability also‘glépends

" on temperature in accordance with Eq. (9.31).- At room temperature, ay~

103 Fm? which is comparable to electronic- polarizability.
9.5 FREQUENCY DEPENDENCE OF TOTAL POLARIZABILITY
The total polarizability of a dielectri: is given by the expression :
o=, +o;+0, S X 7))
It decreases with increase in frequency as shown in Fig. 9.4. This type of
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* variation >0f polarizability can be explaincd on the basis of the rclaxalion.tifm:s
of the various contributing polarization processcs. When the frcquem.:y o .t c
applicd ficld is quitc large as compared to the inverse of the relaxation time

for -a particular polarization process, the contribulio.n of that process llu =
polarizability -is ncgligible. As relaxation time is maximum for the dipolar .

process and minimum for the clectronic process, the .dipglar conlnbuuonr
disappcars first followed by ionic and clectronic contributions.

’uvi

UHF
10 ricro
waves

IR

e el

Total polarizability ( real part )

Frequency —————»

Fig. 9.4. Frequency dependence of various comrib‘utions to polarizability.
9.6 = FERROELECTRICITY

Ferroelectricity is the phenorrienon which r,ef_ers 'to the state of spfon~
_taneous polarization, i.e., polarization of the x{letcnaljm the abscnc;: 0 aln
electric field. It is thus analogous to ferromagnetism which reprcstct.n's t e; state
of spontancous magnetization of the material. The qrystals exhlb:;:ng crt:o-
electricity are called the ferroclectric cry.\:taL.s. In §uch crystals, the cen ﬁc\::
of positive and negative charges do not coincide with each otl.ner even in |
absence of the field, thus producing a non-zero value (}f the dipole momt:l :
, The variation of polarization with electric field is not linear for suclf cfrysd. s
but forms a closed loop called the hysteresn_': loop. The fet.rf)electncny is-
appears above a certain critical temperature called the transition tempe;at:riz
or the Curie point, T, when the malcrial. gets transfc')rmed ffom fe.rrog e:mm
to paraelectric state as indicated by a rapid decrease in the dielectric con
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with increasc in temperature,

Ferroelectricity is observed in a number of substances; the most famil-
iar ones are barium titanate (BaTi05) and the, Rochelle salt (NaKC,H,Oq.
4H,0). The ferroelectric crystals may be classified into two main groups—
the order-disorder group and the displacive group. In the order-disorder class
of ferroelectrics, the ferroelectric transition is associated with individual
ordering of ions. Thesc are the crystals which contain hydrogen bonds and
in which the motion of protons is related to the ferroelectric propertics. The
cxamples arc potassium dihydrogen phosphatg, (KH,PO,), rubidium hydro-
gen phosphate (RbH,PO,), ctc. The displacive group-of ferroelectrics is the
one in which the ferroclectric transition is associated with the displaccaient
of a whole sublattice of ions of onc type relative to a sublattice of another
type. The crystals of this class exhibit structures which are closcly rclated

. Ba?o

O
® ¢

Fig. 9.5. Structure of BaTiO; for T > Tc.

to the perovskite and ilmenite structures. The examples are BaTiO;, KNbO;;
LiTa0;, etc. Consider the case of BaTiO; crystal. Below the Curie point (380
K), it exhibits the perovskite structurc as shown in Fig. 9.5. The unit cell is
cubic with Ba?* jons occupying the corners, O2- ions occupying the face
centres and Ti** jon occupying the body centre of the cube. Thus cach Ti%*
ion is surrounded by six O~ ions in an octahedral configuration. For 7. Fo
the centres of gravity of positive and negative charges exactly coincide with
cach other to produce no net dipole moment. However, for T<T_, the Ti**
and Ba?* ions slightly move upwards while the 02~ ions slightly move
downwards and the structure becomes tetragonal with centres of positive and

negative charges not coinciding with cach other. This produces the sponta-
neous polarization in the crystal.
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In fact, lﬁe ferroclectricity in BaTiO; arises from induced electronic
and ionic dipole moments. Rewriting Eq. (9.13) for the diclectric constant,
we get ' ;

I+ ;——.Z Njo J _
€, = __%’J_._ (9,33)
I————Y Nu: 2
3¢, ? & 4
where @, is the electronic plus ionic polarizability of the jth ion and Nj is the
number of jth ions per unit volume. The expression (9.33) has becn obtained

P
. From
80

by assuming that the local field at all the atoms is equal to E +

Eq. (9‘.33), we find that, for
' ENj(lj = 3g,, (9.34)
j i

the dielectric constant becomes infinite which permits a finite polarization in
the absence of the applied field. Tims is the condition for the so-called
polarization catastrophe. In polarization catastrophe, the local electric ficld
arising from polarization increases faster than the elastic restoring force on
an ion in the crystal, thereby producing an asymmetrical shift in ionic
position. The shift is, however, limited to finite displacements by the higher
order restoring forces. ;

In Eq. (9.34), the value of €, is sensitive to small departures of ZN]aj
from the critical value of 3¢,. Putting

1
LNy
3eg I L] =1-3s, (9.35)
where s << 1, in expression (9.33), the dielectric constant becomes
1 1
==-=2z=- .36
&, 2 7 (9.36)

We assume that s varies linearly near the critical temperature as

T- Tc' J
E (9.37)

s

n

where £ is a constant. This type of variation of s or ZN o might result

from normal thermal expansion of the lattice. From Eq. (9.36), we obtain

rET-Tc (9.38)
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Sucit’ a variation of diclectric constant with temperature is close to that
obscrved experimentally in the paraelectric state.

9.7 PIEZOELECTRICITY

In cetain crystals, the application of an cxtcrnal stress induces a net
dipole moment which produces the clectric polarization with the polarization
charges appearing on the surfaces of the crystals. Such crystals are called the
piezoelectric crystals and the phcnomenon is known as the piezoelectricity.
Some cxamples of such crystals arc quartz, the Rochelle salt and tourmaline.
The inverse eflcct is also observed, i.c., the application of an clectric field
produces strains in the crystal.

In schematic one-dimensional notation, the piczoelectric equations are

P=Zd+¢g Ly ; ;
(9.39)
e=Zs + Ed

where P represents the polarization, Z the stress, d the piezoclectric strain
constant, E the electric field, y the dielectric susceptibility, e the clastic strain
and s the elastic compliance constant. The [irst one of the cquations (9.39)
cxhibits the development of polarization by an applied stress and the second
onc shows the development of clastic strain by an applied clectric field.
Generally, very large electric fields are nceded to produce very small strains.
In quartz, for example, an electric field of about 10* Vm™! produces a strain
of about 1 in 108 only.

Unstressed i Siressed

(a) : (b)
'Fig. 9.6. Effect of crystal symmeiry on piezoelectricity.
(a) Quariz crystal with no centre of inversion shows piezoelectricity.
(b) A crystal with centre of inversion show._r no piezoelectricity.

<

The occurrence of piezoclectricity is the result of displacement of ions
in certain crystals under the effect of the applicd stresses. In such crystals,
the ions are so displaced that their charge distribution loses the originai
symmetry as shown in Fig. 9.6a. In certain other crystais (Fig. 9.6b), where

- the symmetry of the charge distribution is not disturbed even after distortion,
no piezoelectricity is observed. The latter type of crystals are those which
possess the centre of inversion. Thus the absence of the centre of inversion
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. isthe pre-requisite for the occurrence of piezoelectricity. It may also be noted
that al! ferroclectric crystals arc piczoclectric but all piezo:lzctric crystals arc

v 5

- ot necessarily ferroclectric. An cxample of the former type of crystals is

barium titanatc and that of the latter type of crystals is quartz.

Piczoclectric materials arc used to convert cleetrical cnergy into
" mechanical cncrgAy‘and vice versa, i.c., they act as electro-mechanical trans-
" ducers. They are used in devices such as gramophone pick-ups, microphoncs,
" strain gauges ultrasonic gencrators; clc. :

SOLVED EXAMPLES

'Example 9.1. Determine the percentage of ionic polarizability in the sodium
chloride crystal which has the optical index of refraction and the static

diclectric constant as 1.5 and 5.6 respectively. 5

Solution. From the Clausius-Mossotti relation, we have

8,-—1 ‘. N.(a¢+a,§)

o (9.40
g +2 3g, i

" Here o, and o; are the clectronic and ionic contributions to polariz-

ability raspectively. At optical frequencies, Eq. (9.40) becomes

4 :
n2 1 o Nao, ; ©9.41)
- : n +2 380 %
.where n is the index of refraction. From Egs. (9.40) and (9.41), we obtain
g
| (iﬁ_) W, hin
n +2 g -1 a, +a;

-~ _The right hand side of Eq. (9.42) is the fraction of elecu'dnic polarizability.
Thus the percentage of ionic polarizability is ,

' [ o ')uoo:(l-a“:a)xloo
b w1\ (& +2)1 100
n2+2 er-l

1, Jasy- [5:6+2 .
ik {(1-5)’+2}{5'6“} &

=514%
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" SUMMARY

ectric : ST & presence of an extcrnal
electric field E. The polarization P is defined as the dipole moment per unit

volume of the matcrial and is related to the clectric _susceptibility, x,, as

’ P= SOLE s .
_ 2.Theelectric displacement vector I for an isotropic or cubic meJium
is defined as snologieit - $linms
: .~ D=ggE= .soE -
where €, is the relative permittivity or dielectric conslam of the diclectric and

“. is related to the electric susceptibility as = -

war e e N
3. The clectric field acting at the site of an atom or molecule is called

~ thie local field. This is responsible for polarization of the individual atoms or

molecules in _ihc solid. For an atomic site with cubic symmetry, it is given
by the Lorentz equation :

Eloc=AE+—P—

3e,

4. The atomic polarizability, o, is defined as the dipole moment, p, per

unit local c_lectric ficld at an atom and is given by the relation :

5. The polarizability is an- atomic property whereas the dielectric

constant is a macroscopic property of the material. The two parameters are
related to each other by the Clausius-Mossotti relation given as

g,~1 Na

§+2 3¢, _ :

. 6.’.Ihenelpolalizability ofadielecuicmaterialmuhsfromﬂwma%n -
contributions — the electronic polarizability, ionic polarizability, and dipolar

or oricntational polarizability. At low frequencies of the applied electric field; - :

all th? three contributions are present. As the frequency increases, the dipolar
cont.nbuﬁqn disappears first followed by ionic and electronic contributions.
at higher frequencies. At optical frequencies, the polarization is mainly due -
to electronic contribution. A

7. Ferroelectric materials are those which exhibit spontancous polar-
ization, i.e., polarization in the absence of an applied field. These are anal-
ogous tq ferromagnetic materials. They possess a Curie pbim .'«;nd exhibit -
hysteresxsv icup. 1hc cxampics are barium titanate. ihe Lu.‘ o tc
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8. Piczoclectric crystals arc thosc which arc polarized under the
application of an cxternal stress. The examples arc quartz, the Rochelle salt,
- tourmaline, etc. The inverse effcct is also observed, i.c., the application of
an electric ficld produces strains in such crystals. The absencc of the centre
of inversion is the pre-requisite for the occurrence of piczoclectricity.

9. All ferroclectric crystals are piczoelectric, but all piczoclectric
crystals arc not nccessarily ferroclectric. Examples of ferroclectric and
piczoclectric crystals arc barium titanate and quartz respectively.

VERY SHORT QUESTIONS

;3 Definc the following tcrms:

Polarisation, electric susceptibility, local field, dielcctric constant,
clectric displaccment vector, polarisability, spontancous polarisation.
Enlist the various contributions to total polarisability.

Explain the following in brief: ;

e

Ionic polarisation, clectronic polarisation, orientational polarisation.

Which type of polarisation is the most effective in the visible region?

What is ferroclectricity? Givc.an cxaﬁplc of ferroclectric crystal.

What is piczoelectricity?

Give an example of 2 crystal that is piczoelectric but not ferroelecmc

How is dielectric constant related to electric susceptibility ?
SHORT QUESTIONS

1. Derive the Clausius-Mossotti relation expressing the relationship
between dielectric constant and atomic polarisability.

- Bk 4o

.lQ

polarisability of a dielectric at moderatc temperatures.
3. What is electronic polarisability? Derive an expression for electronic
polarisability using the classical theory.

4, - Why is ionic polasisability found to be rather inscasitive to tempera-
ture ? Give a posslble explanation.

5. How does the total polansabmty dcpend on frequency?

6.  Whay do piezoclecric crystals havmg centre of inversion show no
. memlecmuty?

9. Describe the characicristic propertics of- fe.rroelectnc mawnals What

is nmnt by polnns:g:on catastmphc"

What is dipolar polarisability? Obtain an expression for dipolar f
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8.

RN

Explain the meaning and origin of piczoelectricity. Justify (hé state-
ment “ All ferroelectric crystals arc piczoelectric, but all piczoelectric -
crystals are not necessarily ferroclectric.

PROBLEMS

The optical indcx of refraction and the dielectric constant for water
are 1.33 and 8.1 respectively. Determine the percentage of ionic
polarizability. ¢ (71%)
Calculate the polarization of a BaTiO, crystal using the structurc as
shown in Fig. 9.5. The structure transforms from cubic to tetragonal
below the Curic point with lattice parameters ¢ and a.equal to 4. 03A

. and 3.98 A respectively. The displacement of titanium ion is opposnc

to that of oxygen ions. The magnitude of displacement is 0.06 A for
titanium, 0.06 A for oxygen ions on the side faces and 0.08 A for
oxygen ions on the top and bottom faces of the cube. The displace-
ment of barium ions may be neglected. (0.16 cm™?)




CHAPTER X

SUPERCONDUCTIVITY

10.1 mmonucnou AND HISTORICAL DEVELOPMENTS

The field of superconductivity has emerged as one of the most exciting ;

fields of solid state physics and solid state chemistry during the last decade.
The phenomenon was first discovered in 1911 by Kamerlingh Onnes in
Leiden while observing the electrical resistance of mercury 'at very low
temperatures close to 4.2 K, the melting point of helium. It was obscrved

that the clectrical resistance of mercury decreased continuously from its -

melting point (233 K) to 4.2 K and then, within some hundredths of a degrec,
dropped suddenly to about a millionth of its original value at thc melting
point as shown in Fig. 10.1. Similar results were obtained by using various

other metals such as Pb, Sn and In. The phenomenon of disappearance of

electrical resistance of material below a certain temperature was called su-
perconductivity by Onnes and the material in this state was called a super-
conductor.

The discovery of superconductivity aroused consid®rable interest in
this field since the mate-
rials with no electrical
resistance, and hence
neg‘iigible heat. losses,
could be exploited to

fabricate powerful and _vg’

economical . devices %

which consume very lit- €

tle amount of electrical % Superconductor
cnergy. Forexample,an @ (Hg)
electromagnet made up

of a superconducting : o ; -y
material can fuhcuon for o T(K)—»

years together even af- Fig. 10.1. Tempemturc dependence of the me of
‘ter removal of the sup- a normal metal and a superconductor like Hg.
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s
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ply voltage. However, due to the requirement of very low lempemlure,-it was

not feasible to manufacture such devices. It is both difficult and expensive
to attain the liquid helium temperaturc and maintain it for a long time. Thus
soon after the discovery of supcrconductivity, a lot of research work was
undertaken to develop a superconducting material having as high critical
temperature as possible. A number of materials including various mctals
alloys, intermetallic and interstitial compounds, and ceramics were:- cmploycd
for this purpose. Besides all thesc cfforts, the maxxmum critical tcmperature
(T,) of only 23 K was achicved in Nb300 an mtermelalllc compound of
moblum and germanium in the year 1977. Thus the scientists had almost
given up the hope of producing superconducting devices for which it was
necessary to have a superconductor with the transition temperaturc cqual to
or higher than 77 K, the liquid nitrogcn temperature, if not the room tem-
perature.

n 1986, Bednorz and Muller reported their discovery on the La-Ba-
- cqual to 34 K.
Thus, contrary to the previous findings, a new class of ceramic superconduc-
tors was discovered which showed critical temperature considerably greater
than that of the metallic superconductors. They named these materials as high-
T, ceramic superconductors. They werc awarded the Nobel Prize in 1988 for
such an important discovery which created an unpreécdentcd world-wide
interest in the field of oxide ceramic superconductors. In .1987, a ceramic
superconductor of the composition YBa,Cu;0, was discovered which showed
T, equal to 90 K. In 1988, the valuc of T, further shot up to about 125 K
for thallium cuprates. Table 10.1 gives some data on' superconductors in
chronological order.

Cu-O system of ceramic superconductors which showed T,

"It would be apparcntfmm the followmg dnscussnons that the supercon-
ducting state is a distinct phase of matter having characteristic electgical,
magnetic, thermodynamic and other physical properties. The most casily
observed characteristics of bulk superconductors arc the zero electrical ré-
sistance and the perfect diamagnetism. We describe below the empirical

. properties of superconductors; the relevant.theory will be presented in-a
.subsequent section.

10.2 ELECTRICAL RESISTIVITY

As descnbed earhcr, a superconductor exhlbns no electrical resistance.
The resistance of a superconductor suddenly drops to an extremcly small
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value near the transition tempcrauirc‘ as shown in Fig. 10.1. The careful
- investigations have shown that the resistivity of a metal in the superconduct-
ing statc drops to less than one part in 1017 of its value in the normal state.

TABLE 10.1. Properties of some sclected suberconductors
- in chronological order

Year  T,(K) Material  Class  Crysal Type  HS
- : Structure MAm™)
1911 42" Hg Mctal Tetragonal I - 0033
1913 6.2 Pb Metal fec I 0064
1930 9.25 Nb Metal bec I 0.164
1940 15 NbN Interstitial  NaCl i 1)
compound °
1950 17 V;Si  Intermetallic Ptungsten I 124
compound (W,0) 3 .
1954 18 Nb;Sn Intermetallic W0 n 185
‘ compound :
1960 10 Nb-Ti Alloy  bcc g .us
1964 07  SIMiO;  Ceramic  Perovskite 1  Small
1970 207 Nb, (Al Ge) Intermetallic ~ W,0 340
compound :
1977 23 Nb,Ge Intermetallic W30 I 296
; compound =
1986 34 LajgBaj,sCuO, Ceramic  Tewagonal I = 43
1987 90  YBa,Cu,0, Ceramic Orthorhombic . Il 111
1988 108  Bicuprates Ceramic Orhorhombic 1 -
1988 125 Tl cuprates  Ceramic  Orthorhombic  1I -

*extrapolated 10 0 K. H_, for type Il matesials. (1 Oersted = 79.6 Am™!)

10.3 PERFECT DIAMAGNETISM OR MEISSNER EFFECT

Meissner and Ochsenfeld discovered in-1933 that a superconductor
expelled the magnetic flux as the former was cooled below T in an external
magnetic field, i.e., it behaved as a perfect diamagnet. This phenomenon is

known as the Meissner effect. Such a flux exclusion is also observed if the .

superconductor is first cooled below T, and then placed in the magnetic field.
It thus follows that the diamagnetic behaviour of a superconductor is inde-
pendent of its history as illustrated by Fig. 10.2. It also follows from this figure
 that the Meissner effect is a reversible phenomenon. Since B = 0 inside the
superconductor, we can write % :

e

Superconductivity : : j L2838
; : B=p, (H+M)=0 :
i.c., ; H=-
Thercfore, the susceptibility is given by
s X = MM =1 ©(10.1)

which is truc for a perfect diahagnct.

A ! AH

O

O

T<T.

o T;

Fig. 10.2. A s’ubemonductor showing a. perfect diamagnetism
: independent of its liistory. ;

It is interesting to note that the perfect diamagnetic behaviour of a
superconductor cannot be explained simply by considering its zero resistiv-
ity. Such a perfect conductor would behave differently under different
conditions as illustrated by Fig. 10.3. Since the resistivity, p, is zero for a
perfect conductor, the application of Ohm's law (E = pJ) indicates that no
‘electric field can exist inside the perfect conductor. Using one of the Max-
well's equations, i.e., ;

0B

NXK=-—e
ot

we obtain
B = constant

Thus the magnetic flux density passing through a perfect conductor becomes
constant. This means that when a perfect conductor is cooled in the magnetic
field until its resistance becomes zero, the magnetic ficld in the material gets
frozen in and cannot change subsequently irrespective of the applied field.
This is in contradiction to the Meissner effect.— ~

~Thus we conclude that the bchavio_uf of a superconductor is different




-
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~fronr that of a perfect conductor and thc superconducung s:atc “may be

consldered as a characteristic thermodynamic phase of a substance in which

the substance cannot sustain stcady clectric and magnetic ficlds. Hence the -

-two mutually independent propertics defining the supcrconducnng stalc are
the zero resistivity and perfect diamagnetism, i.c.,

E=0 and B=0 -~ . V_(l.o..2)
¢/ 7))\ Cooling Jnetic
O=0~=

Field
e

removed

Fig. 10.3. Magnetic behaviour of a perfect conductor.
10.4 SUPERCURRENTS AND PENETRATION DEPTH

Consider a superconductor with'a plane surface placed in an external
magnetic field H, (or B /p,) acting parallel to the plane surface as shown in
. Fig. 104. Consxdcr a rectangular loop ABCD with sides AB and CD lying
outside and inside the superconducting regions respectnvcly An apphcauon
_ of the Ampere's theorem, i.c.,

§B.dl=pf (10 3)

.to the loop ABCD indicates that a current / must flow perpendicular to the

loop pointing inside the plane of the paper. Since B = 0 inside a supercon-
ductor, Eq. (10.3) gives

' M, H, (AB) = puJ

Surface current per unit length =4, = B,/ p, (10.4)

This current flows along the surface of the superconductor and produces a

magnetization M which exactly cancels H, inside the superconductor. Since

a superconductor has zero clectrical résistance, this current will remain

almost constant and can flow indefinitely. Such currents are known as
supercurrents. '

Solid Slale Phy.ucs. :

_that the current densily must

s defined as the distance inside a super-
.conductor where the magnetic ficld re-
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through the loop remains un-
changed as indicatcd by the
Amperes' theorem. This mcans

increase as the loop shrinks.
For zcro loop arca, the current
density should becomc infinite
which is physically not possi-
ble. Thus thc supecrcurrents
cannot become abrupily zero
as onc moves from the surface
to the interior of the supercon-
ductor. This is possible only if
the applicd magnetic field pen-  Fig. 10.4. A superconductor placed in an
ctrates the superconductor up - external magnetic field.

to a small thickness near the surface. This, infact, has been verified exper-
imentally. The penetration of the external magnetic field inside a supercon-
ductor is depicted in Fig. 10.5. The field decreases exponentially inside the
superconductor and is, according to London, given by the relation

H.(x) = H(0) exp (—15-) : (10.5)
: L

- Here H (0) represents the magnetic ficld '

at the surface and A, is called the char-
acteristic length or the penetration depth
of:the ficld. Thus the penetration depth

duce to 1/e of its value at the surface. For
superconductors below the critical tem-
perature, A;~10° to "10*A. Thus, with
the introduction of the idea of field
pcnclranon. it becomes apparent that the
supercurrent density remains finite ev-

* erywhere and the Eq. (10.4) gives the Of*™ Distance, x —»

AL

total surface supercurrent. - G

‘The penetration depth depends on Fig- 10.5. Penetration of an external field
temperature; a typical variation is shown #. (=B/,) inside a superconductor.
in Fig. 10.6. When a specimen of tin is The/luxdensity, B, does not fall abruptly

If the width AD cr BC of the rectangle ABCD is reduced, the carrent placed in a weak magnetic field, the @ z¢r° inside the superconductor but
& /R i : penetration depth changes only slightly decreases exponentially.
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as the temperature rises until the critical temperature is reached where it

increases. sharply. Thus at and above T, the ficld penetrates the metal
completely. :

10.5 CRITICAL FIELD AND CRITICAL TEMPERATURE‘ i

In 1913, Kamerlingh
Onnes observed that a super- 3
conductor regains its normal
statc below the critical temper-
ature if it is placed in a suffi-
ciently strong magnctic field.
The value of the magnetic field
at which the superconductivity
vanishes is called the threshold
~ or the critical field, H , and is
of the order of a few hundred
ocrsteds for most of the pure
superconductors. This field

Penetration depth x 107 (m)

" cases, is of the order of 0.1 tesla. As the

> changes with temperature. Thus 0 ; 2' 3
we find that the superconduct- :

K e 1y T(K)—»

ing state is stable only in some

definite ranges of magnetic Fig. 10.6! Variation of penetration depth with
ficlds and temperatures. For temperature for tin.

higher fields and temperatures,

the normal state is more stable. A typical plot of critical magnetic field versus
temperature for lead is shown in Fig. 10.7. Such a plot is also referred to as

the magnetic phase diagram. These types of curves are almost parabolic and
can be expressed by the relation :

’

where H (0) is the critical field T ﬂ
‘becomes zero, i.e., //////
SUPERCONDUCTORS ~ Fig. 10.7. Variation of H_ with T for Pb.

= 1-—
‘Hc = HC(O) TZ (10.6) H,(0)
at 0 K. Thus, at the critical
temperature, the critical field H,
H(T)=0 (10.7) : T T

10.6 TYPEIAND TYPE I

; Supemonducto:; have been classified as type I and type II depending
upon their behaviour in an external magnetic field, i.e., how strictly they

2 st
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. follow the Meissner cffect. We describe

below these two types of su_pcrconducior;. e Type |
10.6.1. Type I or Soft Superconductors | Pb(4.2K)

The superconductors which strictly
follow the Meissner cffect arc called fype
I superconductors. The typical magnetic
behaviour of lead, a type I superconductor,
is shown in Fig. 10.8. These superconduc-
tors exhibit perfect diamagnetism belowa 4ot
critical field H_ which, for most of the S“pe’°°“d”°""9
10 20 30 40H 50
applied magnetic ficld is increased beyond H(kAnmr1)

H _, the ficld penctrates the material com-

plc(»ly and the latter abruptly reverts to its - Fig. 10.8. Magnetization curve of
normal resistive state. These materials give pure lead at 4.2 K.

away their supcrconductivity at lower field

strengths and are referred to as the soft superconductors. Pure specimens of
various mctals exhibit this type of behaviour. These materials have very
limited technical applications owing to the very low values of H...

- M(kAm=1)
8 8

n
)
Normal

10.6.2. Type II or Hard Superconductors

These superconductors
do not follow the Meissner ef- Type I
fect strictly, i.e., the magnetic Pb-Bi(4.2K)
field does not penctrate these .t Hi
materials abruptly at the critical
field. The typical magnetization
curve for Pb-Bi alloy shown in
Fig. 10.9 illustrates the magnet-

S
o
T

’

| Hci:‘
| 4—*——"——”4-—-"] "

— M(KAm -1)
W
o

icbehaviourof suchasupercon- ! 20t

ductor. Itfollows fromthiscurve . |- ey

that for fields less than H - the / i '
materialexhibitsperfectdiamag- -/, .. . % il
netism and no flux penetration 20 40 60 80 100 120
takes place. Thus for H< H_, “H(kAm-1)

the material exists in the super- . ;
conducting state. As the ficld Fig. 10.9. Magnetization curve of a lead-

_exceeds H,_, the flux begins to- bismuth alloy at 4.2 K.
penetrate the specimen and, for - I : Superconducting state

H = H_, the complete - II : Vortex or mixed or intermediate siate
penetration occurs and the . I : Normal state ;

material becomes a normal conductor. The fields H_, and H_, are called the
lower and upper critical fields respectxvely In theregion between the fields H
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" and H_,, thc diamagnetic behaviour of th'e material van_ishcs gradqally am;flhc
flux dgnsiiy B inside the specimen remains non-zero, i.c., the Mcl§sx}cr ¢ ;::1
is not strictly followed. The specimen in this region is smd to b‘c cxisting in the

vortex or intermédiate state which has a complicated distribution of sgpcrcon;
ducting and non-supcrconducting regions and may be regarded asa IT;IX[:;’;:I :d
superconducting and normal states. The t‘ypc Il superconductors arj ad s:) e
the hard superconductors because relatively largf: ficlds are neede _od ri ﬁ
themn back to the normal statc. Also, large magnetic hysteresis can be in ucc‘
in thesc matcrials by appropriate mcchanica! trcauflcl}t. Hc.:ncc these materials
can be used to manufacture superconducting wires which can_ be used tlo
produce high magnctic ficlds of the order of 10 tesla. Apart from some mc:;s
and alloys. the newly developed copper oxide superconductors belong to this
category and have H_, of about 150 tesla.

209 ¥ ’
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Fig. 10.10. Entropy versus temperature for aluminium.
107 THERMODYNAMIC AND OPTICAL PROPERTIES
10.7.1 Entropy

A marked decicase in entropy is observed during normal to super- -

cdnducting transition near the critical temperature which indicates that the
superconducting state is more ordered ﬂ;ax} the. normal state. The plots of
entropy versus temperature for aluminium in the normal‘ and supcrc‘oqduct-
ing states are shown in Fig. 10.10. It has been estabhshcd. that it is the
electronic structure of a solid which is mainly a’ffecu;d during the super-
conducting transition. Some or all the thermally excited electrons in the

normal state are ordered in the superconducting state. Such an order may

extend up to a distance of the order of 107° m in type I superconductors.
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This range is called the coherence length.
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Fig. 10.11. Specific heat of gallium near T. The normal state has been obtained
Jrom the superconducting state by applying a magnetic field of
200 gauss which is greater than H, for Ga.
10.7.2. Specific Heat :

The variations of specific heat with temperature for gallium in the
superconducting and normal states are shown in Fig. 10.11. The latter state
can be achieved from the former by applying a magnetic field H greater than
H._. Such a small field has no effect on the specific heat of the normal metal.
For the normal metal, the specific heat abeys the following. relationship :

C,=1T + p1® (10.8)
Thus the plot of C, /T versus T2 is a siraight line as shown in Fig. 10.11. The

first term on the right hand side of (10.8) represents the electronic contribution

to the specific heat while the second one represents the contribution of lattice
vibrations at low temperatures. Since the latter contribution remains unaffect-
ed in the superconducting state, it is obvious that only the electronic specific
heat changes in the superconducting state. Also, unlike in the normal state,
the electronic specific heat, C,, in the superconducting state does not show
linear variation with temperature; rather it varies exponentially as

B

: ‘A
CZS o exp ( kBT)

: (109)

1
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NS ular frequency. Thus the
such’pl 107 energy gap is a charac-
teristic feature of all su- - L
.::""‘““““"“ [t - L
is sl ; 5
“where C,,/ T is plot- : 3
_ propertics as well as their
ted (on a log scale) ver- 01 g
sus T./ T taking A = % responscl g o
c 43 uenc
1.4k,T. for Ga. Thusthe % e oy v
B'c [§ ficlds. The existence of Superconductor
exponential dependence W dbey Bip R metal
of C,_on 1/Tis evident.  0.01 ; y gap (a) (b)
es : counted for in the BCS e
This type of dependence theory y s ,
suggés(g that it requircs = Fig. 10.‘1@. (a) Conduction band in the nonnal metal
a finite encrgy to excite : 10.8 ISOTOPE , 5 g (b) Energy gap at the Fermi level in the
an individual clectronin %901 —: EFFECT " superconducting state.
asuperconductor where- . ¥ ) 27_ pen 2 3 s » It was observed in '
. c 3 4
as no such energy 1s re- Fig. 10.12. Electronic specific heat, C,,, of supercon- the year 1950 that the tran-

quired in a nQrma.l met-

- al. This implies the ex- superconductor varies with
istence of an energy gap Eg in a superconductor which is discussed below. its isotopic mass M as
The quantity A 1s related to E anid is often called the energy gap parameter T o M™%
c
- AlT
10.7.3. Energy Gap or. T M2 = constant ﬁ

 ducting gallium at temperatures well below T,. .

As described above, the temperaturé dependence of electromc specific
heat indicates the existence of an energy gap E in a superconductor. This

~

sition temperatures of a

(10.11)

Thus larger the isotopic

energy gap is of entirely different nature compared with the energy gap in
insulators. The-gap is tied to the lattice in an insulator whereas it is tied to
the Fermi gas in a superconductor. The gap separates the lowest excited state
in a superconductor from the ground state as shown in Fig. 10.13 and is related
to A as

mass, lower is the transi-
tion temperature. For ex-
ample, the transiton tem-
perature of mercury chang-
es from 4.185 K to 4.146
K when its isotopic mass

~ is changed from 199.5 to

» 203.4 amu.

Now it is known that the mean square amplitude of atomic or lattice
'wbranonsatlowtempaammnspmpomonaltoﬁr”andtheDebyetcmper-
- - ature, O, of the phonon spectrum is related to M as

T/ T,

: E'g =2A . © (10.10) Fig. 10.14. Variation of energy gap, MT), with

Thetefore, for gallium, temperatune Jfor a superconductor.

E, =2x 1.4 kgT, = 2.8 kgT, ~ 04 ev
The elcct_mns present in the excited states behave as normal electrons

and create resistanice whereas those present below it behave as superconduct- -
ing electrons. The energy gap varies with temperature. It is maximum at 0 K

and decreases cont.nuously to zero as the temperature is increased to the 8pM'/2 = constant (10.12)
*  critical temperature as shown in Fig 10.14. Thus, at O'K, there are no From Egs. (10.11) and (10.12), we oblain -
electrons above the gap and at 7 = T, all the superconducting clectrons T./8,, = constant (1013)

become normal electrons. Due to the presencc of an cnergy gap, the super-

conductors respond to high frequency electromagnetic radiations of a partic- or, in general, it can be written as -

WA
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The Egs. (10.13) and
(10.14) indicate that the
* lattice vibrations are
likely to be involved in-
causing superconductiv-
ity, i.e., the electron-
phonon interactions
might be playing an im-
portant role for the oc-
currence of supercon-
ductivity. This led
Frohlich to show that
“two electrons in a metal
) . ‘can effectively attract
each other, the attraction being mediated by lattice vibrations. [m(hl:o:-:s;lé
Bardeen, Cooper and Schrieffgx developed a complzte m oy pws
superconductivity which was based on dlc fonnatlo.n.of v =
~known as Cooper pairs and the coherent superposition 0 pai
single quantum state. :
10.9 FLUX QUANTIZATION . . ; :
London, in 1950, speculated that the magnetic flux passmi‘;dﬁt:u;hn
a superconducting ring (Fig. 10.15) or a hollow superconducting cyl

*s ¥ Magnetic flux

Fig. 10.15. Magnetic ﬂux.lhrough
a supe ing ring.

-r

'havevalwsequaltonhle(uhcleinpgsunits) where n is an integer. This flux

uantization in the noni-superconducting regit?n is ;imply the consequence of
?he fact that the non-superconducting cegion is surrounded by Q\e su:;x;:::t
ducting région.'l‘heﬂux quantization hasbeenoonﬁrmedexpmn:t;‘n beed
d)equanmmofﬂuxhasbeenfound;obe[dhraﬂnerd:al:;lle. is uni .
flux is called a fluxoid and is nearly equal 10.2.07 x 10715 Weber.
pR j G
10.10 THE JOSEPHSON EFFECTS AND TUNNELLING
Josephson observed some remarkable effects assocmted with the tun-
nelling\ of superconducting electrons through a very .thm msulator (1-5 am)
wiched between two superconductors. Such an insulating layer forms a
sandmk link between the superconductors which is referred to as the Josephson
junction. The effrcts observed by Josephson are given as follows :
(i) The dc Josephson effect o 2
According to this effect, a dc current flows across the junction even
when no voltage is applied across it. .

e ]

- as a very sensitive galvanometer.

Superconductivity

(ii) The ac Jo-
sephson effect -
If a dc voltage is
applied across the junc-
> tion, rf current- oscilla-
tions of frequency f =
2¢Vih are set up across
it. For example, a dc
voltage of 1uV produc-
‘es a frequency of 483.6
MHz. By measuring the
frequency and the volt-

- Fig. 10.16. A SQUID.

age, the value of e/k can be determined. Hence this effect has been utilized
to measure e/h very precisely and may be used as a means of establishing
a voltage standard. Furthermore, an application of 7f voltage along with the
dc voltage can result in the flow of\direct current through the junction.

(iif) Macroscopic quantum interference

This effect describes the influence of the applied magnetic field on the
supercurrent flowing through the junction. According to this effect, if a dc
magnetic field is applied through a superconducting circuit containing two

junctions, the maximum supercurrent shows interference effects which de-
pend on the intensity of the- magnetic field.

Consider the arrangement shown in Fig. 10.16 which is known as the .

' "’:uperconductihg quantum interference device (SQUID). It consists of a ring

of superconducting material having two side arms A and B which act as an
entrance and exit for the supercurrent respectively. The insixlating layers P
and Q may, in general, have different thicknesses and let the currents through
these layers be /; and I, respectively. The variations of I; and I, versus the

magnetic field as obtained by Jaklevic, Lambe, Mercerean and Silver are
shown in-Fig. 10.17. Both I 1 and I, vary periodically with the magnetic field,
the periodicity. of I; béing greater than that of 1,. The variation of , is an
interference effect of the two junctions while that of 1, is a diffraction effect
-that arises from the finite dimension of each junction. Since the current is
sensitive to very small changes in the magnetic field, the SQUID can be used
- The Josephison effects ate the consequence of the fact that the super-
conductor'is charactérized by a single wave function. The flow of a super-
current takes place ‘between any two points where the wave function has

- different phases. The change in phase can also be broughg about by the applicd
clectric and magnetic ficlds. The statcs having different'phases can be super- :

\
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. impossd by using an arrangement as shown in Fig. 10.16. Thus the Joscphson

effects exhibit the quantum interference phenomenon ona macroscopic scale

The word "quantum” signifies that the entire superconductor is in a.smgle

quantum state and "interference” signifies that the mcasuted ptopema de-

pendonmephascofthcsmwhiehcanbe'changcdby applymg.electncand

‘magnetic fields, and the states with different phases can produce mte/rferenoc

effects. :

7

b g ndkinong soiforsl U Alget g0 R
500 —400 —300 ~200 —100 O ‘100 200 300 400 5%
) ~ Magnetic field ( milligauss )
Fig. 10.17. Dependence of supercurrents on the magnetic ﬂux
* through the SQUID arrangement.
10.11 ADDITIONAL CHARACTERISTICS
Besides the above-mentioned properiies, some other characteristic
features of superconductors are listed as follows : ,
(i) Thecrystal lattice remains unchahgcd during the transition from

normal to superconducting state. This follows from the ob- .
served positions of x-ray_diffraction lines which remain un- -

changed below and above the transition temperature. Also, the
absence of any ap'preciable change in the intensities of diffrac-

tion lines indicates that the change in the electronic structuye, 4

if any, is very small. e

(i) Some of the properties of superconductors are modified when
the size of the specimen is reduced below 10714 cm approxi-
mately. For example, the magnetic permeability of very small
specimen is non-zero and increases further as the temperature

approaches 7. . ¥
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(iii) “The eritical temperature and the critical m_}ai‘gqgtic field of a
superconductor change slightly under the influence of an ap-
plied stress. A stress which increases the dimensions of the
specimen increases the transition temperature and produces a
correspunding change in the critical magnetic field.

(v) The introduction of chemical impurities modifies almost all the
superconducting properties particularly the magnetic ones.

(v) The elastic properties and ,th;(hei’mhl expansicn coeflicient
remain unaffected below and above T,

(vi) The thermal conductivity of a material changes discontinuously -
during the transition from normal to superconducting state or
vice versa. It is smaller in the’superc_ownductmg state in case of
pure metals but larger in case of some alloys. In each state,
however, it increases continuously with temperature up to the
critical temperature. - ;

(vii) The superconducting state does not exhibit any thermolectric
effect.

(viii) No changes in photoelectric properties are observed.

(ix) No appreciable changes in the reflectivity are observed in the
~ visible and infrared regions.

(x) The zero resistance of superconductors changes slightly at very
high frequencies (above 10 MHz) of the alternating current.

10.12 THEORETICAL ASPECTS -

A number of theories have been proposed to explain the phenomenon

of superconductivity with varying success. These are, for example, the phe-

' nomenological theory by London and London (1935), semiphenomenological

theory of Ginzburg and Landau (1950) and the microscopic theory by Bardeen,

Cooper and Schrieffer (1957), also called the BCS theory. Of these theories,

the BCS ‘theory is the most successful one and explains all the properties of

superconductors except those of high-T,_ ceramic superconductors. Bardeen,

. Cooper and Shrieffer were awarded the Nobel prize in 1972 for this work.
“The BCS theory is briefly ptes~emed'in the following section.

10.12.1. The BCS Theory

The superconducting state of .a metal may be considered to be result-

© ing from a cooperative behaviour of conduction electrons. Such a cooper-
~ation or coherence, of electrons takes place when a number of electrons
’ occupy the same quantum state. This, however, appears to be impossible
" for both statistical and dynamic reasons. Statistically, electrons are fermions

o
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and hence oécdpy the quamum states singly.l Secondly, the repulsive fc:;cg
among clectrons -tdndé to take them away from om? another. rln. me As,

~howevc:r, the repulsive forces are not very strong owing to screening. Ac-
cording to the BCS theory, both
these difficulties can be overcome

* under certain circumstances. In such
a case, the electrons attract cach
other in a certain energy range and
form pairs. A pair of electrons be-
haves like 2 boson. Thus a number
of pairs can occupy the same quan-
tum state which causes coherence
among clectrons. The complete
BCS theory is too_ technical to be
described here. We present below:
some phy sical arguments and ideas
underlying this theory.

(i) Electron-phonon interaction

K1-9 ka+Qq

k2

Fig. 10.18. Electron-phonon-electron
interaction. I

P

Frohlich, in 1950, realized that electrons could attra% cacl} other via
 distortion of the lattice. When an electron moves througha crys'tal, it pr‘od\'xces
lattice distortion and sets the heavier ions mtg'slow forced oscxllahox‘z.s. S;.mce
the electron moves very fast it lcaves this region much befqre the osullatlg?s
can die off, Meanwhile, if another clect'r(?n h‘app?.ns to pass .throug;x. lsf
distorted region, it experiences 2 force wl:nch is one of attraction an xfs dc:e_
_the type of polarization force. This attractive force lowers Ehc e::;gy o -
second electron. The repulsive force-betv.veen the elec_frons is §mmd ts;m;:c .
Coulomb's repulsion is instantaneous while the attraction fnedxa {) attice
distortion is highly retarded in time. "l'herefore, the am'acnctn causetfl y ;\;len
a weak lattice distortion can overcome a stronger CPulomb§ repl.xlsmr'n. us
the net effect is the attraction of two electrons via a lattice (.hstomon (er
phonon) to form a pair of electrons known as the Cooper pair.

In quantum-mechanical terms, the first electron of wave vector ky
creates a virtual phonon g and loses momentum while the second electron

of wave vector k, acquires this momentum during its collision with the virtual

t the overall momentum remains conserved. This is depxctefl

: ‘l): ;‘:‘g’“ 17; llg.a The phonons involved are called virtual phonons due u; th_elr

very short life time which renders it unnecessary to. conserve energy unngf

interaction in accordance with the uncertainty principle. Infac.t, the nat?;fdzs
 the resulting electron-electron interaction depends on the relapve magni :

~ ofthe elecuonié,enérgy ;hange'andvthe phogon_ energy- If the ph_onor; :.:e :ly

exceeds the electronic energy change, the interaction is attractive. Also the

EESRCR
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interaction is the strongest when the two electrons have equal and opposite -
momenta and spins, i.e., k; = -k, and s; = —s,. Such a pair of electrons is
called the Cooper pair as L.N. Cooper first discovered that it was energetically
favourable for such electrons to enter into an attractive interaction of this type.

It-is now obvious that the mass of an ion has an important role in
superconductivity. The smaller the mass of ions, the larger is the energy of
phonons emitted and hence larger should be the transition temperature. The
same conclusion is drawn from the isotope cffect discussed earlier. In fact,

_ it was the isotope effect which led Frohlich to consider the electron-phonon
interaction as the possible cause of supercoductivity.

(it) Cooper pair

As described above, a Cooper pair is formed when the phonon me-
diated attractive interaction between two electrons dominates the usual repul- -
sive Coulombic interaction. The energy of such a pair of electrons in the
bound state is less than the energy of two unbound or free electrons. The

» " difference in energy is the binding energy, E, of the electron pair and is

basically the same as the energy gap parameter, which was discussed in Sec.
10.7.2: Its typical value is of the order of 1072 ¢V or about 10 K in temperaturc
units. The binding is the strongest when ti:2 total momentum of the pair is
zero and the pairs are in a spin singlet s>t - with symmetrical spatial wave
function. Cooper calculated the size of the Cooper pair as

: M (10.15)
wher v is the characteristic velocity of an électron in a metaf and is called
the Fermi velocity. In metals, v, is related to the conduction electron con-
centration and is typically of the order of 106 ms~!. Using this value of vg
along with Ej equal to 1073 eV .in Eq. (10.15), we obtain ro=4x 1077 m.
This is rather a large value compared to the typical distance between two -
electrons which is of the order of 10-1¢ m. Hence the Cooper pairs overlap
with each other considerably and the coherence between them becomes
important. It was shown by Barden, Cooper and Schrieffer that the energy
of the system is the lowest when total momentunr of each pair is the same

~and is zero. This is- the single quantum-mechanical state  into- which thc

electron pairs condense. The flow of Cooper pairs m&m@tdne"sugcrcqr-
rent. i : £ %
(iii) Existence of energy gap e g

The Cooper pairs are bound together by a very small energy, A , and

4

prm a new ground state which is supercondncting and is separated by an
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: gap 2A from the next lowest excited state above it. The Fermi level.
energy mop

lies at the middle of the gap- The normal electron states lic above the energy

gap and the superconducting clectron

states lie below the gap at the Fermi

et
Ky "

bby i ;

(a)

- ting Fermi gas {2,
10.19. Ground state of non |'memc ; ’
~ and BCS ground stale (b) in three dimensions.

BCS ground state ; : : :
g":hc BCS ground state_differs from the ground s}ate of .thanon-

i ting Fermi gas as shqwnm Fig. 10.19. In the non-jnteracting «:ran:;

lgnz::r:l uﬁ: states below the 'Fempi. surface are occupied and all above 1

by an
vacant. The lowest excited state is separated from the ground state DY

i takin
arbitrary low excitation energy, i.c., one can form an excited state by g

i :cing it just above this surface. As
i ele'c‘mn f“_’m uﬂlxe F:‘::):ﬁf; :nrr:c,sl:‘: imjeraction bctween.elcctrorfs
dfscnb_"'d Mﬂtll&:r ; B:Zg ground state which is superconducting. This state is
g“;:r:es: 'tf:ome the lowest excited state by 2 finite :rnﬂ'g;_ gall’ob;-% r’Il"hh:
. rstood from Fig. 10.20.
R O thga\r:: :dhzzxt:tcaeb;cu:::rgy than the Fermi state, but
pi sme'appea:nﬁal energy (not shown) of the BCS state acts to decreas;
g i f the BCS state relative to the Fermi state. Thus t.he BC
o to.ml eneriya:l than the Fermi state and superconductivity persists. The
e - icle orbitals near Eg in the BCS state resetr.xble some-
) occuw.mCy e one-?aemd from the Fermi-Dirac distribution at a finite ter.npef-.
ol 280 Obt'a“:Lhca BCS state, the one particle orbitals are occupied l.n
- H?wever» . ed Cooper pairs. If an orbital with wave vector k an.d spin
e c:;n»"me one with wave vector — K and spin down 1s also

oot O:df“mwxse. “if k (1) is vacant, then — Kk () is also vacant.
- occupied. : 3 : .
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— 54__ ¢
w o E
a E: :
om0 0 "

(a) ey Tl
Fig. 10.20. (a) Probability of occupacy, P(E), of an orbital of kinetic energy E
‘versus the energy E in the ground state of the non-interacting Fernti gas
(b) TMBGgmmddegﬁmnﬂermﬁmharegion
ofniddn—E‘(Bolhaa've:amaIOK). : ;
10.13 HIGH TEMPERATURE CERAMIC SUPERCONDUCTORS

As described in Sec 10.1, a new class of oxide ceramic superconductors
having the critical temperature greater than 30 K was discovered by Bednorz
and Muller in 1986 which ushered in a new era in the field of superconduc-
tivity. These are called high-T,_ superconductors. The first group of such
superconductors discovered was La, ,M,CuO, (M = Ba, Sr, Ca) with T,
ranging from 25 to 40 K and is usually referred to as '2/4’ system. This system
possesses K,NiF, structure with an orthorhombic distortion. This discovery
was followed by the discovery of another important system having the general
formula LnBa,Cu,0, . (La =Y, Nd, Sm, Eu, Gd, Dy, Ho, Er, Tm, Yb) with
x = 0.2. This is called ‘123’ system and has orthorhombic structure. In 1988,
several other non-rare earth based copper oxide systems involving Bi and Tl
were discovered which showed superconductivity between 60 K and 125 K.
Some data on superconductors in chronological order is given in Table 10.1.

Many of the properties of these conventional high-T,_ superconductors
are identical to those of conventional low-T_ metallic superconductors. These
include, for example, the existence of energy gap over the entire Fermi surface

~ below T, and the Josephson tunnelling. These superconductors, however,
possess certain properties which do not match with those of conventional
ones. These are, for example, small isotope effect, small coherence lengths -
(~ a few lattice spacings) and unconventional temperature dependencies of
normal state response functions. Also, the pressure is found to increase the
transits:, \cmperature in high-T,, superconductors, whereas usually an oppo-
site effect is observed in conventional superconductors. Thus there appears
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to be something essentially new in these high-T, superconductors which has
not yet been clearly understood. The identification of the possible conduction
mechanism in the high-T, superconductors is perhaps the most challenging
problem in condensed matter physics these days. :

10.14 APPLICATIONS , :

Low temperature liquid helium superconductors have been used to
fabricate high ficld magnets and some electronic and radio frequency devices.
The superconducting magnets have been employed in NMR Speclromctcrs
and NMR imaging used in medical diagnostics. Superconductors have been
used to produce various devices based on superconducting quantum effects.
‘These include SQUIDS and Josephson devices such as square law detector,
parametric amplificr and mixer. The SQUID magnetometer can detect mag- -
netic ficlds of lcss than 10-* Am™! and is used for iesting the new ceramic
superconductors. Besides these, superconductors have also been used to .
produce clectromagnetic shields and magneilc levitating trains. Most of the |
applications based on liquid helium superconductors make use of Nb alloys,
particularly NbTi, owing to their ductile nature and ability to carry moderate
currents. The utility of low temperature superconductors is limited because
of the requirement of liquid helium temperature which is a great economic
disadvantage. : : ; .

The high-T,, oxide superconductors with Tc > 77 K have advantage
over low-T,, superconductors in the sense that liquid nitrogen can be used as
a coolant which greatly reduces the cost. In addition to this, the liquid nitrogen
serves as a better coolant than helium because of its larger heat capacity.
However, due to their low current densities and ceramic nature, the utiltity

. of oxide superconductors s limited. These materials are being used to build -
prototype liquid nitrogen cooled motors Or generators operating at modest
currents and magnetic ficlds. The SQUIDS fabricated using these supercon-
“ductors find application in medical diagnostics, under sea communications,
submarine detection and geophysical prospecting. It is apparent that the
discovery of new superconductors with large current densities and T, near
room temperature will bring revolution in the scientific world.

SOLVED EXAMPLES »
 Example 10.1. Lead in the superconducting state has critical temperature of

6.2 K at zero magnetic field and a éritical field of 0.064 MAm™ TaoK
Determine the critical field at 4 K. '

Solution. Using Eq. (10.6), we have

- T |
H =HO) |}-| 7 | v

]

- known
is complete for T > 7.

IT or hard supergonductors, Type I superconductors
Tpemonductprs below a critical field.H_ and as n
ype II superconductors have two m‘;.lcal fi

Example 10.2. The transition e

the Meissner effect. It is i
A : is in
6 et dependent of the h

3. An applied ;
o magnetic field

zagneﬁc field called the critical field. This fiel
mperature so long as 7' < T, and becomes

Superconductivity :

? 4 Y '
0.064[1-(-5) ]:0.037MAm"

"
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atomic ! peraturc of merc wi
afomic mass of 200.59 amu s 4.153 K. Detcrmine th STl ok wrosage
one of its isotopes, 5,Hp204 : € transition temperature

Solution. The transition t
: - tion tcmperature
isotopic mass as of a superconductor is related to its

g i
A o % ——=—
which gives - u
o_ M
Ty M,
or Ta i ’i‘l ¢ 200.59
Ya, =413 201 = 4118K
SUMMARY
1. A superconductor is :
; e characterized by two i
 Viz., zeto electrical resistance and perfect duxmag‘y wonmmdcpemcnim ipsapertics,

2. The pheno
phenomenon of flux exclusion in a superconductor is called

istory of superconductors and

peaetrates a superconductor up o a

. The resulting surface currents are

ce called the penetration dcpth
as supercurren i
upe ls.’lheﬁeldpeneuauonisquitcsmauforT<T and -
c

4. The superconductin. i
g state is stable only below a particular applied
d decreases with increase in
' zero when T equal
5. There exist two types of superconductors — Ty :

behave as perfect su-
ormal cunductors above it.

clds, H,, and H_,. Supercon-

.



= - C H,and H
; i and above the ficlds H 2
uctin normal states exist belo.w . iy
” pccfl:;(; whereas a vorléx statc cxists in the range between He, 2
o i i than the normal state.
6. The superconducting statc s more m::]::mc prone
This order may cxtcnd up to a certain range Ca -cohercnand 2
7. Experiments on specific heat, 'xn.frared absoxp‘:::upcmownnc“dudmg
suggest the existence of an cnergy gap which scparatcs oo
‘ lcctrons. g
‘trons from thc normal ¢ s : o
electr 8. The flux passing through the non-supcrcondgcu:agu ;;g;ofllluzmd,
, ized; f flux is
i ing is quantized; the quantum O : —
4 su?)crco:‘::?tggmr;;g wh?:rc h is the Planck’s constant and e the electroni
~.and is eque s
pias i nsid-
R 9. The BCS theory accounts for a superconduf:qflg sm't::obfyc ]i(;m“s
i .hcrcnce among the Cooper pairs. A Cooper pair is a pai
EZSizixzoequal and opposite momenta and spins.

VERY SHORT QUESTIONS

: ivity?
What is superconductivi : .
What are high-T¢ superconductors? Give one cxampie

isti ctors?
"Give any three main characteristics of supercondu
. '

i ?
What is Meissner cffect? ?
What is the magnetic susceptibility of a superconductor

? :
What arc supercurrents’ e
Define penctration depth for a superconductor. ‘What is

the critical temperature? - :

g W B W

o

eissner effect
9 Which type of superconductors does not follqw the-M - ‘
strictly? : & o
10. What is vortex state of a supgrconductor? :

' i ' conduct-
11 Whatistheeffectofanex_ﬁemalmagnwcfmldoglx_hesupefA

ing state of a material?
12.  What is coherence leagth?
13, What is the meaning of SQUID? -
14. What is a Cooper pair? _
15.  What arc high-Tc superconductors?

What is critical field and what is its value at the cnm:al temperal

Superconductivity

: : 303 .
16.  Enlist the main applications of superconductors,
* 17. Whatis a fluxoig? : '
SHORT QUESTIONS
1. Show that when a superconductor is placed in an external magnetic

ficld, the field must penetrate up (o a crtain depth inside the super-
conductor. Hence define the penetration depth.

2 What arc soft and hard superconductors?
3 How do cntropy and specific heat vary with temperaturc for a super-

4. How docs the cnergy ga

[ 3]

. conductor?

p in superconductors differ from the energy
gap in insulators? How does it vary with temperature for supercon-
ductors?. :

Describe the J oscphson effect underlying a SQUID. Discuss applica-
tions of SQUID.

Describe the isotope effect in superconductors.
Explain how the elcctron-
Cooper pairs. ;
Explain the concept of the BCS ground state.

Compare the main properties of high-T ¢ Superconductors with those
of conventional superconductors. :

LONG QUESTIONS

What are supefconductors? What is the difference between a conduc-
tor cooled to OK. and a superconductor? Show that the material gets
. cooled when its Superconductivity is destroyed by a magnetic field.
“How do the clectrical, magnelic, thermodynamic and optical proper-
- ties of superconductors differ from those of normal conductors? Give
same potential applications of superconductors.
. Explain the difference between type I and type II superconductors
using the ‘Meissner effect. Prove that the Meissner effect and the
- disappearance of resistivity in a superconductor are mutually consis-
tent, - :
Givea qualitaxiv'é description of the BCS theory. Liow does it account
for the supereonducting state?

phonon interaction helps to produce the

. PROBLEMS

The critical temperature of a superconductor at zero magaetic ficld

i
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Ty & temperaturc at which the critical field becomes
o rpgmrasi e ~ ©7077) APPENDIX - [
5 Thecritical ficlds at 6 K and 8 K for a NbTi alloy are 7.616 and tzﬁ ¢ S
T xtaard respectively. Determine the transition lempff?;“;_chj‘l“;m_l) : : TABLE OF PHYSICAL CONSTANTS AND
cirtical fietd at 0 Ko toReRe ol :  CONVERSION FACTORS , :
3. Determine the frequency of the clectromagnetic W“‘S’cs ’\‘;"l‘s“f“ :’i’c'(;‘, Speed of light in vacuum c 2.998 x 10* ms*
" Joscphson junction across which a dc voltage of 0.5 m (R Plank's copstant h 6.626 x 10 Js
_ (241x107 Hz) Plank's constant / (2x) h = hi(2n) 1,055 x 10 Js
’ Electron rest mass m,m, 9.1096 x 107 kg
. i Electron charge e 1.602 x 10 C
e =4.803 x 109 cs.u.
1 ~ Proton rest mass m, 1.6726 x 107 kg
i Avogadro's number N, N, 6.0225 x 10® mole -
Atomic mass unit a.m.u. 1.6605 x 102 kg
~ : g Bohr magneton Uy = eh (2m) 9.274 x 10* Am?
. - ' ' Nuclear magneton ty =.eN/(2m)) 5.509 x 167 Am?
Boltzmann constant k k, 1.3806 x 102 JK-!
i 3 : = 8.614 x 10 eVK-
i . ; . Gas constant ; R : 8.314 J mol-'K-!
e : Pwmeab;lxty of free space u, ; 4n x 107 iamt
e 8 ! ' = 1.257 x 10 Hm!
Pex‘zgu;py;ty of free space g 8.854 x 102 Fm™!
' 1 Pa=1Nm?=10% bar : e
> 1 torr = 1 mm of Hg = 1333 Pa
4 : 9 1 3tm = 0.101325 MPa
i g 1 calorie = 4.18 J
- 1 eV=1602x 107 J = 1.602 x 102 erg -
¢ : 1 eV/entity = 96\.49 kImol-! (of entities)
o s 8 ; -1 em?/volt-sec = 10~ m?v-! 5!
3 ~ 1C 52998 x 10° e.s.u. (charge)

& : 1 Am™ = 4n x 10~ Oe (magnetic field intensity)

; . P I Am™ = 102 e.m.u. (magnetization)

3 ~ T I m ks, unit = 1/(4n) e.m.u. (volume susceptibility)
2 : : 1T=1Wbm?=1Vsm? =10*G
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